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THESE LECTURES 
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WITH AFFECTION AND ESTEEM 


PREFACE 


THE present volume has been written in the same spirit that 
animated the first. The author has not intended to write a 
treatise or a manual; he has aimed rather to reproduce his uni- 
versity lectures with necessary modifications, hoping that the 
freedom in the choice of subjects and in the manner of presenta- 
tion allowable in a lecture room may prove helpful and stimulating 
to a larger audience. 

A distinctive feature of these Lectures is an attempt to develop 
the theory of functions with reference to a general domain of 
definition. The first functions to be considered were simple 
combinations of the elementary functions. Riemann in his great 
paper of 1854, “ Ueber die Darstellbarkeit einer Function durch 
eine trigonometrische Reihe,” was the first to consider seriously 
functions whose singularities ceased to be intuitional. The re- 
searches of later mathematicians have brought to light a collection 
of such functions, whose existence so long unsuspected has revolu- 
tionized the older notion of a function and made imperative the 
creation of finer tools of research. But while minute attention 
was paid to the singular character of these functions, practically 
none was accorded to the domain over which a function may be 
defined. After the epoch-making discoveries inaugurated in 1874 
by G. Cantor in the theory of point sets, it was no longer neces- 
sary to consider a function of one variable as defined in an in- 
terval, a function of two variables as defined over a field bounded 
by one or more simple curves, etc. The first to make use of this 
new freedom was C. Jordan in his classic paper of 1892. He 
has had, however, but few imitators. In the present Lectures the 
author has endeavored to develop this broader view of Jordan 
persuaded that in so doing he is merely carrying a step farthe: 
the ideas of Dirichlet and Riemann. 

Often such an endeavor leads to nothing new, a mere statement 
for any n of what is true for n= 1, or 2.’ A similar condition 

Vv 


vi PREFACE 


prevails in the theory of determinants. One may prefer to treat 
only two and three rowed determinants, but he surely has no 
ground of complaint if another prefers to state his theorems and 
demonstrations for general n. On the other hand, the general 
case may present unexpected and serious problems. For example, 
Jordan has introduced the notion of functions of a single variable 
having limited variation. How is this notion to be extended to 
two or more variables? An answer is far from simple. One was 
given by the author in Volume I; its serviceableness has since 
been shown by B. Camp. Another has been essayed by Lebesgue. 
The reader must be warned, however, against expecting to find 
the development always extended to the general case. This, 
in the first place, would be quite impracticable without greatly 
increasing the size of the present work. Secondly, it would often 
be quite beyond the author’s ability. 

Another feature of the present work to which the author would 
call attention is the novel theory of integration developed in 
Chapter XVI of Volume I and Chapters I and II of Volume II. 
It rests on the notion of a cell and the division of space, or in fact 
any set, into unmixed partial sets. The definition of improper 
multiple integrals leads to results more general in some respects 
than yet obtained with Riemann integrals. 

Still another feature is a new presentation of the theory of 
measure. The demonstrations which the author has seen leave 
much to be desired in the way of completeness, not to say rigor. 
In attempting to find a general and rigorous treatment, he was 
at last led to adopt the form given in Chapter XI. 

The author also claims as original the theory of Lebesgue 
integrals developed in Chapter XII. Lebesgue himself considers 
functions such that the points e at which a< f(x) <4, for all a, 6 
form a measurable set. His integral he defines as 


lim Lpel, 

n=o | 
where 1, <f(@)< Uns; in em Whose measure “is e!,, and each 
Init — m= 9, as m= 00. The author has chosen a definition which 
occurred to him many years ago, and which to him seems far 
more natural. In Volume I it is shown that if the metric field 9 


PREFACE vii 


be divided into a finite number of metric sets 6,, 6,--- of norm d, 
then 


i= Maxims , ios Min M8, 


where m,, M, are the minimum and maximum of f in §,.. What 
then is more natural than to ask what will happen if the cells 
5, 5,::+ are infinite instead of finite in number? From this 
apparently trivial question results a theory of Z-integrals which 
contains the Lebesgue integrals as a special case, and which, 
furthermore, has the great advantage that not only is the relation 
of the new integrals to the ordinary or Riemannian integrals 
perfectly obvious, but also the form of reasoning employed in 
Riemann’s theory may be taken over to develop the properties 
of the new integrals. 

Finally the author would call attention to the treatment of 
the area of a curved surface given at the end of this volume. 
Though the above are the main features of novelty, it is hoped 
that the experienced reader will discover some minor points, not 
lacking in originality, but not of sufficient importance to em- 
phasize here. 

It is now the author’s pleasant duty to acknowledge the in- 
valuable assistance derived from his colleague and former pupil, 
Dr. W. A. Wilson. He has read the entire manuscript and 
proof with great care, corrected many errors and oversights in 
the demonstrations, besides contributing the substance of $$ 372, 
373, 401-406, 414-424. 

Unstinted praise is also due to the house of Ginn and Com- 
pany, who have met the author’s wishes with unvarying liberality, 
and have given the utmost care to the press work. 


JAMES PIERPONT 
New Haven, December, 1911 
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CHAPTER I 
POINT SETS AND PROPER INTEGRALS 


1. In this short chapter we wish to complete our treatment of 
proper multiple integrals and give a few theorems on point sets 
which we shall either need now or in the next chapter where we 
take up the important subject of improper multiple integrals. 

In Volume I, 702, we have said that a limited point set whose 
upper and lower contents are the same is measurable. It seems 
best to reserve this term for another notion which has come into 
great prominence of late. We shall therefore in the future call 
sets whose upper and lower contents are equal, metric sets. When 
a set YU is metric, either symbol 


MX or W 


expresses its content. In the following it will be often con- 
venient to denote the content of %& by 


Y. 
This notation will serve to keep in mind that % is metric, when 
we are reasoning with sets some of which are metric, and some 
are not, 
The frontier of a set as %, may be denoted by 


Front 2%. 
2. 1. In I, 713 we have introduced the very general notion of 


cell, division of space into cells, etc. The definition as there 
1 
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given requires each cell to be metric. For many purposes this 
is not necessary ; it suffices that the cells form an unmixed divi- 
sion of the given set %. Such divisions we shall call unmixed di- 
visions of norm 6. [I, 711.] Under these circumstances we have 
now theorems analogous to I, 714, 722, 723, viz: 

2. Let B contain the limited point set AX. Let A denote an un- 
mixed division of B of norm 6. Let UX; denote those cells of B con- 
taining points of XU. Then 


lim W; = 7. 
5=0 
The proof is entirely analogous to I, 714. 


38. Let B contain the limited point set A. Let f(a, +++ Lm) be 
limited in A. Let A be an unmixed division of B of norm & into 
cells 6,, 5,,---. Let Mt, m, be respectively the maximum and mini- 


mum of fin &. Then 


lim S, =lim 2M3, = (faa, a 
5=0 6=0 ve) § 

cng enon oe . 2 
HES OE f, Fax ( 


Let us prove 1); the relation 2) may be demonstrated in a similar 
manner. In the first place we show in a manner entirely analo- 
gous to I, 722, that 


B.< f fi +e, S<5,. GB 


The only modifications necessary are to replace 6,, 8’, ,., by their 
upper contents, and to make use of the fact that A is unmixed, to 
establish 5). 

To prove the other relation 


M> f faa —, eee (4 


we shall modify the proof as follows. Let # be a cubical division 
of space of norm e<e,. We may take e, so small that 


eo 


€ 
==: (5 
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The cells of # containing points of % fall into two classes. 
1° the cells ex containing points of the cell 8, but of no other cell 
of A; 2° the cells e! containing points of two or more cells of A. 
Thus we have 
Sp = ae = Mlx ate =Mei, 
where M,,, M{, are the maxima of f in e,,, e!. Then as above we 
have Be 
Se< = Meet Fs €<&)» (6 

if e, is taken sufficiently small. 

On the other hand, we have 


Sy a > Mier. a Ley . 


Now we may suppose 6), e, are taken so small that 
x6, Ze. 


differ from { by as little as we choose. We have therefore for 
properly chosen 6), ép, 


[Ss — TMe..| <j: 


This with 6) gives x 
Voges 
Ss > Se 3 
which with 5) proves 4). 
4. Let f(x, +++) be limited in the limited field U. Let A be 
an unmixed division of X of norm 4, into cells 6,, 6,---. Let 


CIN oe =m.6., Sy s= =Mé,, 
where as usual m,, M. are the minimum and maximum of f in 6. 


Th oa . r= 
‘ Ap fd = Max Ss, Ni fa = Min &;. 
YW bf 


The proof is entirely similar to I, 723, replacing the theorem 
there used by 2, 3. 
5. In connection with 4 and the theorem I, 696, 723 it may be 


well to caution the reader against an error which students are apt 
to make. The theorems I, 696, 1,2 are not necessarily true if f 
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has both signs in %. For example, consider a unit square S 
whose center call (. Let us effect a division # of S into 100 
equal squares and let %& be formed of the lower left-hand square s 
and of C. Let us define f as follows: 


f=1 within s 
= —100 at C. 


For the division Z, 


Hence, : Min S, < — 3%. 


On the other hand, 


The theorems I, 723, and its analogue 4 are not necessarily true 
for unmixed divisions of space. The division A employed must 
be unmixed divisions of the field of integration %. That this is 
so, is shown by the example just given. 


6. In certain cases the field 2{ may contain no points at all. 
In such a case we define - 
fs-° 
bf 


7. From 4 we have at once: 
Let A be an unmized division of U into cells §,, 5, --- Then 
= Min 36, 
with respect to the class of all divisions A. 


8. We also have the following : 


Let D be an unmixed division of space. Let d,, dy, ++» denote those 
cells containing points of A. Then 


= Min Sd, 
with respect to the class of the divisions D. he 


For if we denote by 6, the points of 9 in d, we have obviously 
5,<d,. 
Also by I, 696, & = Min 2e, 
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with respect to the class of rectangular division of space HE = {e,}. 
But the class # is a subclass of the class D. 
Thus 4 a 
Min 6, < Min 2d, < Min 3¢,. 
A D =F ae 


Here the two end terms have the value Y. 
3. Let f(y +++ nm), 9(@ +++ Zm) be limited in the limited field 2. 


We have then the following theorems: 
1. Let f=9 mY except possibly at the points of a discrete set D. 


Then, = AE. 
SPS 


For let | f|, |g|< M. Let D be a cubical division of norm d 
Let M,, NV, denote the maximum of f, g in the cell d,. Let A de- 
note the cells containing points of 9, while A may denote the 
other cells of Qp. 


Then, 2Ma. = =Md,+ =Md, ; 
Nd. = SMa, + =A, 
W A A 
Hence, (3 Md,—3Nd.|<>2|M—-N | 4 <2M3a, 
o 1 A A 


and the term on the right = 0 as d= 0. 


2. Let f>g in except possibly at the points of a discrete set D. 
Then 


For let Seow Webern 


ten ie = ye fo = fio. 


But in A, f>g, hence : * 
{h he > fis, by I, 729. 


e 


The theorem now follcws at once. 
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3. If c>9), Sa- ie 


Vie iert |i {ledoe] ie 
For in any cell d, 
Max - ef = c Max f; Min - ef =e Minf 
when c>0; while 
Max - ef =c Min f; Min: ef =c Max f 


when ¢< 0. 


4. If g ws integrable in A, 
+ = 4. . i 
SF+0=S r+ Sg ( 
For from 
Max f + Ming < Max (f +g) < Max f+ Max g, 
Sf + SIs SSA DSS SAS o- @ 


But g being integrable, 


adhe 
St+So=Lr+os 


which is the first half of 1). The other half follows from the 


relation 
Min f + Min g< Min (f +9) < Min f + Max g. 


we have 


Hence 2) gives 


5. The integrands f, g being limited, 
+9)< <4 (f¥Q). 
SS cD) Sf+Sg SFED 


For in any cell d, 


Min(f +g) < Min f + Maxg<Max(f+g). 
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6. Let f=g+h, |h|<H a constant, in %. Then, 
odes ES 
F 
os —H+gsfsg+ H. 


Then by 2 and 4 


or ; ~ 


4. Let f(a, +: &_) be limited in limited YA. Then, 


Sis Si qd 
ae (2 
—~Sitis Sts Sith G3 
-Suis [rs fire: (4 


Tf |f| <M, we have also, 
Sif is Mo. (5 


Let us effect a cubical division of space of norm 6. 
To prove 1) let V,=Max|/| in the cell d, Then using the 


customary notation, 


Hence _3Nd, < Smd, < 2Md, < =a, 
Letting 5= 0, this gives 


—firis firs fish 


which is 1). 
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To prove 3), we use the relation 


AP SS 
Hence ~ = = 
S-VISS PSS Ish 


from which 3) follows on using 8, 3. 
The demonstration of 4) is similar. 
To prove 5), we observe that 


=Md,< Md.. 


a. 


5. 1. Let f> 0 be limited in the limited fields B, ©. Let UX be 
the aggregate formed of the points in either Bor ©. Then 


pss J J . 
if s Pe ( 


=Md, , =Md, 
8 € 


may have terms in common. Such terms are therefore counted 
twice on the right of 1) and only once on the left, before passing 
to the limit. 


Remark. The relation 1) may not hold when f is not > 0. 


Example. Let Y= (0, 1), 8 =rational points, and € = irra- 
tional points in Y. Let f=1 in $8, and —1lin€. Then 


— + a. = be = | 
and 1) does not now hold. 


2. Let Ube an unmixed partial aggregate of the limited field B. 
Let C=B-YA. Hf 


then , = 
We = if g ‘ 
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For 


But 


| Seer os 
1 

= 
ee 

oS 
s 


S 
r 
— 
= 
t= 
a 
ww 
—_ 


and obviously 


| 
@ 
<Q 
ll 
So 


83. The reader should note that the above theorem need not be 
true if Y& is not-an unmixed part of B. 


Example. Let % denote the rational points in the unit square 
B. 


et f=g=-1 in Qf. 


Sf=-1. Syg=-}- fg=0. 


4. Let U be a part of the limited field B. Let f = 0 be limited in 
YW. Let g=finX and =0inG€=B—-YA. Then 


Si=So9 ; @ 
{poe Je @ 


For let M,, N, be the maxima of f, g in the cell d,. Then 
=NV.d, = =Nd,+ =N.d, 
B % 


Then 


=> Md. 
w 
Passing to the limit we get 1). 
To prove 2) we note that in any cell containing a point of 2% 
Min f > Min g. 


6. 1. Let f (a, -+- at) be limited in the limited field U. Let B, 
be an unmized part of X such that B,=UXasu=0. Then 


Spain, (f qd 


u=() 
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For let | f|< MinY. Let €6,=A-—B,. Then 


Si-Sof+ Lf eb. © 


| Se 


Hence passing to the limit w= 0 in 2) we get 1). 


But 


<M, by 4,1), 5). 


2. We note that 1 may be incorrect if the B, are not unmixed. 
For let & be the unit square. Let %, be the rational points in a 
concentric square whose side is 1—w. Let f=1 for the rational 
points of {% and = 2 for the other points. Then 


Sint fra. 


7. In I, 716 we have given a uniform convergence theorem 
when each %, <Q. <A similar theorem exists when each %, > %, 
V1Z.: 


_ Let Bi < Buy fu<w. Let be a part of each B,. Let B,= 
Xasu=0. Then for each e>0, there exists a pair uo, dy such that 


B,0—U< Bin —- Ue U< Up; d< dy, 
For B,,<Ut+ a u, sufficiently small. 


Also for any division D of norm d < some dp. 


B 


€ 


Be 
0<Byt5 


Ups 


But Z i 
Bip Bun ifu<uy 
Hence 


By p< U+e<A tess 


8. 1. Let % be a point set in m=7-+8 way space. Let us set 
certain coordinates as 2,4) °+:%,=0 in each point of A. The 
resulting points B we call a projection of %. The points of % 
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belonging to a given point 6 of B, we denote by ©, or more shortly 
by © We write 


and call 8, € components of A. 


We note that the fundamental relations of I, 733 


(ee re. 


hold not only for the components x, , etc., as there given, but 
also for the general components A, B. 

In what follows we shall often give a proof for two dimensions 
for the sake of clearness, but in such cases the form of proof will 
admit an easy generalization. In such cases $ will be taken as 
the z-projection or component of 9. 


2. Lf X= B- EC ts limited and B is discrete, A is also discrete. 


For let & lie within a cube of edge 4 C>1 in m=r+s way 
space. Then for any d < some dy, 


om € 
Bo< Gi 


Then Ap =< 0:8, <e. 


3. That the converse of 2 is not necessarily true is shown by 
the two following examples, which we shall use jater: 


Example 1. Wet % denote the points 2, y in the unit square 
determined thus: 


For 
aa, nm =1, 2, 3, -, m odd and < 2", 


let 


Cay = 


lH 


Here Y is discrete, while 8 = 1, where B denotes the projection 
of & on the z-axis. 


4, Example 2. Let & denote the points a, y in the unit square 
determined thus: 
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For 
; m, n relatively prime, 


let 1 
n 


Then, 8 denoting the projection of % on the z-axis, we have 


X=0, S8=1. 


8 


9. 1. Let A=B-C be a limited point set. Then 
C<Y 1 
ecfBR 


For let f=1 in A. Let g=1 at each point of A and at the 
other points of a cube A= B- C containing A, letg=0. Then 


By I, 733, a 


But by 5, 4, 


Thus = ee = 


which gives 1), since 


2. In case X is metric we have 


al ={%, al Q 


and © is an integrable function over B. 


This follows at once from 1). ; 
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3. In this connection we should note, however, that the converse 
of 2 is not always true, ¢.e. if © is integrable, then % has content 
and 2, 2) holds. This is shown by the following : 


Example. In the unit square we define the points 2, y of 9 thus: 


For rational z, 


For irrational 2, 


But 


10. 1. Let f(x, +++ %_) be limited in the limited field X = B - G. 


If f>0, Aa oa 

Js je a G 
If f<9, ny a 6 

allie @ 


Let us first prove 1). Let %&, B, © lie in the spaces R,,, R,, Rs 
r+s=m. Then any cubical division D divides these spaces into 
cubical cells d,, d!, d!’ of volumes d, d’, d” respectively. Ob- 
viously d=d'd". D also divides 8 and each € into unmixed cells 
8’, 8”. Let M, = Max/f in one of the cells d,, while M’ = Max f 
in the corresponding cell 8’. Then by 2, 4, 


Sf S2M < Mal, 
since M, M'>0. Hence 
3B, f f< 3d SMa" = 3M. 
D3) Ale B 


Letting the norm of D converge to zero, we get 1). We get 
2) by similar reasoning or by using 3, 3 and 1). 
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2. To illustrate the necessity of making f > 0 in 1), let us take 
% to be the Pringsheim set of I, 740, 2, while f shall =— 1 in Y. 
Then . 


On the other hand = 


Hence reli 
IAs ae 


and the relation 1) does not hold here. 


TIterable Fields 


11. 1. There is a large class of limited point sets which do not 


have content and yet Sa 
A= 4 GC. i 
fa ( 


Any limited point set satisfying the relation 1) we call zterable, 
or more specifically iterable with respect to B. 


Example 1. Wet & consist of the rational points in the unit 
square. Obviously = = 
Y= c= B= Up 
SES, 


so that 9 is iterable both with respect to 8 and €. 


Example 2. Let & consist of the points 2, y in the unit square 


defined thus : 
For rational g let O<y<i. 


For irrational 2 let O<y<1. 
Here A=1. 


Thus % is iterable with respect to € but not with respect to B. 
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Hrample 8. Let % consist of the points in the unit square de- 


fined thus: : 
eeu For rational x let 0<y<}. 


For irrational # let }<y<1. 
Here %=1, while — 


S543 S8- 


Hence Q is iterable with respect to © but not with respect to B. 


Example 4. Let % consist of the sides of the unit square and 
the rational points within the square. 
Here &=1, while 


Se=% Seah 


and similar relations for ©. Thus % is not iterable with respect 
to either % or ©. 


Example 5. Let & be the Pringsheim set of I, 740, 2. 
Here 9% =1, while a 7 
ie a a alee 
Hence Y is not iterable with respect to either B or G. 
2. Every limited metric point set is iterable with respect to any of 
ats projections. 


This follows at once from the definition and 9, 2. 


12. 1. Although % is not iterable it may become so on remov- 
ing a properly chosen discrete set D. 


Example. In Example 4 of 11, the points on the sides of the 
unit square form a discrete set D; on removing these, the deleted 
set 9* is iterable with respect to either B or €. 


2. The reader is cautioned not to fall into the error of suppos- 
ing that if %, and %, are unmixed iterable sets, then = %, + %, 
is also iterable.. That this is not so is shown by the Example in 1. 

For let %,=%*, X,=D in that example. Then D being dis- 
crete has content and is thus iterable. But %=%,+%, is not 
iterable with respect to either % or @. 
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13. 1. Let & be a limited point set lying in the m dimensional 
space R,,. Let B, © be components of A in K,, K,, r+s=m. 
A cubical division D of norm 6 divides &,, into cells of volume 
d and ®, and *, into cells of volume d,, d,, where d=d,d,. Let 
b be any point of %, lying ina cell d,. Let 2d, denote the sum 


b 
of all the cells d,, containing points of %{ whose projection is 6. 
Let Sd, denote the sum of all the célls containing points of Y% 


dr 
whose projection falls in d,, not counting two d, cells twice. 
We have now the following theorem : 


If A is iterable with respect to B, 
lim >d,{2d, — >d,} = 0. qa 
6 


0B a, 


Hor G, < Ed, < Bd,. 
6 d, 
Hence SoC Sade Sas 
B Bo Ba, 


Let now 6=0. The first and third members = %, using I, 699, 
since Y% is iterable. Thus, the second and third members have 
the same limit, and this gives 1). 


2. If % ds iterable with respect to B, 


lim 2d,2d, = %. 


0 B 0 


This follows at once from 1). 


3. Let (= B-C be a limited point set, iterable with respect to B. 
Then any unmixed part & of X is also iterable with respect to the 
B-component of &. 


For let 6=a point of 8; ©’ points of A not in €; C,= points 
of G, in &, C= points of ©, in @’. Then foreach 8>0 there 
exist a pair of points, 6, b., distinct or coincident in any cell d, 
such that as 6 ranges over this cell, 


0,,=Mind+8', O,=MaxG+8" 164 18"1<B. 
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Let S denote, as in 138, 1, the cells of Fd, which contain points of ©’, 


and F' the cells containing points of both &, &’ whose projections 
fallin d,. Then from 


+O, <O,4+8<6,4+8<3d,4F 
qd, 


we have 
@,, < C,, + Ch, < Min O, + 6! + S< Max G, + 8" +S<2d,+F 
Multiplying by d, and summing over 8 we have, : 
2d,C, < =d,Min OC, + 2 8'd, + ©, < 2d, Max O,+ 2"d,+ © 


<p, + 2d,F. ad 
Passing to the limit, we have 


Us [T+ thx [C404 b<¥, 2 


the limit of the last term vanishing since G, ©’ are unmixed parts 
of U. Here 7’, y'’ are as small as we please on taking 8 sufficiently 
small. From 2) we now have 


ie C= tee Se: 
4. Let XL=B- EC be iterable with respect to B. Let B be a part 


of B and A all those points of AX whose projection falls on B. Then 
A is tterable with respect to B. 


For let D be a cubical division of space of norm d. Then 


Y = lim Yp = lim { Ap + Ed, d,}, qd 


d=0 


where the sum on the right extends over those cells containing 
no point of A. Also 


= [C =lim {34,6 + 24,6}, (2 


where the second sum on the right extends over those cells d, 
containing no point of B. 
Subtracting 1), 2) gives 


0 = lim { Ay — 24,6} + lim { 2d, — 54,6}. 


d=\) 
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As each of the braces is > 0 we have 
A= fF. 
B 
14. We can now generalize the fundamental inequalities of I, 
733 as follows : : 


Let f (x1 +++ Xm) be limited in the limited field X = B - GC, iterable 
with respect to B. Then 


ihe 2if Sr < ee ad 


For let us choose the positive constants A, B such that 
fA 0 hab eee 


Let us effect a cubical division of the space of ®,, of norm 6 into 
cells d. As in 18, this divides 9}, 9, into cells which we denote, 
as well as their contents, by d,, d,. Let 6 denote any point of %. 
As usual let m, M denote the minimum and maximum of f in the 
cell d containing a point of Y. Let m’, M’ be the corresponding 
extremes of f when we consider only those points of 2{ in d whose 
projection is 6. Let | f| <F in Y. 
Then for any 0, we have by I, 696, 


irate ee = = 
Z(m! — B)d,<f(f- B)= ff BE, 
or 4 
a aa ( > < 2 
B(Sa, ~ ©) + Ba, < fF ( 
since m>m’. 
In a similar manner 


fe SMa, + A(Zd, —6). GB 
Thus for any 4 in ¥, 2), 3) give 
— BSd,— © + Ema, < f f<¥Ma,+ A3d-O. 
b b vCE b b 


ee : 
Let 8>0 be small at pleasure. There exist two' points 6,, db, dis- 
tinct or coincident in the cell d,, for which 


S.fas+ ay at fa T+B, , 
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where |f;|, |&,|<A8 and G,, and ©, stand for ©, ©,, and finally 
where 


j= Min) We T= Max ff 
for all points 6 in d,. 
Let c = Min € in d,, then 4) gives 
— B24, —c)+ amd, <j +B, <S+ Bi < Ma, + AC, —c) 
where the indices 1, 2 indicate that in 2 we have replaced 6 by 
Os Oy. 


Multiplying by d, and summing over all the cells d, containing 
points of %, the last relation gives 


— BSd,(Zd,—¢) + 3d,3md, < 3jd,+ 38,4, 
B 1 pam! gl B B 


< SJ, + 38d, < 3d,2Ma, + ABA, 2d,—c). 6 
OO Sa Sg TSS = N, -- by 18.2. 
cay Ih 


Sac fe =, since 2 is iterable. 


Thus the first and last sums in 5) are evanescent with 6. On 
the other hand 


|2C.2dm — Sdm)| < FEd,2d,— ¥d,) 

=0as 6=0, by 18, 1. 

Thus ; 
lim 3d,2dyn = is i. (6 
lim 24,20, = I f. Ci 


Hence passing to the limit =0 in 5) we get 1), since 2A,d,, 
=8,d, have limits numerically < AE which may be taken as small 
as we please as @ is arbitrarily small. 
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2. If Mis not iterable with respect to B, let it be so on remov- 
ing the discrete set D. Let the resulting field A have the com- 
ponents B, C. Then 1 gives 


dy ‘ =) 5 J Pl = Sf 


fir fy 
Due, | wa 

3. The reader should guard against supposing 1) is correct if 
only Y is iterable on removing a discrete set D. For consider 
the following : 


since 


Erample. Let the points of Y= A, + D lie in-the unit square. 
Let A, consist of all the points lying on the irrational ordinates. 
Let D lie on the rational ordinates such that, when 


m : . 
r=, m, n relatively prime, 


Let us define # over Y thus: 
f= 1 in a, 
f=0 in ®. 


The relation 1) is false in this case. For 


| j= ik 
“a 


ib Ulf f 


15. 1. Let f(z, --- 2z,,) be limited in the limited point set &. 
Let D denote the rectangular division of norm d. All the points 
of Ay except possibly those on its surface are inner points of YW. 
[I, T02.] 


while 


The limits liimjf ., lim | f re! 
eS | a=0 
. . = - s “ 
exist and will be denoted by 
‘“ (= 
i p-4 app (2 
aa at! 


and are called the inner, ower and upper integrals respectively. 
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To show that 1) exist we need only to show that for each e>0 
there exists a d, such that for any rectangular divisions D’, D” of 


norms <d, oe ty 
é. 
sl ae 


To this end, we denote by E the division formed by superimpos- 
ing Don D'’. Then # is a rectangular division of norm < d,. 


Le = 
= Ae—Uy =A, Ap — Ay = A", 


If d, is sufficiently small, A', A" <n, 


an arbitrarily small positive number. Then 


Beals asc 


if 7 is taken small enough. 


2. The integrals = 
Hue fe 

a er 
heretofore considered may be called the outer, lower and upper in- 


tegrals, in contradistinction. 


3. Let f be limited in the limited metric field U. Then the inner 
and outer lower (upper) integrals are equal. 


For 2%, is an unmixed part of & such that 


Cont A, = A, as d= 0. 


li = 7 
im {f= Se 


But the limit on the left is by definition 


ile 


4. When X& has no inner points, 


Then by 6, 1, 


S| 
T 
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For each &, = 0, and hence each 


Point Sets 

16. Let X= B+EC be metric. Then 
Y= B+. qd 
For let D be a cubical division of space of norm d. The cells 
of %, fall into three classes: 1°, cells containing only points of B; 
these form Bp. 2°, cells containing points of €; ‘these form >. 
3°, cells containing frontier points of %, not already included in 1° 

or 2°. Call these fp. Then 

A, =B8p+ Cy +fp. @ 


Let now d=0. As % is metric, fp) +0, since fp is a part of 
Front % and this is discrete. Thus 2) gives 1). 
17. ds Let Xt, B, & ats a 


be point sets, limited or not, and finite or infinite in number. 
The aggregate formed of the points present in at least one of the 
sets 1) is called their wnion, and may be denoted by 

U (A, B, € ++), 


or more shortly by (A, B, C ++) 


If 2% is a general symbol for the sets 1), the union of these sets 
may also be denoted by Usa} 


Mi. 


If no two of the sets 1) have a point in common, their union 
may be called their swm, and this may be denoted by 


1} B4+C4. 


The set formed of the points common to all the sets 1) we call 
their divisor and denote by 


Do, B, C +), 


or even more briefly by 


a 
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or by Dost, 


if {is a general symbol as before. 


2. Examples. 
Let & be the interval (0, 2); % the interval (1, 0). Then 


Ul, B)=(0, 0), Dv(A, B) =A, 2). 


Joy race), are (1 ay 
aes © Ty % = (0, 2), 
Dv(X,, A, -+:) = 0. 
 G=G0, G=GP Gp 
aoe U (yy My = (0%, 1), 
Dv(A,, Ay ++) = 0. 
let =), G=GID %=Gip- 
Then U Uys Uy = (0*, 24), 
Di Ha %,. 
3. Let >, >%>%>-- a 
4st D = Dv, Ly ps -~)- 
ee X= + Gy Wy = Ay + Cy 
Then 


A= D+6, +64 - 


Let us first exclude the = signin 1). Then every element of 
% which is not in D is in some A%, but not in %,,,. Itis therefore 
in ©,,, but not in ©,49, Carg, °° The rest now follows easily. 


4. Some writers call the union of two sets A, B their sum, 
whether 9%, 3 have a point in common or not. We have not done 
this because the associative property of sums, viz. : 


a+(B—y)=(@+8)—¥ 


does not hold in general for unions. 
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Example. Let = rectangle (1234), 


8 = (5678), 
© =(58a8) = Do(M, B). 

Then U(1,(8-G)), ° a 

oe (UM B~ 8), @ 


are different. 
Thus if we write + for U, 1), 2) give 
A+ (SB —6)#Q+ B)-E. 


18. 1. Let A, =U, 2 As: be a set of limited complete point 

aggregates. Then 
55) = DvQ,, t, oC) (0). 

Moreover B is complete. 

Let a, be a point of Y,, m= 1, 2, --- and A= a,, dy, ay + 

Any limiting point @ of & is in every Y,. For it is a limit- 
ing point of 

ams Am+19 Am+25 ke 


But all these points le in %,, which is complete. Hence « lies in 


An and therefore in every Q,, %,, --- Hence a lies in %, and 
a). 
B is complete. For let 8 be one of its limiting points. Let 
OTR Mire, 0 cs 7s 6 


As each 8,, is in each Q,, and Qf, is complete, 8 is in ,. Hence 8 
is in %. 


2. Let UX be a limited point set of the second spectes.. Then 
Do(X', a" oc vee) => 0, 


and 18 complete. 
For A” is complete and >0. Also YM >.Hr, 
19. Let U,, UA +++ lie in Bs; let X= USHR,i. Let A, be the com- 


plement of U, with respect to B, so that A, +%,=—B. Let 
A= Dvj}A,}. Then A and X are complementary, so that A’+ Y= B. 
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For each point 6 of B lies in some %,, or it lies in no 1. and 
hence in every A,. In the first case 6 lies in {, in the second in 
A. Moreover it cannot lie in both A and \. 

20. 1. Let Aiea als =, (al 


be an infinite sequence of point sets whose union call %&. This 
fact may be more briefly indicated by the notation 


A= VA, < A, < A, -:-). 
Obviously wher f is limited, 
A > lim W,. (2 


That the inequality may hold as well as the equality in 2) is 
shown by the following examples. 


Example 1. Let %, = the segment (=. 1). 


tines A = UfA,} = (O*, 1). 


pate lay 


n 
n 


$2 
ll 
— 


Example 2. Let a, denote the points in the unit interval whose 
abscissz are given by 


i oe m<n=l1, 2, 3, --- m, n relatively prime. 
n 
Let Y,=a,+--4+4,. 
Here f= 5,3 
is the totality of rational numbers in (0*, 1*). 


As A= 1 and A, = 0, we see 
X > lim A. 
2. Let B, es B, 2 af 3 G 


Let B be their divisor. This we may denote briefly by 
B= Do(B, > B, > -+)- 
Obviously when 9, is limited, 
B < lim §,. 
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Example 1. Let 8, = the segment (0, *) 


Then BY = DviB,} =(0), the origin. 
Here | ey lim %,, =lim? = 0, 
and § =lim H,. 
Example 2. Let %, be as in 1, Example 2. Let b,=%—,. 
Let %, = (1, 2) +5,. 
Here % = the segment (1, 2) and $, =2. 
Hence 


B < lim &,. 

3. Let B,<B,< + be unmixed parts of U. Let B,=A. Let 
B=U5B,t. Then =A— B ts discrete. 

For let Y= B, + ©,; then ©, is an unmixed part of Y. Hence 

A= B,+ C,. 
Passing to the limit n = 0, this gives 
lim ©, = 0. 
Hence & is discrete by 2. 


4. We may obviously apply the terms monotone increasing, 
monotone decreasing sequences, etc. [Cf. I, 108, 211] to sequences 
of the type 1), 3). 


21. Let C=A+B. IFA, B are complete, 
C=A+ B. qd 
For § = Dist (A, B) > 0, 


since 2, B are complete and have no point in common. Let D be 
a cubical division of space of norm d. If d ‘i$ taken sufficiently 
small %,, Bp have no cells in common. Hence 
Cp = Ay + Bp. 
Letting d= 0 we get 1). 
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22. 1. If A, B are complete, so are also 
C= A, B), D = Dv (A, B). 


Let us first show that © is complete. Let ¢ be a limiting point 
of ©. Let ¢, ¢, ++ be points of € which=e. Let us separate 
the ce, into two classes, according as they belong to 9, or do not. 
One of these classes must embrace an infinite number of points 
which=ec. As both {% and % are complete, ¢ lies in either & or 
%. Hence it lies in 6. 


To show that D is complete. Let d,, d,, --- be points of D which 
=d. As each d, is in both A and Q, their limiting point d is in 
Yt and %, since these are complete. Hence d is in D. 


2. Lf U, B are metric so are 
C=(A,8) D=Dvi(A, B). 


For the points of Front € lie either in Front % or in Front %, 
while the points of Front D < Front % and also < Front 8. But 
Front 2% and Front % are discrete since A, B are metric. 


23. Let the complete set AX have a complete part 8. Then how- 
ever small e> 0 is taken, there exists a complete set © in A, having no 
point in common with B such that 


C>A-B-e. al 

Moreover there exists no complete set ©, having no point in common 

with B such that ee 

The second part of the theorem follows from 21. To prove 1) 
let D be a cubical division such that 

Ap =A+', B,=Bt+e", O<e, ef =e (2 


Since B is complete, no point of B lies on the frontier of 35: 
Let © denote the points of %& lying in cells containing no point of 
B. Since % is zomplete so is G, and B, € have no point in common. 


Th ree. 
es X= 9,4 Cp. 3 
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But the cells of ©, may be subdivided, forming a new division A, 
which does not change the cells of Bp, so that Bp = Ba, but so that 


Ga=C+el", O<e!! <e. (4 
Thus 2), 3), 4) give , 
A+e’=]Btel + C+ el", 


or C=A-B-(el + "—e), 


24. Let UX, B be complete. Let 
U=(A, B), D= D(A, B). 


ae %+B=N+D. a 
For let ie eel 
Then A contains complete sets C, such that 
C>U-A—e, (2 
but no complete set such that 
O>u—-4Y, (3 
by 23. On the other hand, 
B=A+D. 
Hence A contains complete sets C, such that 
C>B8-D-.« (4 
but no complete set such that 
O>§-5. (5 


From 2), 3), and 4), 5) we have 1), since e is arbitrarily small. 


uae 
25. Let D = Do, >%>Ay> 


each X,, being complete and such that XU, > some constant k. 


Then DB = k. ‘ 
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For suppose (ako DSO 
Let l=e+7n; e, n> 0. 


Then by 23 there exists in %{, a complete set ©), having no point 
in common with D such that 


6, >%,-D-e; 
6, >7. 


€, = D(A, G), =U = (Ay G,)- 


or as , >k, such that 


Let 


Then by 24, 


A een sen Ceara 
>%,4+ €,-A, 
>%+,-D-H-A,=A,- De 
>k-D-e 
27: 


Thus %, contains the non-vanishing complete set ©, having no 
point in common with ®. In this way we may continue. Thus 
Y,, W,, --- contain a non-vanishing complete component not ims 
which is absurd. 


Corollary. Let X=(X,<A,<+++) be complete. Then %, = A. 


This follows easily from 23, 25. 


CHAPTER II 
IMPROPER MULTIPLE INTEGRALS 


26. Up to the present we have considered only proper multiple 
integrals. We take up now the case when the integrand f(a, --- z,,) 
is not limited. Such integrals are called improper. When m=1, 
we get the integrals treated in Vol. I, Chapter 14. An important 
application of the theory we are now to develop is the inversion 
of the order of integration in iterated improper integrals. The 
treatment of this question given in Vol. I may be simplified and 
generalized by making use of the properties of improper multiple 
integrals. 

27. Let % be a limited point set in m-way space R,,. At each 
point of & let f(x, +--+ %,) have a definite value assigned to it. 
The points of infinite discontinuity of f which le in %f we shall 
denote by §. In general $ is discrete, and this case is by far the 
most important. But it is not necessary. We shall call § the 
singular points. 

Example. Let % be the unit square. At the point z=, 
y= =, these fractions being irreducible, let f=ns. At the other 


points of Wlet f=1. Here every point of is a point of infinite 
discontinuity and hence ¥ = Y. 

Several types of definition of improper integrals have been 
proposed. We shall mention only three. 


28. Type I. Let us effect a division A of norm 6 of &,, into 
cells, such that each cell is complete. Such divisions may be 
called complete. Let %s; denote the cells containing points of YQ, 
but no point of G, while %{ may denote the cells containing a 
point of 3. Since A is complete, f is limited in Ys. Hence f 
admits an upper and a lower proper integral in Ys. The limits, 


when they exist, = 
lim efi I lim i il 
5=0 ol) FS s=0 Uc a C 
30 
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for all possible complete divisions A of norm §, are called the 
lower and upper integrals of f in A, and are denoted by 


if faX, Ii fay, Q 


SoS 


When the limits 1) are finite, the corresponding integrals 2) 
are convergent. We also say f admits a lower or an wpper improper 
integral in YX. When the two integrals 2) are equal, we say that 
J is integrable in Qf and denote their common value by 


Sifax or by Sr (3 


We call 3) the improper integral of f in X; we also say that 
f admits an improper integral in A and that the integral 3) is 
convergent. 


or more shortly by 


The definition of an improper integral just given is an extension 
of that given in Vol. I, Chapter 14. It is the natural develop- 
ment of the idea of an improper integral which goes back to the 
beginnings of the calculus. 

It is convenient to speak of the symbols 2) as upper and lower 
integrals, even when the limits 1) do not exist. A similar remark 
applies to the symbol 8). 

Let us replace f by |f| in one of the symbols 2), 3). The 
resulting symbol is called the adjoint of the integral in question. 


We write = = 
Sifl= Adi SF atc. (4 


When the adjoint of one of the integrals 2), 3) is convergent, 
the first integral is said to be absolutely convergent. ‘Thus if 4) is 
convergent, the second integral in 2) is absolutely convergent, etc. 


29. Type IT. Let X, »>90. We introduce a truncated func- 
tion f,, defined as follows: 
Sau =f (@ ++ Fm) When —ASf<m 
=—2Xr when f<—2X 
= fh when f > wu. 
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We define now the lower integral as 


A similar definition holds for the upper integral. The other 
terms introduced in 28 apply here without change. 

This definition of an improper integral is due to de la Vallée 
Poussin. It has been employed by him and R. G. D. Richardson 
with great success. 


30. Type III. Let «, B>0. Let %,, denote the points of % 


at which eae 
We define now 


Ss-ie ffs Seaim Se a 


The other terms introduced in 28 apply here without change. 
This type of definition originated with the author and has been 
developed in his lectures. 


31. When the points of infinite discontinuity $ are discrete 
and the upper integrals are absolutely convergent, all three defini- 
tions lead to the same result, as we shall show. 

When this condition is not satisfied, the results may be quite 
different. 


Example. Let Ube the unit square. Let ,, 2, denote respec- 
tively the upper and lower halves. At the rational* points %, 


L= - v= = in Y,, let f= ns. At the other points € of Y,, let 
® 
f=—2 InrWMe let y= 0: 
1° Definition. Here = J. 


3 
Hence la 
= 0. 
ie 
2° Definition. Here 


Sf=-1, fipatee 


* Here as in all following examples of this sort, fractions are supposed to be 
irreducible. 
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3° Definition. Here UX, embraces all the points of %,, € and a 
finite number of points of B for «> 2, 8 arbitrarily large. Hence 


and thus . 


32. In the following we shall adopt the third type of definition, 
as it seems to lead to more general results when treating the im- 
portant subject of inversion of the order of integration in iterated 
integrals. 

We note that if f is limited in Y, 


lim ie = the proper integral {EP 


a, p=av 


For «, 8 being sufficiently large, U,, = A. 
Also, if 2 is discrete, 


Sf- oe 


For Y,, is discrete, and hence 


eee 


Hence the limit of these integrals is 0. 


33. Let m=|Minf| , M=|Max/f| in &. 
Then ad a 
li =i ; m finite. 
pee es 
lim = lim fo M finite. 


For these limits depend only on large values of «, 8, and when 
m is finite. = ee for all «@ = m. 
Similarly, when J is finite 


We=U,4 » forall B>mM. 
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Thus in these cases we may simplify our notation by replacing 


ey M 9 Wing 
ny 0 
respectively. 


2. Thus we have: 
= lim Z when Min f ts finite. 
ibe lim J, f fis fi 
"= lim ; when Max f ts finite. 
Sr = in SY ue: 


3. Sometimes we have to deal with several functions f, g, -:-- 
In this case the notation %,, is ambiguous. To make it clear we 
let > a,e denote the points of 9 where 


~a<fK<p. 
Similarly, Wy, .,¢ denotes the points where 
—a<g<f, ete. 
34. f Ff is a monotone decreasing function of « for each B. 
S53 


f Ff is a monotone increasing function of B for each a. 
a8 
If Max f 1s finite 


i F are monotone decreasing functions of «a. 
=a. 


If Min f is finite 


I. Ff are monotone increasing functions of 8. 
<p 

Let us prove the first statement. Let a! >a. 
Let D be a cubical division of space of norm d. 


Then £ being fixed, 


Pam a Ms 2. qa 
Lv Wap d=) Wag - 
f =lim =m! d', Q 


uv Ma'p d=0 Ma's 
using the notation so often employed before. ‘ 
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But each cell d@, of ag lies among the cells d,’ of Ma. Thus we 
can break up the sum 2), getting 
Zmidi = Zmld! + Im!' dl, 
Ang Map 
Here the second term on the right is summed over those cells 
not containing points of Y%.,. It is thus <0. In the first term 
on the right m,’<m,. It is thus less than the sum in 1). Hence 


=m d! << =md,. 
“ Xap 1p 
Thus 
f = ’ a! > a. 
= M B — “ap 


In a similar manner we may prove the second statement ; let 
us turn to the third. 
We need only to show that 


f is monotone decreasing. 
Ya 


Let a’>a. Then 


if = lim SM, GB 
Nia d=0 A, 
if =lim Md! (4 
Ao 4=0 Hy 
ee porore SM id = SMa! + SMa" (5 
OTe =a 


But in the cells d,, M'’=M,. Hence the first term of 5) is 
the same as = in 8). The second term of 5) is <0. The proof 


follows now as before. 


35. If Max f ts finite and tp Ff are limited, iff Ff ts convergent and 


afi (ge J A 


If Min f is finite and jf are limited, J. f is convergent and 
B 
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die 


are limited monotone functions. Their limits exist by I, 277, 8. 


For by 34 


36. If M= Max ff is finite, and ee is convergent, the correspond: 
<2) 
ing upper integral is convergent and 
{fs [F< Mlim¥_,, 
vo ov of a=o 
where f > —ain _,. 


Similarly, if m= Min f is finite and df F is convergent, the corre 


sponding lower integral is convergent and 
miimUg< [F< ff. F< Bin%. 
B=0 J pt 


Let us prove the first half of the theorem. 


We have ra = 
= lim { 


Now 
aly a(f <M, 


We have now only to pass to the limit. 


oa Te Ny is convergent, and B < A, 


Saf 


does not need to converge. Similarly 
A ee 
does not need to converge, although ue F does. 


+, 


Example. Let Ube the unit square; iet B denote me points 
for which 2 is rational. 


Let 


Then 
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af 


when z is irrational 


when z is rational. 


=1 
ek 
y 


Sif=? : hence fi f=1. 


On the other hand, 


Hence 


is divergent. 


38. 1. In the future it will be convenient to let % denote the 
points of % where f > 0, and % the points where f <0. We may 
call them the posztive and negative components of A. 


2. rf ff converges, 80 do Jf 


df ibe converges, 80 do) 


For let us effect a cubical division of space of norm d. Lat 
B' > B. Let e denote those cells containing a point of Bz; e' 
those cells containing a point of Bg but no point of Pg; 6 those 
cells containing a point of %,, but none of Pz, 


Then 


Obviously 


Hence 


Jf =limflM!.e+=M,- e+ =M' - §. 
ap’ 


d=0 


if =lims=M,-e+=M,,-¢ +=M,- 8}. 
Wap 


d=0 


M.>M, , Ms=M, , Me <°. 


jf at — lim{S(M! — Me + ZMle! — My +e}. 
Yap’ Wap  @=? 
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We find similarly 


o limflCM — Mpe+ 2M Le'}. ul 
J, Sg, =H 2 On — MD) ( 


Now 
| i ig 


for a sufficiently large «, and for any 8, 8’ > Bo. 
Hence the same is true of the left side of 1). 


As corollaries we have: 


3. If the upper integral of f is convergent in A, then 


(ai eres. 


If the lower integral of f is convergent in A, 


jleeil oe Met 
F — = 
‘ J = = ie 
4. If f >0 and He J ts convergent, so ts 


ee ee te 


Moreover the second integral is < the first. 
This follows at once from 3, as {= . 


39. Jf j) FS and ue Ff converge, so do rf re 


We show that f, Jf converges; a similar proof holds forf, ai 


v8 Sy 


this end we have only to show that 


Hie Ji 


e>0; «, B>9; eas wl a Ba B= BIS 9 
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Let D be a cubical division of space of norm d. Let Bg , Ber 
denote cells containing at least one point of ag, Xa at which 
f=>0. Let na, ta denote cells containing only points of Qa , 
Aag at which f<0. We have 


TMd=T+=2 3; TMd=>4+> 
a's’ Ps’ Ma CM a, 7 a 


Subtracting, 


| hd. — Ed, |<| 2Md. — BMa.|+|2Ma— BMA]. (2 
Be’ Ba" Ma! Mm" 


Let M{= Max f for points of 2 ind,. Then since f has one 
sign in Yt, 
|2Md,—=Md,|<|=M'd,—2M'd,|. (3 
Tg’ Ny Na! Na’ 
Letting d=0, 2) and 8) give 


eae ERS << 


Now if # is taken sufficiently large, the first term on the right is 


<e/2. On the other hand, since ae convergent, so is f by 
36. Hence for « sufficiently large, Ne last term on the right is 
<e/2. Thus 4) gives 1). 

40. If f is integrable in U, it is in any B< A. 


Let us first show it is integrable in any Wag. 


Let Aw= f - Dee 


Let D be a cubical division of space of norm d. 


Then A,z=limtod, , ®%= Osc f in d,. 


d=0 Aap 


eta 0,78) > Bas Then 
A, — Agg = lim 2a Yo,d,}. 


d=0 Ayr! X48 
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Now any cell d, of %., is a cell of Aig, and in d,, o/ > o,. 
Hence A,'g > Ag. Thus A,g is a monotone increasing function 
of «a, 8. On the other hand 


lim Aza = 0; 
by hypothesis. Hence A,,=0 and thus f is integrable in %qg. 
Next let f be limited in %, then |f|<some y in B. Then 
B<A,,, But f being integrable in Y, ,, it is in B by I, 700, 3. 
Let us now consider the general case. Since f is integrable in 


Se > Su 


both converge by 38. Let now P, WV be the points of $B, Jt lying 
in 3. Then 


Thus C 
fie es 
both converge. Hence by 39, 
le 
both converge. But if %,, denote the points of B at which 


—a<f<b, 


by definition. 


But as just seen, 2 { 
“Bap Bad 

Hence ce fi 
JAD Pe 


and f is integrable in B. 


41. As a corollary of 40 we have: 


If f is integrable in U, it admits a proper integral ¢ in any part 
of in which f is limited. 


2. If f is integrable in any part of X in which f is limited, and if 
either the lower or upper integral of f in Y is convergent, f is integra 
ble in A. 
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For let ~ = 
= lim il 
anh peered ky 
exist. Since aa 
- Seca ~Sucg 
necessarily 
J 7 = lint jh J (2 


exists and 1), 2) are equal. 


42. 1. In studying the function f it is sometimes convenient to 
introduce two auxiliary functions defined as follows : 


g=F where f > 0, 
= () where f <0. 
h=—f where f <0, 
= 0) where f > 0. 
Thus g, h are both > 0 and 
f=g-h, 
Ifl=g+h. 


We call them the associated non-negative functions. 


2. As usual let Ug denote the points of XA at which —a<f <P. 
Let Ug denote the points where 9 <B, and X, the points where h <a. 


Then - - 
= li : il 
J,9=in Sif ( 
A=lim h. 2 
D)§ a, B=0 (e C 
For 


Letting a, B =o, this last gives 1). 
A similar demonstration establishes 2). 


3. We cannot say always 


ie =tim Sid ; Sha lim J } 


as the following example shows. 
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Let f =1 at the irrational points in X= 0, 1), 
= —n, for a= in YW. 
n 


Th 
is et 9 }) pea 


—“aB 
. 


Again let f = —1 for the irrational points in Q, 


= n for the rational points 2 = = 
Then 
Si at 0. Ae —— 
43. 1. 
1 =a > = > > 
) Sg i oo Sy & Sik ( 
3) Shan Len paca Jf fs (4 


provided the integral on either side of the equations converges, or 
provided the integrals on the right side of the inequalities converge. 


Let us prove 1); the others are similarly established. Effecting 
a cubical division of space of norm d, we have for a fixed B, 


Sf = lim 3d, +30. dy 


d= 


= lim =Mad, = . 5 
a0 Ba be ( 


Thus if either integral in 1) is convergent, the passage to the 
limit 8 = @ in 5), gives 1). 


ad & if F is convergent, f g converge. 


162 IE F ts convergent, Si converge. 


This follows from 1 and from 88, ' 
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nee ba iE J is convergent, we cannot say that f f is always con- 
N 


vergent. A similar remark holds for the lower integral. 


Forlet f= 1 at the rational points of X=(0, 1) 


cs -+ at the irrational points. 


fret ’ [ f= oo. 


4. That the inequality sign in 2) or 4) may be necessary is 
shown thus: 
Let 


Then 


f= ole for rational x in & = 0, 1) 
Vax 
=— = for irrational z. 
x 
Then 
—— 
44, a2 => = hi h, 1 
Be SI lim So ¢ 
=k Bit 2 
eh ae Ju,7 pe ( 


provided, 1° the integral on the left exists, or 2° the integral and the 
cimit on the right exist. 


For let us effect a cubical division of norm d. ‘The cells con- 
taining points of % fall into two classes: 


a) those in which f is always <0, 
6) those in which f is >0 for at least one point. 
In the cells a), since f= g—h, 
Max f = Max (g —h) = Maxg— Minh, (3 
as Maxg=0. In the cells 6) this relation also holds as Minit = 0. 


Thus 8) gives = ra 
if Ls =J,9 "- Sui S 


44 IMPROPER MULTIPLE INTEGRALS 


Let now «, 8=oo. If the integral on the left of 1) is conver- 
gent, the integral on the right of 1) is convergent by 43, 2. Hence 
the limit on the right of 1) exists. Using now 42, 2, we get 1). 

Let us now look at the 2° hypothesis. By 42, 2, 


lim Se! =f g. 


a, B=o 
Thus passing to the limit in 4), we get 1). 
2. A relation of the type 
= —jh 
eI LE 
does not always hold as the following shows. 
Example. Let f=n at the points r= oa 


=) fOr ee 
= ~~ 92nth 


Then | Sf=-} Sg=0 f=0. 


45. If iL Sf is convergent, it is in any unmixed part B of A. 
el 


= — 1 at the other points of Y= (0, 1). 


Let us consider the upper. integral first. By 43,2, 
Ld 
So 

Since &% = B + € is an unmixed division, 


Si =f. ht fh §e 
Hence J, he il ee . 


—Vap ae 


exists. Hence a fortiort, 


exists. 


GENERAL THEORY 45 


As the limit of the right side exists, that of the left exists also. 
From this fact, and because 1) exists, 
je 
exists by 44, 1. 
A similar demonstration holds for the lower integral over Q. 


46. If %,, X, --- W,, form an unmixed division of A, then 


Nae, a 


provided the integral on the left exists or all the integrals on the 
right exist. 


For if %,, ag denote the points of A. in W,,, we have 


(ee os aban c 


Now if the integral on the left of 1) is convergent, the integrals 
on the right of 1) all converge by 45. Passing to the limit in 2) 
gives 1). On the other hypothesis, the integrals on the right of 
1) existing, a passage to the limit in 2) shows that 1) holds in 
this case also. “ 


47. If fs and ihe converge, so does Sih and 
jae Dol a 


< fo 4 fi (2 


For let A, denote the points of %{ where 


| 0<If/<B. 
Then since fl=g+ h, 


refers fed 
<fgt fn © 


ea ifs by 43, 1. (4 
a J, di af Uae. 
Passing to the limit in 3), 4), we get Ds 2): 
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48,2 152 7f uf |f| converges, both if JS converge. 
ow & 


For as usual let $ denote the points of 9 where f>0. 


Then ro re 

eal 

is convergent by 38, 3, since iL |f| is convergent. 
w 


L-N=-f 


is convergent. The theorem follows now by 39. 


2. If fils converges, so do 


a: 
ihe 


both converge. The theorem now follows by 43, 2. 


3. Lor x 
lp f 


both to converge it is necessary and sufficient that 


S isi 


Similarly, 


For by 1, 


is convergent. 


For if 3) converges, the integrals 2) both converge by 1. 


On the other hand if both the integrals 2) converge, 


Ueiiies 
converge by 38, 2. Hence 3) converges by 47. 
4. If f is integrable in A, so ts | f|. 


For let Ag denote the points of % where 0<|¥Y< 8. Then 


Siri =tim fis 


and the limit on the right exists by 3. 


@! 


(2 


(3 
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But by 41, 1, fis integrable in As. Hence |f| is integrable in 


Aq by I, 720. Thus 
Slf| = lim fi 


49. From the above it follows that if both integrals 
A 
=—% 
converge, they,converge absolutely. Thus, in particular, if 


Sif 


converges, it is absolutely convergent. 


We must, however, guard the reader against the error of sup- 


posing that only absolutely convergent upper and lower integrals 
exist. 


Example. At the rational points of % = (0, 1) let 
if 
FI(®) = Bet 
2Va 
At the irrational points let 


Here = 
SS algliane 


Thus, f admits an upper, but not a lower integral. On the 
other hand the upper integral of f does not converge absolutely. 


For obviously G 
=+0. 
Sl 
50. We have just noted that if 


ones 


is convergent, it is absolutely convergent. For m=1, this result 
apparently stands in contradiction with the theory developed in 
Vol. I, where we often dealt with convergent integrals which do 
not converge absolutely. 
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Let us consider, for ae 
sina 


J= ify a a 


If we set c= 2 we get 
u 


“sin u ‘ 
Taf du, 
1 U 


which converges by I, 667, but is not absolutely convergent by 
I, 646. 

This apparent discrepancy at once disappears when we observe 
that according to the definition laid down in Vol. I, 


while in the present ie 


= lim Ie rb 


a, B= 


Now it is easy to see that, taking « large at pleasure but fixed, 
f SOL =:00 as B=, 
Aas 
so that J does not converge according to our present definition. 


In the theory of integration as ordinarily developed in works 
on the calculus a similar phenomenon occurs, viz. only absolutely 
convergent integrals exist when m > 1. 


Sle. aie 18 convergent, 
Dy 


Ss fia dl 


For %,, denoting as usual the points of & where —a<f<B 


we have 
Saf ls Suis Lith 


Passing to the limit, we get 1). 
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Fe Go (f |f | ts convergent, fh FS are convergent for any B <A. 


For f || is convergent by 38, 4. 
B 


Hence 


converge by 48, 3. 


Ss 


Set Jt “| f | t8 convergent and Min f ts finite, or if, 2°, Jf Ff is 


convergent and Max f ts finite, then 


7s convergent. 


fii 


This follows by 36 and 48, 3. 


52. Let f>0 in A. 


converge. If 


Let the integral 


ie 


then for any unmixed part B <A, 


where 


For let Y= B+ G. 
Also 


; [fe iene ay re! 
Jy A, 
G = F a’, 2 
ape Ee ee ( 
0<al<«. (8 


Then %,=Be,+Ge is an unmixed division. 
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Hence S+SaS. ah ey é! 


~ =f =p B 
From 2) = as 
i = 
#~S~Se, 
A EU ae Pale fate 
a Ue JO y 4) 
<a, 
which establishes 3). 
‘ } 1 
53. If the integral iff iF | ( 
converges, then = ‘ 
BS, ee G7 |<< (2 
for any 8 <U such that _ 
B>e. (3 


Let us suppose first that f>0. If the theorem is not true, 
there exists, however small c >0 is taken, a % satisfying 3) such 
that = 


S,t>6 (4 


Then there exists a cubical division of space such that those 
points of YM, call them ©, which lie in cells containing a point of 
%, are such that €<aalso. Moreover € is an unmixed part of A. 
Then from 4) follows, as f > 0, that 


{ee € (5 
also. 
Let us now take £ so that 


Then 7 
= ' 
en Je, + % vA 
- and 0<al<a 
by 52. But a as .< 
i < BE, < BE 
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af <6, 
s 
which contradicts 5). 
Let us now make no restrictions on the sign of f. We have 


Sy | < JS If 


But since 1) converges, the present case is reduced to the pre- 
ceding. 


Let now Bo <e, then 


* 


54. 1. Let Ft | converge. 
7 g 


Let as usual X,, denote the points of X at which —a<f<B. Let 
A,, be such that each X,, lies in some A,, in which latter f is limited. 
Let Dag = Ay — Aag and let a,b=~w with a, B. Then 

lim Ore = 0. 
a, B=0 
For if not, let ae 
lim Das = J, t>0. 
a, B=» 

Then for any 0<»</J, there exists a monotone sequence {e,, Bn} 

such that 


Dasea for n > some m. 
Let »,= Min(e,, B,), then | f| > Hw, in Dana and p,= 00. 


Hence 
if | f | > ph = d 


anBn 


But Dang, being a part of W 
<i 
Ff | <fi f| 


ya 


by 38, 3. This contradicts 1). 
2. Definition. Wesay A,,, is conjugate to Uap with respect to f. 
55. 1. As usual let —a<f<Bin%Ag Let 0< f<P mp. 


Tet Ay be conjugate to Xp with reference to fs and A, conjugate 
ta A, with respect to | f|. 
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Vig. 18, es 
lim 
tim J, I 
or uf, 2°, = 
ij 
lim Ae | | 
exist, then, 7 ra 
im ee is Jat G 


For, if 2° holds, 1° holds also, since 


Se itis Sith asthe Ae 


Thus case 2° is reduced to 1°. Let then the 1° limit exist. 


We have ce - 
ie = [pe ihe h, @ 


as 4) in 44, 1 shows. Let now 


Then, = 


i g < Sigs Si 9 3 Lo < 


But Das =0, as a, B=oo, by 54. Let us now pass to the limit 
a, 8=o0in38). Since the limit of the last term is 0 by 53, 54, we 
get 


lim = lin : 4 
a, B=0 Jig mee Pee ( 
Similarly, 
li h=li h. 
a, nee is a, ets / Ags © 


Passing to the limit in 2), we get, using 4), 5), 


ey, 


vs 


In a similar manner we may establish 1) for the lower integrals. 
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2. The following example is instructive as showing that when 
the conditions imposed in 1 are not fulfilled, the relation 1) may 
not hold. 


Example. Since iF 


there exists, for any 6,>0, a 0<6,,,<6,, such that if we set 


Oohie  e 


= Ons1 


On41 xv 


then G,<G,< xs. +0, 


as 6,=0. Let now 


Jf =1 for the rational points in Y= (0,1), 


1 for the irrational. 
x 


Then eget 
JI, B 
Let 
(2S UE 
by ve 


Let A, denote the points of %f in (6,, 1) and the irrational points 
in (6.5,, 8). 
Then SJ > Gan +2. 


But obviously the set A, is conjugate to Ws. On the other hand, 


S fal 


lim f,f=+o. 


while 


56. If the integral 


fi i d 


converges, then z 
0, | | <e 2 
C1) CE Sf ( 
for any unmixed part B of U such that 
B so. 
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Let us establish the theorem for the upper integral; similar 
reasoning may be used for the lower. Since 1) is convergent, 


g (3 
ot 
and = lim f h (4 
a, B=” Lag 


exist by 44,1. Since 3) exists, we have by 53, 


0<f,9<p @ 


for any B< A such that B<some a’. 
Since 4) exists, there exists a pair of values a, 6 fae that 


= ] lea ae <, 6 
x JS, t+ Les ( 


since the integral on the right side of 4) is a monotone increasing 
function of a, 6. 
Since A = 6 + € is an unmixed division of YA, 


by eh fae Nid 


Since h=> 0, and the limit +) exists, the above shows that 


w= lim hi, v= lim ie h 
a, B=0 YBag a, B=” 


exist and that 
A=p+y. (7 


Then a, 6 being the same as in 6), 


pa f h+y, (8 


“Bap 
and we show that 
0<7' <9 (9 
as in 62. Let now e>a, 6; then & 
J, h<eB<é (10 
Bab 4 
if we take Fe Soe ; 
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cats, e<t. ql 


ie Sfa=fo-m 


by 44,1. Thus 2) follows on using 5), 11) and taking o <a’, o". 


57. If the integral af F converges and %, 7s an unmixed part of 
WU such that B, =A as u=0, then 


Pena Crea 
Hy ies a 


For if we set Y= G,+,, the last set is an unmixed part of 


and @,=0. Now “ note: o¢ 
WV asacne. 


Passing to the limit, we get 1) on using 56. 


58. ibs Let D,6 = Du XL fags Wag We, op)* 

If, 1°, the upper contents of 

fas ad Wrap ak Dap » Cho XY ap Daz ’ Hap = Wyss, ap Dap ce! 
=Oasa, B=o0, 


and if, 2°, the upper integrals of f, 9, f +g are convergent, then 
Stn <fir+ Sa @ 


Tf 1° holds, and #f, 3°, the lower integrals of f, 9, f +g are conver- 


gent, then 
Sit Sig < Su P+: (3 


Let us prove 2); the relation 3) is similarly established. Let 
D,,g be a cubical division of space. Let G.g denote the points of 
Das lying in cells of D,g, containing no point of the sets 1). Let 


ap = Wy, ap Gap. 
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Then D,g may be chosen so that §ag = 0. 


Now rn ra = 
Ws bak, ‘ le 


since the fields are unmixed. By 56, the second integral on the 
right =0 asa, B=oo. .Hence 


lim a thin J, fs 


a, B=x Uy, aB a, B=x 8 


Similar reasoning applies to g and f+ 4g. 


<< ¢ : 
IRC 01= seme 
Thus, letting «, 8 =oo we get 2). 


Again, 


2. When the singular points of f, g are discrete, the condition 1° 
holds. 


3. If g is integrable and the conditions 1°, 2°, 3° are satisfied, 


Soren =Srrfo. 


4. If f,g are integrable and condition 1° ts satisfied, f + g is in- 


tegrable and 
SiStn=Sr+ So. 


5. Si P+ OHS f+ C lim Tag 


provided the integral of f in question converges or is definitely infinite. 


For = = 


Rice C) =SF+S,6 


Also ates - 
lim Das = lim Aq Ss 


where %, refers to f. 


6. When condition 1° is not satisfied, the relations 2) or 3) 
may not hold. ; 
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Example. Let % consist of the rational points in (0, 1). 
Let f=lin , g=l—n 
m 


at the pointe =—. Then 
n 


Ft+g=2 in QM. 
Ge 


embrace only a finite number of points for a given « 8. On the 
other hand, 


Now 
gd, aB 


may. ap = 3) | for B 2 De 


Thus the upper content of the last set in 1) does not = 0 as 
a, 8 = and condition 1° is not fulfilled. Also relation 2) does 
not hold in this ease. For 


JG¢+p=2. frso, [g=0. 


59. If c>0, then hee ee el 
ife <0, then fof = le @ 
provided the integral on either side is convergent. 

For be a 

ee f ye eeitice 0 é 
ch, aB 1, ap 
e 
=C ife< 90. (4 
Jee 


Let c>0. Since 
—a<f<B in Mes, aps 


therefore B ; , 
eae in this set. 
ec ce 


Hence any point of %.,, aa is a point of Wy, £.¢ and conversely. 


i Wey, ag = U,, £.8 when ¢>9. 
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Similarly rr when e< 0. 
Thus 3), +) give 


a8 vs e <0. 


’ 
Cal 6 


We now need only to pass to the limit a, =o. 
60. Let one of the integrals 
The ’ Sg a 
converge. If f= 4g, except at a discrete set D in A, both integrals 


converge and are equal. A similar theorem holds for the lower 
integrals. 


For let us suppose the first integral in 1) converges. Let 


A=At+D; 
then a =e cs 


Ue SreLy-S : 


Now peal 


Thus the second integral in 1) converges, and 2), 3) show that 
the integrals in 1) are equal. 


61. 1. Let : 
dhoik Ihe a 
converge. Let f > g except possibly at a discrete set. Let 


Dap = DA, ably, ap) 3 f = UL, ap Dag iA Gag ca a, ap Das- 
If 


then 


fas = 0, Gag = 0, as &, 8 =a, 


fhe > So. ‘ @ 


RELATION BETWEEN THE INTEGRALS OF TYPES Il, r 769 


For let ©, be defined as in 58, 1. Then 


peter 


Let «, 8 =, we get 2) by the same style of reasoning as in 
58. 


2. If the integrals 1) converge, and their singular points are dis- 
erete, the relation 2) holds. 

This follows by 58, 2. 

3. If the conditions of 1 do not hold, the relation 2) may not 
be true. 

Example. Let & denote the rational points in (0*, 1*). Let 


f=n at = in A. 
n 
peat in 
Then fe4 in W 
But 
= 0 =1. 
eet) pa t0 


Relation between the Integrals of Types I, II, IIT 


62. Let us denote these integrals over the limited field WU by 
Cy , Va , Pa 


respectively. The upper and lower integrals may be denoted by 
putting a dash above and below them. When no ambiguity arises, 
we may omit the subscript &. The singular points of the inte- 
grand f, we denote as usual by . 


63. If one of the integrals P is convergent, and & is discrete, the 
corresponding C integral converges, and both are equal. 


Ws Py= Py, + Puy, using the notation of 28, 


= Oy, + Px. 
now Py=0 as 840 by 56 
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Hence Py = lim Cx, 
5=0 
= (Cy, by definition. 


64. If @ is convergent, we cannot say that P converges. 
similar remark holds for the lower integrals. 


Example. For the rational Dire in & = (0, 1) let 


for the irrational points let 


f@=—t. 

x 

Then = 

Cy = lim [7 (@)dz=1im [vz]' =a A. 
a=) Ya a 


On the other hand, ee Ss 
Py = lim =2 
a,B=n 7 Yog 


does not exist. For however large 8 is taken and then fixed, 


f=-—0 as @=o. 


65. If C is absolutely convergent and X is discrete, then both P 


converge and are equal to the corresponding C integrals. 


For let D be any complete division of {{ of norm 6. Then 


Hf cs) oe 
Map “Uop,s ~~ Wop,s 


using the notation of 28. Now since 


Cy |f| converges, Cyr|f[=0 as 8=0. 
But ¢ 
Ue, opis oO ies Cx, sl F< Cay|f] = 0. 


Again, D being fixed, if a8, are sufficiently large, 
J, f= Of «>a B>By 


ap, 6 
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Hence 1), 2) give 
p f= Cy, +! |e'| 5 for any §<some 6,. 
On the other hand, if 8) is sufficiently small, 
Cy= Cate — lefc5 for 8< 4. 


Hence qe f= 'Cy 4 ell lel" <e. 
a8 


Passing to the limit a, 8 = 00, we get 
P=0C. 

66. Jf Vauf is absolutely convergent, the singular points ¥ are 
discrete. 

For suppose oe 0. Let @ denote the points of & where 
|\f|>8. Then 8> for any @. Hence 

Sy Fig 2 Sp lf p= B= 83 =, 

as 8+ oo unless ¥ = 0. 


67. If Vaf is absolutely convergent, so is C. 


For let D be a cubical division of space of norm d. 


Then 
| f|<some 8 in Wy. 


Hence Si PISS |e S Pals 


Hence C is absolutely convergent. 


Gsreiey > 0. If Vf is convergent, there exists for each e>0, 
aa>O such that 
Vef <e qd 
for any B such that 
B<o. (2 
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For ee le , 
Paf=ffte : 0<¢<5, 


for \ sufficiently large. Let A be so taken, then 
Paf = Sif +e”, O<e"<S. G3 
Also, Sf < AS< = G 


if o is taken sufficiently small in 2). 
From 8), 4) follows 1). 


69. If Vauf is absolutely convergent, both C converge and are 
equal to the corresponding V" integrals. 


For by 67, @ is absolutely convergent. Hence C converge by 65. 


Thus — c 
af = | fta , ja'<£ for some d. 
ee cs. © vo 
Also ae c 
Vaf=J Fath Bi <= for some A, # 
= “a oD 
Hence a = a e 
= Cy f— Vaf= f— | fi. t+ (a—8).- 1 
g= Cay — fa ie af an + (a— 8) ¢ 
Now ‘g — ‘a t, f 
SFe= J, Foot Ire 
But 


- rac = 
xl S&S fh. <a, fl= 
Se |S Sy. Fra < Vaal Fl = 


and y<°¢ if d is sufficiently small, and for any \, », by 68. 
3 i 


Taking a division of space having this norm, we then take \, u 
so large that 


Su=Ff in %y. vA 
Then 
n=a—S8-y, 
and hence a 
in| <«€. 


From this and 1) the theorem now follows at once. 
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Iterated Integrals 


70. 1. We consider now the relations which exist between the 


integrals ts 
ihe a 


Silos @ 


where U= % - € lies in a space R,,, m= p+ q, and G is a projection 
of 2 in the space #,. 

It is sometimes convenient to denote the last qg codrdinates of a 
point x= (ay + Ly yur ppg) BY Yy +--+ Yq Thus the coordinates 
w,+*+2, refer to Bandy, --y, to ©. The section of 2 correspond- 
ing to the point z in 8 may be denoted by ©, when it is desirable 
to indicate which of the sections © is meant. 


2. Let us set = 
ba a)= ffs (3 


So. (4 


It is important to note at once that although the integrand f is 
defined for each point in 2, the integrand ¢ in 4) may not be. 


and 


then the integral 2) is 


Example. Let % consist of the points (x, y) in the unit square : 


m 1 
=— 0<y<-- 
x a ’ SYS7 


Then % is discrete. At the point (2, y)in A, let 


Then ohh f=0 by 82 


On the other hand ff 
i) (2) = © if =+0, 


for each point of 8. Thus the integrals 2) are not defined, 
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To provide for the case that ¢ may not be defined for certain 
points of 8 we give the symbol 2) the following definition. 


Sofef= in SSA 6 


where [ =€ when the integral 3) is convergent, or in the con- 
trary case I is such a part of € that, 


-a< [F<p, CG 


and such that the integral in 6) is numerically as large as 6) will 
permit. 
Sometimes it is convenient to denote I more specifically by T',s. 
The points 8,3 are the points of 8 at which 6) holds. It will 
be noticed that each $,3 in 5) contains all the points of S where 
the integral 3) is not convergent. Thus 


B= U {Bz}. 
Hence when % is complete or metric, 


rae Bas =. (7 
Before going farther it will aid the reader to consider a few 
examples. 


71. Example 1. Let {be as in the example in 70, 2, while f = n? 


atra=_". Wesee that 


n ffao. a 


On the other hand %.s contains but a finite number of points 


for any a, 8. Thus 
3 S.f=0. Q 


Thus the two integrals 1), 2) exist and are equal. 


Example 2. The fact that the integrals in Ex. 1 vanish may 
lead the reader to depreciate the value of an example of this kind. 
This would be unfortunate, as it is easy to modify the function so 
that these integrals do not vanish. 
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Let %& denote all the points of the unit square. Let us denote 
the discrete point set used in Ex. 1 by D. We define f now as 
follows: f shall have in D the values assigned to it at these points 
in Ex.1. At the other points A = % — 9, f shall have the value 1. 


Then 
Jara healers c 


On the other hand ¥,g consists of the irrational points in 8 anu 
a finite number of other points. Thus 


: S Sra (4 


Hence again the two 3), 4) exist and are equal. 
Let us look at the results we get if we use integrals of types I 
and II. We will denote them by Cand V as in 62. 
We see at once that 
Cy = Va = Py = 1. 


Let us now calculate the iterated integrals 


Cx Cc, (5 
and Vg Ve. (6 
We observe that 
Oc=1 for x irrational 


=+o for z rational. 


Thus the integral 5) either is not defined at all since the field 
%; does not exist, or if we interpret the definition as liberally as 
possible, its value is 0. In neither case is 


OLN = Cy C6. 
Let us now look at the integral 6). We see at once that 
VgVe 


does not exist, as Ve =1 for rational x, and = +0 for irrational 
x. On the other hand 


VgVe=1 9 Vg Ve= +o. 


Hence in this case 


Vu = Vg Ve. 
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Example 8. Let Ube the unit square. 
Let 
nm even 


ai nator nm odd. 
n 


At the other points of %f let f= 1° 


Then 
Sf Sade F= t 


Here every point of & is a point of infinite discontinuity and 
thus ¥ = Y. ‘ 

Here Cy is not defined, as %; does not exist; or giving the 
definition its most liberal interpretation, 


Cy = 0. 


The same remarks hold for Cg Cg, 
On the other hand Vg Sees 


VaVo— 


while 


does not exist, since m 


Ve=in forzx=— 
ert trie 
= 1 for irrational 2. 
Moreover = 
FeV ae Wee toe 
Example 4. Let & denote the unit square. Let 


f= forrz=%, n even, 0<y <x 

n nv 

=— ni forz =~, nm odd, 0<y¥< 
n 


Neg 


va ee 


At the other points of % let f= 1. 


Then 
GirL ie 
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Let us look at the corresponding (and V integrals. 


We see at once that 
Viger a 
Cy = Vy = 1, 


Again the integral Cy Cg does not exist, or on a liberal interpre- 
tation it has the value 0. Also in this example 
Cy Cg and Oy Cr 
do not exist or on a liberal interpretation, they =0. 
Turning to the V integrals we see that 
Vag re ono eg Ve ab) 


while V3 Vs does not exist finite or infinite. 


Example 5. Let our field of integration & consist of the unit 
square considered in Ex. 4, let us call it @, and another similar 
square %, lying to its right. Let f be defined over € as it was 
defined in Ex. 4, and let f = 1 in §%. 


Then 
Jamelee 
Also = Vy = 2. 
Then Cn Celie 
while VaVe does not exist, 
and 


VgVe= —-oO , VaVeg= +o. 


72. 1. In the following sections we shall restrict ourselves as 
follows: 


1° %& shall be limited and iterable with respect to B. 
2° S shall be complete or metric. 
3° The singular points $ of the integrand f shall be discrete. 


2. Let us effect a sequence of superposed cubical divisions of 
space 


DeeeD is ce 


whose norms d, = 0. ° 
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Let U,=%,-©, denote the points of % lying in cells of D, 
which contain no point of 3. We observe that we may always 
take without loss of generality 


B, = B. 


For let us adjoin to %f a discrete set D lying at some distance 
from %& such that the projection of D on R, is precisely B. 


Let A=A+D=HB-C , C=C4+e , c=. 
We now set o=f in X 

= 0) in) S). 
Then 


Se-fLorfo-fe 


Similarly fe Seeks 
Hence 
SSeS, Soh 


3. The set ©, being as in 2, we shall write 
C=€,+¢,. 


73. Let B,,,, denote the points of B at whicht, >o. Then if A 
ts iterable, with respect to B, 


lim B, ,=0. CE 


For since Y is iterable, 


a ={6 by definition. 


Hence € considered as a function of z is an integrable function 


in ¥%. vs 
Similarly 
fe S,& 


and ©, is an integrable function in B. 
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We have now ey ee 7 
G=@,+c¢, , ¢,70 


as G,, ¢, are unmixed. Hence ¢, is an integrable function in %. 


But 
G-G,-(G+i-(E 
ARG + Cn) JG 
AVR 
78 
As the left side = 0 as n=, 
li C, = 0. 
im fc 0 @ 
But 


ieee aka. 


As the left side = 0, we have for a given o 


lim B,, = 0, 
which is 1). 


74. Let X=B-C be tterable. Let the integral 


Se ae a 


be convergent and limited in complete 8B. Let €, denote the points 
of B at which 


{ f<e. 2 
“cn 
Then lim ©, = 8. (8 
For let Co, See 0s 


Since B,,=0 as n=oo by 48, we may take », so large, and 
then a cubical division of ®, of norm so small that those cells con- 
taining points of B,,,, have a content <7/2. Let the points of 
% lying in these cells be called B,, and let $, = S—B, Then 
B,, 8, form an unmixed division of § and . 


%, =8— B,>B-71/2. 


%, is complete since ¥ is. 
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We may now reason on %, as we did on §, replacing n/2 by n/2. 
We get a complete set 6, < 8, such that 
Bo >B, — n/2?. 


Continuing we get B, > Br — 7/2". 


pause B,>B-(5+i+. +5.) 
>B-7 
Let now b= Dvf S,}. 
Then $282) . (4 
by 25. 


Let 6, denote those points of 6 for which 2) does hold. Then 
b={b,{. For let 6 be any point of b. Since 1) is convergent, 
there exists a o, such that 


at 6, Sf = 6; 
—Cc 


for any c such that c<o,. Thus 6 is a point of b,, and hence of 
{b,;- Thus 6,+6 as bis complete. But €,>5,. 


Hence lim ©. > 6, 
which with 4), gives 3). 


75. Let X=B-C be tterable. Let the integral 


Ihe if 220 


be convergent and limited in complete B. 


Then = 
ee é 
For let D be a cubical division of R, of norm d. 
Then * = 
Jef shee eae 


Let d! denote those cells of D containing a point of ©, where ©, 
is defined as in 74. 
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Let di’ denote the other cells containing points of 8. Then 


Sa< Zdle+ 2d''M, 
where a 
0< <M. 
< Ji f< 
Hence 


Sa<eBp + M(Bp— Gv): 
Letting d= 0, we get 
5 if fF F<eB + M(B-G,). 


Letting now n+oo and using 3) of 74, we get 1), since e is 
small at pleasure. 


76. Let L=B-C be tterable with respect to B, which last is com- 
plete or metric. Let the singular points & of f be discrete. Then 


Gy fa 6 aie hea ly. a 


Sobre Chea Mase IL alse @ 


Here any one of the members in 1) may be infinite. Then all 
that follow are also infinite. A similar remark applies to 2). 


Let us first suppose : 


f=0 , Sis completes , ae is convergent. 


We have by 14, (eer aay 


Passing to the limit gives 


Si Folin J, f f. GB 


lim ff vale , finite or infinite. (4 


Now e>0 being small at pleasure, there exists a Gy such that 


acielt |e iis 0<G,<4. (5 


and also 
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But for a fixed n ai 
i is limited in 9. 


Hence for G, sufficiently large, 


org: , at each point of %, GG: (6 


Ube els eel G 


where T,, y, are points of I in G,, c,,. 


Then 


Hence = = ea 


Rea adh ale i oer ( 
JBGvT YBGuYEn Y%BGH4yn 


Now $g may not be complete; if not let Bg, be completed B,. 


As % is complete, ss 7 
So,J,7- Ss Be 


We may therefore write 8), using 5) 


Sele |e leila ale 
YBVUE B G “En 273 G—yn BY Cn <5 G—yYn 


By 75, the last term on the right =0asn=oo. Thus passing 


to the limit, 
SvSef tie SS C 


since e >0 is small at pleasure. 
On the other hand, passing to the limit G=oo in 1), and then 


n=, we get _ ue 
in JoJo, Joe a 


Thus 38), 10), 9), and 4) give 1). 
Let us now suppose that the middle term of .1) is divergent. 


We have as before 
i) ee lim f 4) ys 
YBGYE n=o/BYCy Wt 


Hence the integral on the right of 1) is divergent. 
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Let us now suppose B is metric. We effect a cubical division 
of R, of norm d, and denote by B, those cells containing only 
points of 8. Then B, is complete and 

lim B,= 8. 
d=0 

Let A, denote those points of % whose projections fall on B;. 
Then A, is iterable with respect. to B, by 18, 3, and we have as 
in the preceding case 


fei SeS: cu 


If the middle integral in 11) is divergent, f is divergent and 1) 


holds, also if the last integral in 11) is divergent, 1) holds. Sup- 
pose then that the two last integrals in 11) are convergent. 


Then by 57 s: ih 
lim frde= Jade 
lim = Sie 


Thus passing to the limit d= 0 in 11) we get 1). 


Let us now suppose f >—G, G>9. 


Then 
g=f+G>0, 


and we can apply 1) to the new function g. 


Thus (les f fs 2 fy. a2 


Now Chel eer (13 
ile 
by 58, 5, since $ is discrete. Also by the same theorem, 
(g=(f+@limG,= (f+EFr 14 
So [eee es Cy te ’ C 
denoting by ©, the points of € where 
aes sy 


and setting mA 
T=lim G,. 


y=o2 
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Now for any n 


ghee | les (ie 


Hence GI = lim if G=G lim ike 
n=0n JB MC, hale 


or yt oi SE (15 


Now for a fixed n, y may be taken so large that for all points 
of B, 


C, >, 
Hence a 
€>lim 6, >G, 
y=uo 
Hence a ( Cpa Cie  ¥. 
A= [es [ s {G. aq 
Hence 5 (ATS, (16 


and thus I is integrable in %. 
This result in 14) gives, on using 58, 3, 


Sn 59 = Sg Sf + (7 
From 12), 13), and 17) follows 1). 


77. As corollaries of the last theorem we have, supposing I to 
be as in 76, 


1. If f is integrable in UA and f >— G, then 


SI- LS 
If f < G, then fra f fF 
m BIE 
2. If f>—G4 and if is divergent, then vs 
9 ie 
ee 


are divergent. 
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3. If f>—G and one of the integrals rf) i J is convergent, then 
nabs SCANS 


Sif 


78. Let L=B-C be iterable with respect to B, which last is com- 
plete or metric. Let the singular points ¥ be diserete. If 


: 1 
Sif ( 

Se : 
For let D,, D, --- be a sequence of superimposed cubical divisions 


as in 72,2. We may suppose as before that each %, = %. 
Since 1) is convergent 


eee Se ce oe 


Since f is limited in %,, which latter is iterable, 


calla ; 


This shows that f (5 


as convergent. 


both converge, they are equal. 


5 N< MN (3 


is an integrable function in %, and hence in any part of &. 


From 3), 4) we have 


re lalk 
We wish now to show that 
SJ, Shake 


When this is done, 6) and 7) prove the theorem. 
To establish 7) we begin by observing that. 


S,So= Ji Soh 


a n > Np. (6 


os N > Ny (7 
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Now for a fixed n, a, 8 may be taken so that [’ shall embrace all 


the points of ©, for every point of B. Let us set 


aii Jaf is “Ld. 


{ = I If by I, 724. 
On the other hand, 


CAN RASS Valea eypl rat 


Thus 7) is established when we show that 


Sf itl<§ n> No. 


sae 


To this end we note that | | is integrable in % by 48, 4. 


by (Tal, 


Siri=L Sir 
J 1=S Se ll 


From 10), 11) we have for n > no, 


Ibi sii on =f Siri - SL vi<s 


since the left side = 0. 
But as in 8) 


S, Susi =f, Silt, Sit 


Yn 


Also by I, 734, 


Passing to the limit @= gives *e 


SSitl= = Jed, IF LS 


This in 12) gives 9). 


(8 


¢ 


Hence 
(10 


(eu 


(12 


CHAPTER III 
SERIES 
Preliminary Definitions and Theorems 
79. Let a,, a, a3 --- be an infinite sequence of numbers. 


The symbol A = a; + Ay + ag S re! 


is called an infinite series. Let 


A, = 4, + dg + + Ay (2 
Tf Hoe GB 


is finite, we say the series 1) is convergent. If the limit 38) is infi- 
nite or does not exist, we say 1) is divergent. When 1) is conver- 
gent, the limit 3) is called the sum of the series. It is customary 
to represent a series and its sum by the same letter, when no con- 
fusion will arise. Whenever practicable we shall adopt the fol- 
lowing uniform notation. The terms of a series will be designated 
by small Roman letters, the series and its sum will be denoted by 
the corresponding capital letter. The swum of the first n terms of a 
series as A will be denoted by A,. The infinite series formed by 
removing the first m terms, as for example, 


Ans + An+2 pie ees ale eos G 


will be denoted by A,, and will be called the remainder after n 
terms. 

The series formed by replacing each term of a series by its nu- 
merical value is called the adjoint series. We shall designate it 
by replacing the Roman letters by the corresponding Greek or 
German letters. Thus the adjoint of 1) would be denoted by 

A= a,+0,+¢,++--= Adj A (6 
where al: 

77 
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If all the terms of of a series are 50, it is identical with its 
adjoint. 
A sum of p consecutive terms as 


An+1 ap An+2 SP 090 Se n+p 
we denote by A, ,- 


Let 
B=a,+a,+%,+ °° ) by<bg<cre 
be the series obtained from A by omitting all its terms that vanish. 
Then A and B converge or diverge simultaneously, and when conver- 
gent they have the same sum. 


For Bee 


Thus if the limit on either side exists, the limit of the other side 
exists and both are equal. 

This shows that in an infinite series we may omit its zero terms 
without affecting its character or value. We shall suppose this 
done unless the contrary is stated. 

A series whose terms are all >0 we shall call a positive term 
series; similarly if its terms are all <0, we call it a negative term 
series. If a,>0,n>m we shall say the series is essentially a pos- 
itive term series. Similarly if a,<0, n>m we call it an essen- 
tially negative term series. 

If A is an essentially positive term series and divergent, 
lim A, = +0; if it is an essentially negative term series and di. 
vergent, lim A, = — o. 

When lim A, = +, we sometimes say A is +. 


80. 1. For A to converge, it is necessary and sufficient that 


e>0, mM, [An rol<¢ n>m, p=l, 2, he el 
For the necessary and sufficient condition that 
lim A, 
2 Ne e>0, m, |A,—A,| <6, », nm. (2 


But ifv=n+p 
A, = A, = oR = An+ + An+9 ta et Antp* 
Thus 2) is identical with 1). 
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vu 


2. The two series A, A, converge and diverge simultaneously. 


When convergent, £ 
A= A,+ A,. (3 


For obviously if either series satisfies theorem 1, the other 
must, since the first terms of a series do not enter the relation 1). 
On the other hand 

; FERPA Ws Bi pile bie 


Letting p +o we get 3). 


3. If A is convergent, A, = 0. 


For lim A, = lim (A = A.) 


=A-—limA,=A-—A 
==i0. 
For A to converge it 1s necessary that a, = 0. 


For in 1) take p=1; it becomes 
[Gag] <e n>m 


We cannot infer conversely because a, = 9, therefore A is con- 
vergent. For as we shall see in 81, 2, 
1 ot dau | ame 
is divergent, yet lim a, = 0. 
4. The positive term series A is convergent if A, is limited. 
For then lim A, exists by I, 109. 


5. A series whose adjoint converges is convergent. 
For the adjoint A of A being convergent, 


e>0, m, |Anp| <6 n>m, p =1, 2,3 > 
But 
An p = Ons1 + Engg Hot Ont p> | Angy + neg Foe + Cnty | = (A els 


Thus | A, ,I Ze 


and A is convergent. 


Definition. A series whose adjoint is convergent is called 
absolutely convergen- 
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Series which do not converge absolutely may be called, when 
necessary to emphasize this fact, semply convergent. 

6. Let A=a,+a+ °° 
be absolutely convergent. 

Let B=a,t+ta,t-° 3 &<tg<ee 


a 
be any series whose terms are taken from A, preserving their relative 
order. Then B is absolutely convergent and 


|[BI<A. 


Ber Wemcitnee ee a 


m 


choosing n so large that A, contains every term in B,,. Moreover 
for m>some m', A, — B,, >some term of A. Thus passing to the 
limit in 1), the theorem is proved. . 


7. Let A=a,+a,+- The series B=ka,+ka,+ ---, k #0, 
converges or diverges simultaneously with A. When convergent, 


PN 
For pees a 


We have now only to pass to the limit. 

From this we see that a negative or an essentially negative term 
series can be converted into a positive or an essentially positive 
term series by multiplying its terms by k=— 1. 


8. If A is simply convergent, the series B formed of its positive 
terms taken in the order they occur in A, and the series C formed of the 
negative terms, also taken in the order they occur in A, are both 
divergent. 


If B and Care convergent, so are B, T. Now 
A, = B,,+T a» N=, + Ng. 


Hence A would be convergent, which is conttary to hypothesis. 
If only one of the series B, C is convergent, the relation 


as = iB le Oe 


shows that A would be divergent, which is contrary to hypothesis. 
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9. The following theorem often affords a convenient means of 
estimating the remainder of an absolutely convergent series. 


Let A=a,+a,+ + be an absolutely convergent series. Let 
B=b,+6,+ ++ be a positive term convergent series whose sum is 
known either exactly or approximately. Then if |a,|<6b,,n =m 


ca ecw. 7 


ay |A,, | Senet Bit OI On+p 


<b SF ee + Onde 
= Be D. 
Letting p= gives the theorem. 


EXAMPLES 
81. 1. The geometric series is defined by 
G=l+gtgtgt- va 


The geometric series is absolutely convergent when |g|<1 and dt- 
vergent when |\g|>1. When convergent, 


il 
es 2 
G ey ( 
When g #1, 
1 pole oe 
———=1 te a0 ee 
hee Gg g lage 
Hence xs 
—— 4 . 
1-g l-g 


When |g|<1, lim g” = 0, and then 


: 1 
lim Cage ea 


When |g|>1, lim g” is not 0, and hence by 80, 3, G& is not conver- 
gent. 


2. The series Ae toe il ek 1 i al ivf (3 


Dy Bu du 
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is called the general harmonic series of exponent w. When w=1, 
it bee S 
it becomes Toi oe (4 


the harmonite series. We show now that 


The general harmonic series is convergent when w>1 and is di- 
vergent for w<1, 


Let »>1. Then : 


bes one Se oe UE in ee At ee ie 


Ronee Seong Oe a od epee 
a a a ia a a i 
1 1 dase hic a8 
Rac FE Tee < Be Tb Be = Coa. gee ce 
Let n< 2”. Then 
1 
el ay ekdgh thee aa 
SAG atts foes a 
Thus lim H, exists, by I, 109, and 
I 
TT = (5 
oe 
Let w<1. Then ae 
nin 


Thus 3) is divergent for «<1, if it is for w=1. 
But we saw, I, 141, that 
lim J, = 0, 
hence J is divergent. 


It is sometimes useful to know that 


: J, 
\ at eo]. 
1m lop = (6 
In fact, by I, 180, + 
lim In = lim Tn — In = lim —— 
log n log n — log (n — 1) lot n ) 
Ae es | 
= lim ee ee 1. 


nh 
log(1- 2). 
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Since * n > log n >1,n-++ we have 


lim 2-5 = 0 ; Hime! = oF ay cod 7 
n n 


Another useful relation is 


there a al 
Ay=1+=4+54+-4- : 
fig teat +7 > log (n+ 1) (8 
1 1 
For log (1 +m) —logm=log(1+2)<-. 
m/] ~m 


Let m=1, 2---m. If we add the resulting inequalities we 
get 8). 


3. Alternating Series. This important class of series is defined 
as follows. Let a, >a,>a,>--- =0. 


‘Then A=a,— 4,+ d3— 4,4 + (9 
whose signs are alternately positive and negative, is such a series. 
The alternating series 9) is convergent and 
|An|< any (10 
For let p>3. We have 
Any =(— Danes — dasa + (= DP nae 
=(—1)*P. 
If p is even, 
Pep O5,4)-b + nig 1a ant): 
If p is odd, 
P =(Gq41 — Anse) + 0¢ + Ans p—2 — Untp-1) + Ant 


Thus in both cases, 
PSG. dase 9. ql 


Again, if p is even, 


P = G41 — (4ns2 — Gn43) — °° — CFntp-2 — Ansp-1) — Insp: 


* In I, 461, the symbol ‘lim ” in the first relation should be replaced by lim. 
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If p is odd, 
P= On — (One = Cas) ee pet Gas): 
Thus in both cases, 
P< Ans — (Anse — In43)< Unt (12 
From 11), 12) we have P 
0< dns — Onta < | An, p| < Gnit Gare — Ins) 
Hence passing to the limit p= o, 
0< | 4,|< Anti 
moreover, ee 
Example 1. The series 
Le ees (13 
being alternating, is convergent. The adjoint series is 
LoS ae ae 
which being the harmonic series is divergent. Thus 13) is an 
example of a convergent series which is not absolutely convergent. 


Example 2. The series 


het a Oy lace aes a ae 
Diet ON Ooh ay Oe ey el 


is divergent, although its terms are alternately positive and nega- 
tive, and a, = 0. 


For 
ie 1 1 2 
a8 a-Si 
: Nga Ve+1 Del 


1 1 ; 
=2(145+ ie —=)=o. = 


If now A were convergent, 


lim At = lim Ay», 
by I, 108, 2, 


PRELIMINARY DEFINITIONS AND THEOREMS 85 


4. Telescopic Series. Such series are - 


A = (a — ay) + (a, — ag) + (a3 — a4) ++ 

We note that 

As = (a, a ay) pray te (a, ~ Ont+4) 

= A, — An+4- (14 
Thus the terms of any A, cancelling out in pairs, A, reduces to 
only two terms and so shuts up like a telescope. 

The relation 14) gives us the theorem : 

a 
A telescopic series is convergent when and only when lim a, exists. 
Let 


Then 


A =a,+a4,+ --- denote any series. 

Gy Aj, — Any 5 Ayp= 9. 

ae A= (A, — Ay) TUE (A, = A,) nF (A, 7G A) Thess 
This shows us that 

Any series can be written as a telescopic series. 


This fact, as we shall see, is of great value in studying the 
general theory of series. 


Example 1. A= ~+ 


= 1 1 1 
Gy yh aa 5) 
Thus A is a telescopic series and 

eee as 


Example 2. Let ay, ag, A, ++ > 0. Then 


Les On 
2a +a,)--° (1 + a) 


as 1 _ earl /  a&=0 
= Vicars Emma (1+a4,) + 4,) aaa 
is telescopic. Thus 


ie i 


—__—___. <1, 
+a) A+4,) 
and A is convergent and < 1. 
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% 1 
Erx l oe r eS 0, a | — 2, eee 
rample 3 fe Gat eS r+ : 
= eect 
“\lrin—1l «+%2 


‘ 


is telescopic. 


82. Dint’s Series. Let A=a,+a,+ +: be a divergent positive 
term sertes. Then 


ts divergent. 


For D,, »= Smt) +. a + Antp 


Letting m remain fixed and p+, we have D,>1, since 
A,,., =~. Hence D is divergent. 


Let A=14+14+1+4+.-.. Then A,=n. 
Hence D=1+ 444+ -- is divergent. 
Let A=14+i4}4-. 

Then 


lees 1 
2 +3) 80 +44+) 


1 1 
D=-— = Batata! 
i* a 2 eae 


is divergent, and hence, a@ fortior?, 


1 
> nA,_y 


But A,_, > log n. vs 


Hence . 
1 = 1 ae 1 abe aes 


Trnlogn 2log2 s8log3 


is divergent, as Adel first showed. 
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83. 1. Abel's Series. 
An important class of series have the form 
B= ayt, + dgty + agty + + qa 


As Abel first showed how the convergence of certain types of 
these series could be established, they may be appropriately called 
in his honor. The reasoning depends on the simple identity 
(Abel’s identity), 


wars a tnitAn, 1 * trig( Ans az AS 7) + eile de x tis A,, iy aS p-1) 
= Ay 1(bn+1 = tania) “+s +A, puthln iss 7 tea) a lgtpA p) (2 


where as usual A, ,, is the sum of the first m terms of the re- 
mainder series A,. From this identity we have at once the fol- 
lowing cases in which the series 1) converges. 


2. Let the series A=a,+a,+ --- and the series =|t,.,—t,| 
converge. Let thet, belimited. Then B= ayt, + agt, + ++: converges. 


For since A is convergent, there exists an m such that 


(lesen em Pa lad, Dee 
Hence 
|Ba, »| <€ {| basi — base a \tn42 — tn4s| gat + |t+2/}- 


3. Let the series A=a,+4,+ -- converge. Let t, ty tz --- bea 
limited monotone sequence. Then B is convergent. 


This is a corollary of 2. 


4. Let A=a,+4,+4+ -- be such that | A,|<G,n=1, 2, + Let 
= \t,11—t,| converge andt, +0. Then B is convergent. 


For by hypothesis there exists an m such that 
ea tn42| 7 |tn+2— t+3| Space ltn+p| <€ 
for any n>™m. 


5. Let |A,|<G@ andt,>t,>t,> +: =0. Then B is convergent. 


This is a special case of 4. 
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6. As an application of 5 we see the alternating series 
Bat—t+t,--" 
is convergent. For as the A series we may take A=1—14+1— 
1+ ---as|A,| <1. 


84. Trigonometric Series. 


Series of this type are , 
C=a,+ 4, cosx+a,cos2x2+a,c0s 32+ ++ ad 
S=a,sinzg+a,sin22+a,sin3a2+ -- (2 


As we see, they are special cases of Abel’s series. Special cases 
of the series 1), 2) are 


T=3+cosx¢+cos22+cos32+--- (3 
L=sineg+sin2a+sinda2+-. (4 
It is easy to find the sums [’,, =, as follows. We have 


: ees Dai I DATOS 1 
2 sin mx sin 3 & = cos ——,—— x — cos ae 
P) 


od 


Letting m = 1, 2, --- n and adding, we get 


ert aL 
siniznz. == Lee = 
2sin4az- 2, = cos 42z—cos =o 


(5 


Keeping z fixed and letting n =o, we see =, oscillates between 
fixed limits when 7 #0, +27, -:: 

Thus & is divergent except when z= 0, +7, + 

Similarly we find when 2+ 2 m7, 

s 1 
r _ Sin(n—39)r 6 
is 2siniz C 

Hence for such values T’, oscillates between fixed limits. For 
the values x = 2 mm the equation 3) shows that T,, = + o. 

From the theorems 4, 5 we have at once now 


Lf X| Anyi — | converges and a, = 0, and hence in particular if 
a, >a, > ++» =0, the series 1) converges for every @ and 2) converges 
for x#2mr7. 


If in 3) we replace x by x +7, it goes over into 


A=4-cosaz+cos2z—cos324+.. . Ck 
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Thus A, oscillates between fixed limits if «+ (2m—1)7, 
when n=oo. Thus 


Lf =\a,41.+ 4,| converges and a, = 0, and hence in particular if 
a, >a, > -:- =0, the series dy — 4, COS Z + a,cos2a—a,cos3a+ -- 
converges for x#(2m—1)rm-. 

85. Power Series. 

An extremely important class of series are those of the type 

P=a+4,(e— 4) +a,(@— a)? + a,(v—a)8 + -.. a 
called power series. Since P reduces to a, if we set x = a, we see 
that every power series converges for at least one point. On the 
other hand, there are power series which converge at but one 


point, e.g. 
a t1i!@w—a)+2!@—a)?*+3!@—a)3+ «- (2 


For if za, lim n!|2—a|” =o, and thus 2) is divergent. 

1. If the power series P converges for x = b, it converges absolutely 
within Dea yea ote tht 

If P diverges for x= 6, it diverges without D(a). 


Let us suppose first that P converges at 6. Let x be a point in 
D,, and set |z —a|=&. Then the adjoint of P becomes for this 


pom TI = 0) + a & + o£? + w,& + --- 


2 3 
= hy + ar: + Oy? (£) + agri - @ aaa 
But intext 40: 


since series P is convergent for x = 6. 


Hence «<M Moth 2, sss 
Thus m<M(iths 48) < 
x Me es 
Xr 


and II is convergent. 

If P diverges at x=}, it must diverge for all 6’ such that 
|6’—a|>2. For if not, P would converge at 6 by what we have 
just proved, and this contradicts the hypothesis, 
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2. Thus we conclude that the set of points for which P con- 
verges form an interval (a—p,a+p) about the point a, called 
the interval of convergence; p is called its norm. We say P is 
developed about the pointa. When a=0, the series 1) takes on 


the simpler form dy + a,x + aga + + . 
which for many purposes is just as general as 1). We shall 
therefore employ it to simplify our equations. 


We note that the geometric series is a simple case of a power 
series. 


86. Cauchy’s Theorem on the Interval of Convergence. 
The norm p of the interval of convergence of the power series, 


P=a,+ a,x + agz*+ + 
as given by 1 


-=> lim Ve, w, = |d,|. 
p 
We show II diverges if &>p. For let 
LS B>e 
p g 


Then by I, 388, 1, there exist an infinity of indices 4,, 4, --- for 
which 


av, RB. 
Hence a, > Br, 
and thus aE > (€B)'" _ ft 
since £8 >1. Hence Sa,,£ 
tn! 


is divergent and therefore II. 
We show now that II converges if &<p, For let 


al 
E<—<p. 
B 
Then there exist only a finite number of indices for which. 
os v8 
V On 5. 


Let m be the greatest of these indices. Then 


Va,<B n>m. ‘ 


TESTS OF CONVERGENCE FOR POSITIVE TERM SERIES 91 


Hence a, <B", 
and 
0, EP < n, 
mate &"< (BE) 
tp EMT + tga gE? < BEY" EL + (BE) oo + (BEDMPY 
< (ebm 
1— pé 
and II is convergent. 
Example 1. 
ie 
f east 
Here Sieg ee tte 0 eer byalel Sant: 
Vn! 
Hence p= and the series converges absolutely for every z. 
Example 2. na fs a 
eh eee 
Here eee ey aby 1 (shee. 
Vn 


Hence p= 1, and the series converges absolutely for | #|<1. 


Tests of Convergence for Positive Term Series 


87. To determine whether a given positive term series 
A= a,+a+°> 
is convergent or not, we may compare it with certain standard 
series whose convergence or divergence is known. Such com- 


parisons enable us also to establish criteria of convergence of 


great usefulness. 
We begin by noting the following theorem which sometimes 


proves useful. 
1. Let A, B be two series which differ only by a finite number of 
terms. Then they converge or diverge simultaneously. 


This follows at once from 80, 2. Hence if a series A whose 
convergence is under investigation has a certain property only 
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after the mth term, we may replace A by A,, which has this 
property from the start. 


2. The fundamental theorem of comparison is the following : 

Let A=a,+a,+ +, B=b,+b,4 --- be two positive term series. 
Let r>0 denote a constant. If a,<rb,, A converges if B does and 
A<rB. Ifa,>rb,, A diverges if B does. 


A 


For on the first hypothesis 
A Da 

On the second hypothesis 
Al ib. 

The theorem follows on passing to the limit. ~ : 


3. From 2 we have at once: 
Let A=a,+a,4+ +, B=b,+6, + + be two positive term series. 
Let r, 8 be positive constants. If 


a 
r<—t<s n== 1, 2,.--- 
b, 


or uf F, 
hyeay 222 


exists and is +0, A and B converge or diverge simultaneously. If 
B converges and 2 = 0, A also converges. If B diverges and - = 005 


n n 


A also diverges. 


4. Let A=a,+a,+ +, B=b,+6,4+ -+ be positive term series. 
If B is convergent and 


Ont < Patt ene a eee 
a b 


A converges. If B is divergent and 


n n 


Ans x Onis 
Aaa mor 


A diverges. us 


5 


For on the first hypothesis 
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We may, therefore, apply 3. On the second hypothesis, we 
have bs 
nas Sossey aa | 
bg 8 


_ 


and we may again apply 3. 


Example 1. A= 


is convergent. For 


Pe J : t : 
and > eis convergent. The series A was considered in 81, 4, Ex. 1. 
n 


Example 2. A=e"cosx+e”cos2a7+4--. 
P 
is absolutely convergent for x>0. 
For 1 
|a,|<— 
— en 


which is thus < the mth term in the convergent geometric series 


Lr Ste a 


Example 3. 


is convergent. 


For log (142) —2-S O22 On <als 
n n ne 
Hence (mr ee es sae 
n2 n n 


4 1 
Thus A is comparable with the convergent series ye 


88. We proceed now to deduce various tests for convergence 
and divergence. One of the simplest is the following, obtained 
by comparison with the hyperharmonic series. 


Let A=4,4+ a, + + be a positive term series. It is convergent if 
lim a,n" <0 " p>, 


and divergent of 
lim na, > 0. 
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For on the first hypothesis there exists, by I, 338, a constant 


G>0 such that 
G 


Of n= 1, 2, + 
n 


Thus each term of A is less than the corresponding term of the 


‘ 


; 1 
convergent series a> ae 


On the second hypothesis there exists a constant ¢ such that 
pes n= 1, 2, coe 
n 


and each term of A is greater than the corresponding term of the 


; ‘ 1 
divergent series e> = 


1 
Example 1. A= >; ee m>0. 
Here na, =—_—_ = + 0, by I, 463. 
log” 2 
Hence A is divergent. 
I 
: A= 
Example 2 > ass 
Here tne VG ae 0. 
log n 


Thus the theorem does not apply. The series is divergent 
by 82. 
Example 3. 
L = 31, = log(1+ #4 %) Vor: 
ee 


where p# is a constant and | @,|< @. 


From I, 413, we have, setting r= 1+, : 
vs 


2 
t= (w+) Sof + 2) era. 1 


n ne n ns 


Hence a,=em , if pO, ‘ 
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and LJ is divergent. If w>0, Z is an essentially positive term 
series. Hence L=+o0. If »w<0, L=—o. 


Let »=90. Then 
1, = 22( 1 — te) Vee: 
(Ceo 


n 
which is comparable with the convergent series 


= Se Le 
n™ 


Thus Z is convergent in this case. 
Example 4. The harmonic series 


ee te 


is divergent. For lim na, = 1. 


Example 5. 1 
A= Dicer) B arbitrary. 
Here Fine 
na, = =o , «cl 
log? n 


by I, 463, 1. Hence A is divergent for a< 1. 


Ezample 6. 
f The Seat 
Vn 
Here 1 
na, = we is by I, 185, Ex. 3. 
Example 7. Sits > (sce, e(n+1)_ =i) 
log n 
Here, if w> 9, 
log(1 + abe 


nitta,, = nite 


log 1 ap *\ 00 
log n “ios n 


since n“ > log n and (a + ry e. 


Hence A is divergent. 
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89. D’Alembert’s Test. The positive term series A= a,+a,+-- 
converges if there exists a constant r<1 for which 


a 
mHe< Tr, n=1, 2, coe 
an 


It diverges if 
On+1 peed Ie 


a, 


This follows from 87, 4, taking for B the geometric series 
1l+r4+rr4r+.--- 


Corollary. Let “+1=1. If 1<1, A converges. If 1>1, it 
An 
diverges. 


Example 1. The Exponential Series. 


Let us find for what values of x the series 


E=1 1 
aan tate ( 


is convergent. Applying D’Alembert’s test to its adjoint, we find 


aye T= IM 


n! gr 


Sika 
nN 


An+4 = 
An 


Thus # converges absolutely for every z. ‘, 
Let us employ 80, 9 to estimate the remainder £,. Let x>0. 
The terms of Hare all>0. Since 


| EEE NE a? = x \ 
(n+p)! n! Nn+1-n+2-+-n+p™ nu! eal b) 


we have pol See 
paisa a 
n! cs +1 i} C 


However large 2 may be, we may take n so large that r<n+1. 
Then the series on the right of 2) is a convergent geometric series. 

Let x<0. Then however large |2| is, HS is alternating for 
some m. Hence by 81, 3 for n> m, 


\B<l2t 
n! 


(3 
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Example 2. The Logarithmic Series. 


Let us find for what values of 2 the series 


is convergent. The adjoint gives 


Gye] _ -|e|=|al. 
a, | n+1 


Thus LZ converges absolutely for any |a|<1, and diverges tor 
aj > 1. 


When z=1, ZL becomes 
1-3+3-44- 


which is simply convergent by 81, 4. 
When x= — 1, LZ becomes 
U aectctes tase 


which is the divergent harmonic series. 


a A 1 

Example 8. “heaps Saale eee at 
fu = (—* yea 

Gi» n+1 


As A is convergent when »>1 and divergent if w<1, we see 
that D’Alembert’s test gives us no information when/=1. It is, 
however, convergent for this case by 81, 2. 


Example 4. 
< n! 
> z>0. 
: YA +2)- (+2) 
Here ae toe a 
An nt+il+qa : 


and D’Alembert’s test does not apply. 


Example 5. 
A = >n"2". 
Here 
Ant =("* Vie =|2}. 
an n 


98 SERIES 


Thus A converges for|z|<1 and diverges for |z|>1. For 
|2|=1 the test does not apply. For x=1 we know by 81, 2 
that A is convergent for w<—1, and is divergent for w> —1. 

For z= —1, Ais divergent for w5 0, since a, does not=0. A 
is an alternating series for « <0, and is then convergent. 


90. Cauchy's Radical Test. Let A= =4,+ a,+ «+ be a positive 
term series. If there exists a constant r <1 such ies 
Va, <r n= 1, 2, + 
A is convergent. If, on the other hand, 
Va, 21 
A is divergent. 
For on the first hypothesis, 
Op BE GPL 


so that each term of A is < the corresponding term in 
r+r%+4+734---a convergent geometric series. On the second 
hypothesis, this geometric series is divergent and a, >7r". 


Corollary. Tf lim Va, =1, andl <1, A is convergent. Ifl>1, 
A is divergent. 


Example 1. The series 


S + dy + ove 
= log" n 
is convergent. Yor 
Vv a,= 1 =0 
log n 
Example 2. 
=> nm 
(n+1)” 
is convergent. For 
LV ie n” 1 1 
nm BS SS See SS ae << a 
(n+1)* (1 ss =)" e 
n A 


Example 8. In the elliptic functions we have to consider series 
of the type 


O(v) =1+42 Eg" cos 2 nw 0<qg<1.: 
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This series converges absolutely if 


does. But here tear et 
Va, = Vg" = "+0. 
Thus 9(v) converges absolutely for every v. 
Example 4. Let 0<a<b<1. The series 
A=a-+ b?+ a'+ $44... 


is convergent. For if 9 
n=2m 


Van = “0 = b. 
NS salad Ya, = Var , 
| Va, be 1 
Let us apply D’Alembert’s test. Here 


Thus for all n 


2m—-1 
fst — (2) =o n=2m+l1, 


ay a 


2m 
=a(2) = 0 n=2m. 


Thus the test gives us no information. 


91. Cauchy’s Integral Test. 
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Let (a) be a positive monotone decreasing function in the interval 


(a,0). The series 
b= $(1)+¢2)+4@)t+- 
is convergent or divergent according as 
Se @ae 
ts convergent or divergent. 
For in the interval (n, n+1), n>m>a, 


o(nt+1)<o(2) So@™). 
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Hence n+l 
o(nt1)< f” ddr<g(n). 
Letting n=m, m+1, ---m+p, and adding, we have 


m+p ¥ 


OF, pt) = pdx eS OP 


m 


a 


Passing to the limit p = 0, we get 
®,, af) pdx < Demers ad 
which proves the theorem. 


Corollary. When ® is convergent 


Ci ee ff dae. 
Example 1. We can establish at once the results of 81,2. For, 
‘ 1 
taking ¢(7) =—, D 2 
wt de=( %& 
af c ‘ JS ae 


is convergent or divergent according as w>1, or n<1, by I, 
635, 636. 
We also note that if 
1 1 1 
A = + ae E areas 


[ite Dl+p Slt+z 


then Ae ee ee 
ne 


Example 2. The logarithmic series 


ik 


n Mynlyn ---1,_ynlkn 


: ‘ ‘ 4 
are convergent if w>1; divergent if w<1. ** 


We take here 1 
BO here ice 


and apply I, 637, 638. 
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92. 1. One way, as already remarked, to determine whether 
a given positive term series A =a,+a,+ +: is convergent or 
divergent is to compare it with some series whose convergence or 
divergence is known. We have found up to the present the 
following standard series S: 

The geometric series 


l+gt+gt- ad 
The general harmonic series 
Lae lene aL 
1! as Ou + Bu en @ 
The logarithmic series 
1 
3 
> nlin ‘ 
1 
pt case! d 
> nlnlin? ( 
1 
eS 5 
> nl nlynlsn ( 


We notice that none of these series could be used to determine 
by comparison the convergence or divergence of the series follow- 
ing it. 

In fact, let a,, 6, denote respectively the mth terms in 1), 2). 
Then for g< 1, wp >9, 


a Ge 


n 


=o by I, 464, 


Oss is neg” ye 
or using the infinitary notation of I, 461, 
bie ie 
Thus the terms of 2) converge to 0 infinitely slower than the 
terms of 1), so that it is useless to compare 2) with 1) for conver- 
gence. Letg>1. Then 
a 


n+1 ce nig” = 0, 


n 


or UgeiOne 


This shows we cannot compare 2) with 1) for divergence. 
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Again, if a,, 6, denote the mth terms of 2), 3) respectively, we 
have, if w>1, 


t= 36) by I, 463, 
n logen 
or fe 
If ».=1, . 
—=logn= ©, 
ae Pi pei 


Thus the convergence or divergence of 3) cannot be found 
from 2) by comparison. In the same way we may proceed with 
the others. ; 


2. These considerations lead us to introduce the following 
notions. Let A=a,+a,+-:, B=b,+6,+-- be positive term 
series. Instead of considering the behavior of a,/6,, let us gen- 
eralize and consider the ratios A,: B, for divergent and A,: B, 
for convergent series. These ratios obviously afford us a measure 
of the rate at which A, and B, approach their limit. If now A, 
B are divergent and ANoaBe 


we say A, B diverge equally fast; if 


Ar<—B 


A diverges slower than B, and B diverges faster than A. From 
I, 180, we have: 
Let A, B be divergent and 


ad 
lim—2 = J. 
n 


According as 1 is 0, #0, «©, A diverges slower, equally fast, or 
faster than B. 
If A, B are convergent and 


Ap B.. Me 
we say A, B converge equally fast ; if A converges and 


BpetcAs, ‘ 
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B converges faster than A, and A converges slower than B. From 
I, 184, we have: 


Let A, B be convergent and 


od 
lim —2 = 1, 


n 


According as 1 is 0, #0, 0, A converges faster, equally fast, or slower 
than B. 


Returning now to the set of standard series 8, we see that each 
converges (diverges) slower than any preceding series of the set. 
Such a set may therefore appropriately be called a scale of con- 
vergent (divergent) series. Thus if we have a decreasing positive 
term series, whose convergence or divergence is to be ascertained, 
we may compare it successively with the scale S, until we arrive 
at one which converges or diverges equally fast. In practice such 
series may always be found. It is easy, however, to show that there 
exist series which converge or diverge slower than any series 
in the scale S or indeed any other scale. 


For let a SB Cee (3 


be any scale of positive term convergent or divergent series. 
Then, if convergent, 


A;l> BA > Cyl > 5 


if divergent, Asse Be eee 


Thus in both cases we are led to a sequence of functions of the 
pee Fin) > An) > far) > 


Thus to show the existence of a series which converges (di- 
verges) slower than any series in %, we have only to prove the 
theorem : 


3. (Du Bois Reymond.) In the interval (a, 0) let 
F,@)> f,(@) > + 
denote a set of positive increasing functions which =~ asx=oo. 


Moreover, let Rixte hoo 
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Then there exist positive increasing functions which =o slower than 
Ung F n+ 

For as f, >, there exists an a,>a such that f,>f,+1 for 
Z>a,. Since f, > fy there exists an a,> a, such that f,>/,+ 2 
for ~«>a,. And in general there exists an, a,>@,_, such that 
Fn >SFnsy tn for x>a,. Let now 


g(x) = f,(@) a oe 1 in (Grp a,)- 
Then g is an increasing unlimited function in (a,00) which 


finally remains below any f,,(2)+m—1, m arbitrary but fixed. 


Thus 0 < lim vo lim sD hae lim gis ealios = 
Goat ye) SFmtm—1 Fnt+m—1 


Hence 9 <Jim- 


93. From the logarithmic series we can derive a number of 
tests, for example, the following: 


1. (Bertram’s Tests.) Let A= dy + d,+ + be a positive term 
series. 


Let ] it 
a nln +++ lyn 
ee ae elie We ed I a Lee ee = 1. 
Q,() eee $a 12, {n= 1 
If for some s and m, 
Q(m2u>1l n2m, @ 
A is convergent. If, however, 
Qn) <1, 2 


A is divergent. 
For multiplying 1) by 1,,,2, we get 


L444M i‘ @.(%) z=. Ml y41My 
or 


1 
log -__—_—— > log ln = log ln. 
a,nlyn + 1, yn 
Hence 1 v3 
——_—__— > l¥n, 
anlyn w+ I,m 
or 
1 ; 
ab, <—— . 
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Thus A is convergent. 


The rest of the theorem follows similarly. 
2. For the positive term series A =a, +d,+ ++ to converge it is 


necessary that, for n = x, 
lim a, = 0, lim na,=0, limna,ln=0, lim na,lnlyn = 0, ++ 
We have already noted the first two. Suppose now that 
lim na,lyn +++ In > 0. 
Then by I, 338 there exists an mand ac > 0, such that 


na,l.n---lnr>e , n>mM, 
n°y1 8 


or 
c 


nlyn +++ Ln 
Hence A diverges. 


Example 1. os Een 
as > n* log? n 


We saw, 88, Ex. 5, that A is divergent fora<1. For «=1, 
A is convergent for 8>1 and divergent if 8 = 1, according to 
Oi... 2. 


If «>1, let eran! : sae 


Then if 8>0, 1 1 “ ; 
N > 2, 


a, = ————_— 5 — 
n* log? n™ n* 


and A is convergent since Ss “ is. If B <0, let 


B= — B' ; B' > 0. 
Then 


ie OEE 
n* n* 
But log?’ n <n” by I, 468, 1; 


5 is: 
and A is convergent since > ae 
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Example 2. ze 1 3 > 1 

ere: -+1) nteln 
Here 1g 1 
One an __—logn+plogn+ H, 
Li ln 

log a 1 uf, ‘ Aviron ie 

= _ ge = § 3 6). 
In be s log n es ) ) 


Hence A is convergent for »>0 and divergent for ~<0. No 
test for w= 0. 


But for p= 0, 


| Koyo 
Me a,nln  H, —In—AI,n 


len lyn 
ln ae ibe 
=—oO, 


Q» = 


since ln >1,n. Thus A is eet for »= 0. 


94. A very general criterion is due to Kummer, viz.: 

Let A= a, +4, + «+ be a positive term series. Let ky, kg, + be a 
set of positive numbers chosen at pleasure. A is convergent, if for 
some constant k > 0. 


Kah, hw ek “tw ,.2,~ 
An+4 
A is divergent if 
Wes iL 
De ed es 
a ky 


is divergent and 
Chl) nm =1, 2, +. 


For on the first hypothesis 
1 
a 7 as — kgdq) 


(ky 1% -1 = Ky) 
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Hence adding, 
0<A,<a,+ Cae, —k,a,)< a,(1 + 2), 
and A is convergent by 80, 4. 


On the second hypothesis, 


or 


Hence A diverges since # is divergent. 


95. 1. From Kummer’s test we may deduce D’Alembert’s test 
at once. For take 
ge eae 


Then A =a, +a, + --- converges if 


K, =—.—1>k>0, 


Gn+1 


t.e. if H 
‘etsp<t 


n 


Similarly A diverges if “41> 1. 


an 
2. To derive Raabe’s test we take 
ki =. 
Then A converges if 


K,=n—* —-(n+)>k>0, 


An+4 


t.e. if 


n( ee 1)>t>1. 


An+1 
Similarly A diverges if 


n( oa 1)< 1. 


Qn+1 di 
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96. 1. Let A=a,+a,+-- be a positive term series. Let 


Ayr) = nf ee 1) 


An+1 


MG) =n n & _ 1)— 1 
n+ 


Aa (nt) = lon | lyn | ee — 1) - 1 — 1} 


Then A converges if there exists an s such that 


rA(n)2d>1 for some n>m;3 
it diverges uf n(n) <1 for_n>m. 
We have already proved the theorem for A)(7). Let us show 


how to prove it for A,(v). The other cases follow similarly. 
For the Kummer numbers k, we take 


k, =n log n. 
Then A converges if 


k,=nlogn- on _(n+1) log (n+1)>k>0. 


n+] 


As 1 


nt1=n(1+=), 
n 


16 OG i= log(1 + ~)" aq € ue *) 
n nr 


1 ntl 
= ,(n) — log (1 + ~) 


=A,(n) —- (1+ @) a>. 


Thus A converges if \,(n) >S6>1 for n>m. 
In this way we see that A diverges if \y(m) <a, n>m. 


2. Cahen’s Test. or the positive term series to converge tt ts 


necessary that a ( a 1) 1 \ 
Im 24 72( —*. = Ee) — ae Vk ; 
J 


N= An+y 


TESTS OF CONVERGENCE FOR POSITIVE TERM SERIES 109 


For if this upper limit is not + 0, 


n [n( f= 1)—1] <G¢ 
ee 


for all zw. Hence eee 
Ayr) < =" si: 


But the right side =0. - Hence r,(m)<1 for n>some m, and 
A is divergent by 1. 


Example. We note that Raabe’s test does apply to the harmonic 
series 


1+ 3444+ ad 
Here 
n( Coe 1) = 
An+4 
Hence Pa | 
limoP = 0: 


Hence the series 1) is divergent. 


97. Gauss Test. Let A=a,+0,+ -- be a positive term series 


such that 
Uch Wha hp _ ns +ayns- 1+ s+ ta, 


oa meh bynes t+ a b,” 


where 8, a, ++: 6, --- do not depend on n. Then A is convergent if 
a, — 6, >1, and divergent if a,—6, <1. 


Using the identity I, 91, 2), we have 
a, — b, +4 fa, — by + woe} 


Ayp(m) = 0 ae -1)= 
0) oe isin veh 

n 
Thus lim),(n)=a,—6, Hence, if a,—0,>1, A is conver- 
gent; if a,—6,<1, it is divergent. If a, — 6,=1, Raabe’s test 
does not always apply. To dispose of this case we may apply 
the test corresponding to >,(m). Or more simply we may use 


Cahen’s test which depends on d,(m). We find at once 
lim P,, = a, — 6, -—6,< 0; 
and A is divergent. 
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98. Let A=a,+a,+ -+ be a positive term series such that 
Se eS «48s a1, Bo. 


Aas n 


Then A is convergent if @>1 and divergent if as Eg 


For 
ACD = n( “2 — 1)= oe 8 = 


Ayo 8 
and A converges if «> land divergesife<l. Ife=1, 
, Lyn 
Ay Cr) = Gnfay(r)— 1} eae -8,= 9, 
and A is divergent. 


EXAMPLES 
99. The Binomial Series. Let us find for what values of # and 
uw the series 


= B-p—1l,, w-p—l-p—-2,, 
BROS eee Sea eae a 

converges. If mis a positive integer, B is a polynomial of degree pu. 
For #=0,B=1. We now exclude these exceptional values of u. 
Applying D’Alembert’s test to its adjoint we tind 

@niy|_ | H— 2 +1 |x| = Ja 

| a, n | 

Thus B converges absolutely for |x| <1 and diverges for |z|>1. 


Tetr=1. Then 


Boje eS Sy Ly att Eater cs OO 
1-2 1-2.3 


Here D’Alembert’s test applied to its adjoint gives 
Gai} Pay | alisadoda o09 Oe 
a, nr 
As this gives us no information unless 4<—1, let us apply 
Raabe’s test. Here wa 
n(| S. 5a 1)= ith , for sufficiently large n 
1 Fn+y | ee l+p 


a7 
=1+u. 
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Thus B converges absolutely if 4 >0, and its adjoint diverges 
if w#<0. Thus B does not converge absolutely for u< 0. 

But in this case we note that the terms of B are alternately 
positive and negative. Also 


| 


n | 


=|i>r , 7 
| ae" 

so that the |a,| form a decreasing sequence from a certain term. 
We investigate now when a, = 0. Now 


ey 


1 = 
y= (— 1S BoE Cet) (19, 


In I, 143, let o=— yp, B=1. We thus find that lim a, = 0 only 
when »>—1. Thus B converges when »>—1 and diverges 
when p<—l. 

Letx=—1. Then 

ae tanes pathy 


SSS eee 


If «>0, the terms of B finally have one sign, and 


a 


Hence B converges absolutely. 


12144. 


An+y 


If «<0, let w=—2r. Then B becomes 


AAt1T A A+1L-A+2, |. 
bed trope ont aoe dan 


Her 
ja n( ts -~1)=—=* 21-2» 


Hence B diverges in this case. Summing up: 


The binomial series converges absolutely for |x|<1 and diverges 
for |z|>1. When x=1 tt converges for p> —1 and diverges for 
w<—1; it converges absolutely only for p>0. When x=—1, tt 
converges absolutely for > and diverges for w< 0. 


112 SERIES 
100. The Hypergeometric Series 


A es a Pore eae 
F(a, B, y, ) Foie (an Cpe eey 


w-a4l-a42-8-B41-B42 9 


Let us find for what values of x this series converges. Passing 
to the adjoint series, we find 
lane] |(a+tn)(B+n) fe 
=(Cte |2|=|2I, a 
1@mer| | (e+ Dy +n) 


Thus F converges absolutely for |x| <1 and diverges for |2|>1. 


Let x=1. The terms finally have one sign, and 


Qn WM+nAt+yt+y . 
Ano M+n(e+B)+ a8 


Applying Gauss’, test we find # converges when and only when 
e+ 8B—-y<0. 
Letx=—1. The terms finally alternate in sign. Let us find 
when a,=0. We have 
he a8 (@+1)---(@+n)(84+1)-- (8+n) : 
y G41): d+nytl)-(ytn) 
e+m= m(1 +=) » B+tm= m(1+5), 


m 


ja 


n+2 


Now 


1+m=m(1+—) , y+m=m(1+ x), 
m 


m 
ia 
=I “8 ¢ be ae # 2) 


cece 
m m 


But by I, 91, 1), 


Thus 


| An+2 


m Mm 


where o,, = 1, 7,, = y2 as m = o. 
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Hence 
| anv | =ii(1 ae +21 ee er 5 ae 
1 m/) m m me m m= 


=1(142t8—7—1, me), 


m m? 


Hence : 
log |auia|= 5) log(1+ St B= 91 5 Me). $7, = Dy 
1 1 


m m. 


and thus os 
LE =lim log | a,..| = > dak 
il 


Now for a, to = 0 it is necessary that Z,=— oo. In 88, Ex. 3, 
we saw this takes place when and only when «+ B—y—1<0. 
Let us find now when |a,,,|<|a, |. Now 1) gives 


Bm Yared 4 un, 


n n2 


Thus when «+ 8—y—1<0, |a,.2|<J|a,4,|. Hence in this 
case # is an alternating series. We have thus the important 
theorem : 


The hypergeometric series converges absolutely when \x|<1 and 
diveryes when |x|>1. When 2=1, F converges only when «+ B 
—y<0 and then absolutely. When x=—1, F converges only 
when a+ B—y—1<0, and absolutely if «a+ B—-—y<0. 


Pringsheimv’s Theory 


101. 1. In the 35th volume of the Mathematische Annalen 
(1890) Pringsheim has developed a simple and uniform theory of 
convergence which embraces as special cases all earlier criteria, 
and makes clear their interrelations. We wish to give a brief 
sketch of this theory here, referring the reader to his papers for 


more details. 
Let M, denote a positive increasing function of » whose limit 


is +0 forn=oo. Such functions are, for example, ~ > 0, 


nm , logxn , Wn , Lynln-- J,_nlk n 
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Af, where A is any positive term divergent series. 


B,~" where B is any positive term convergent series. 


Ce (e")" Red C9) er 


It will be convenient to denote in general a convergent positive 


term series by the symbol 
Cae t ety 


and a divergent positive term series by 


D= d, ae dy 41, pac 
2. The series 


eM VE un il 1 
C= n+] re aa \= C, 1 
Bigs lin ane ( 


is convergent, and conversely every positive term convergent series 
may be brought into this form. 


For my 1 
C= — — 
= Gra nee 
Wer pera see 
My Mn My 


and Cis convergent. 
Let now conversely C=c,+ e,+ ++ be a given convergent 
positive term series. Let 


me es 
Then Pk ioe) 
M, Moe 
3. The series 
D= = (Mas — U,) @ 


is divergent, and conversely every positive term divergent sertes may 
be brought into this form. 
For a 


D, = = (My — My) 


= Mag — M, — -f- Oe 
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Let now conversely D=d,+d,+ ++ be a given positive term 
divergent series. Let 
8 ‘ Mea De: 


Then d, = M,,, —M.. 


102. Having now obtained a general form of all convergent 
and divergent series, we now obtain another general form of a 
convergent or divergent series, but which converges slower than 
1) or diverges slower than 101, 2). Let us consider first con- 
vergence. Let M', < M,, then . 


; 1 1 
San- an) a 
is convergent, and if MM), is properly chosen, not only is each 
term of 1) greater than the corresponding term of 101, 1), but 1) 
will converge slower than 101,1). For example, for WM", let us 
take Mt, 0<m<1. Then denoting the resulting series by 
C’ = =e, we have 


Ch, = Ma Mr, MMs 
C Me ae Miwa M,, 
EE pe ee LEE sy, (2 
l—r n+] 


Thus C’ converges slower than C. But the preceding also 
lg 
shows that C’ and es 


3 
Mee ( 


converge equally fast. In fact 2) states that 
ce! ~ ec, M1". 
Since M, is any positive increasing function of n whose limit 
is 0, we may replace WM, in 3) by UM, so that 
LM — 1M, 


n+] 


1M,,,l¢M,, 
is convergent and a fortiort 


ae M, 
n+] _ —1| 9 eee 4 
[1+ are bait ee ¢ 
is convergent. 
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Now by I, 413, for sufficiently large n, 


Me = =) = Ms a ie 
Ws Ms 


log M,,,, — log M, = — log(1 — 


Replacing here M, by log M,, we get 
log M,., — log M, M,,., — 


— 1M, ; 
LM gin = log Hj Bee, Mast log Yd une 
and in general 
Me, = IM, 
LM — 1M, > Te RTE & 
Posie alga Mss Mn 0 Mn 
Thus the series 
ES Ce M, (6 


May Mavs hikes Lag Ml Ms 


converges as is seen by comparing with 4). We are thus led to 
the theorem : 


The series Moe > M,..—M, (7 
MMi V7 ee bs 
8 M..—M, pre 1 Oot, 0 


1 Mi Mae we Loy My 


form an infinite set of convergent series; each series converging 
slower than any preceding tt. 


The last statement follows from I, 463, 1, 2. 


Corollary 1 (Abel). Let D=d,+d,+ «+ denote a positive term 


divergent series. Then 
a, 


w> 0 
Dies 


7s convergent. 
Follows trom 3), setting M,,, = D,. 
Corollary 2. If we take M, =n we get the series 91, Ex. 2. 


Corollary 3. Being given a convergent positive term series 
O=¢,+¢,+ +++ we can construct a series which converges slower 
than (7. . 
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For by 101, 2 we may bring (to the form 
M, +1 —M, 
os ISL an 


Then any of the series 7) converges slower than C. 


103. 1. Let us consider now divergent series. Here our 
problem is simpler and we have at once the theorem: 


The serves 2M. M 
Ap = n+1_ r— Sd 1 
Sy ( 


1 n 
diverges slower than 
= Man rm M,) oe 2d. @ 
That 1) is divergent is seen thus: Consider the product 
CEs = II €@ ab Manat => = = |ill LE 
1 M, 1 


EST 


which obviously = 0. 
as P,=( +d) +4) A44,) 
=1+(d,+ + +n) + (dyd, + dydg + +++) 
ate (dydyd3 + oc? oe d,d, - d, 


<1+D,+5Di+ = +A Dycem<e?, 


Hence D, = 0 and D is divergent. 


As dy = al =0 
d, M,, 
we see that 1) converges slower than 2). 


2. Any given positive term series D=d,+d,+ + can be put in 
the form 1). 


For taking M,>0 at pleasure, we determine M,, M,--- by the 


relations M,., ie faa eae 
ie. 2 


n 
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Then M,,, > M, and 
dg = Pi 
M,, 
Moreover M,=oo. For 
Mrs, (pd) = ds) 
M, 


See De by, 1.00.4. 
But D, =o. 


IME } @ 
2a = (M,,,— M,) = 34, 
il 


ied, 
y M1, M, + 1M, 


form an infinite set of divergent series, each series divergent slower 


r=0, 1, 2, + 


than any preceding it. 1M, = M,,. 


For log May —log M,, = log 0 ae =e) 
M, 
. Mi ae 
ca ssa (Es saan ( 
M 


This proves the theorem for y=0. Hence as in 102 we find, 
replacing repeatedly M, by log ©, 


Mii, — MM, 
Bey) Eee =" LiMn S Tere U Mu, ‘ 
LTE by thy 8° Oy nr 


Corollary 1. If we take M,=n, we get the series 91, Ex. 2. 

Corollary 2 (Abel). Let D=d,+d,+ +: be a divergent positive 
term series. Then ] 

iY n 

5 5 De 
is divergent. 

We take here M, = D,,. 

Corollary 3. Being given a positive term divergent series D, we 
san construct a series which diverges slower than\D. 

For by 101, 3 we may bring D to the form 

2M >? M,). 


Then 1) diverges slower than D. 
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104. In Ex. 3 of I, 454, we have seen that M,,; is not always ~ 
M,. In case it is we have 


1. The series 


M, 
»3 a #>0 , Muy~M, 


ts convergent. 
Follows from 102, 3). 


2. The series 


>t of aot Ue Mrs ei 
ws convergent if u>0; tt is divergent if w<0. 
For en > dM? ~ M? / SE AV 
Be Myj—M, < M..—M, 
etm, os M? ‘ 
If u<0 


Moe ay M, Pe na == WE 


n° 
et, 


3. If M,.,~ MM, we have 


M,..,—M, M,,.,-M, 
D911 Iie od Pie Lal ears ad ns Se age eee no Wee hs Teac 
i ae: MEUM, | MMe te 


For by 102, 5), 103, 3), 


M — i, 
Ent Mins, — by, < W1,M,-1,M, 


M3 HE, 
MyM. 1M, 


Now since M,,,~ M,,, we have also obviously 
LM, oS Ln Mn+ m=1, 2,--97 


<p Ms as Ly4 4M, 


105. Having obtained an unlimited set of series which converge 
or diverge more and more slowly, we show now how they may be 
employed to furnish tests of ever increasing strength. To ob- 
tain them we go back to the fundamental theorems of comparison 
of 87. In the first place, if A=a,+a,+-:- 1s a given positive 
term series, it converges if 


2<G4 G>0. a! 


Pa 


n 
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It diverges if 


a> @. @ 
d,, 
In the second place, A converges if 
Celt at? (3 
4 Ae ay, Cn 
and diverges if : 
"Re Bate? Lo .. 
Gn+y__ En24 $ Q' re! 
a, dy, sa 


The tests 1), 2) involve only a single term of the given series 
and the comparison series, while the tests 3), 4) involve two 
terms. With Du Bots Reymond such tests we may call respec- 
tively tests of the first and second kinds. And ‘in general any 
relation between p terms 

ans An+19 a On+p-1 
of the given series and p terms of a comparison series, 
Cas Cnri> “** Entp-i» OF dy. dy ah Anip—1 


which serves as a criterion of convergence or divergence may be 
called a test of the p™ kind. 

Let us return now to the tests 1), 2), 3), 4), and suppose we 
are testing A for convergence. If for a certain comparison 


series C 


a 
ee not always <G@G@ , n>m 


Cn 


it might be due to the fact that c,=0 too fast. We would then 
take another comparison series C’= Xe}, which converges slower 
than C. As there always exist series which converge slower than 
any given positive term series, the test 1) must decide the con- 
vergence-of A if a proper comparison series is found. To find 
such series we employ series which converge slower and slower. 
Similar remarks apply to the other tests. We show now how 
these considerations lead us most naturally to a set of tests which 
contain as special cases those already given. 


. . . + ‘ . . . 
106. 1. General Criterion of the First Kind.” The positive term 
series A=a,+a,+ --- converges if 
—— MM 
lim ——*—**l_a,<o, 


M,.,—M, a 
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It diverges if M,, 
lim Me at, a, =. 0. (2 


This follows at once from 105, 1), 2); and 101, 2; 103, 1. 
2. To get tests of greater power we have only to replace the 
series M, 
ee oe ees 
MM, 


just employed in 1), 2) by the series of 102 and 103, 3 which con- 
verge (diverge),slower. We thus get from 1: 


The positive term series A converges if 


lim aes a “i or lim MLM, OL. aye i <SG. 
It diverges if ee M,1,M, --- 1M, ae 


Mg i, 
Bonnet’s Test. The positive term series A converges uf 
lim nn ---l,_jait'n-a,<0o , “p>. 
tt diverges +f lim al,n---ln-a,>0. 


Follows from the preceding setting MZ, =n. 


3. The positive term series A converges or diverges according as 


et Ming, <e A > 0 3 
a 3 b] ‘ 
M,.,— 1, ae 
ake et | 
For in the first case 
a,< Me Me 5 w>0, 
and in the second case 
a > M+ — te, b< 0 
ie etn 


The theorem follows now by 104, 2. 


4. The positive term series A converges if 
ot oe hi Mae ee 


An “a 
lim a =>) or lim pe og Leet T. 
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It diverges if 


Me cae M,, log M41 ce M,, 
An MGM LL ee 


<0 or lim <a 


ae M, bugil 
Here r =0, 1, 2,--- and as before 1,M, = M,,. 
For taking the logarithm of both sides of 3) we have for con- 


vergence ee Moe 


An 
Tos align a 

As » is an arbitrarily small but fixed positive number, A con- 

verges if img>0. Making use of 104, 3 we get the first part 


of the theorem. The rest follows similarly. 


Remark. If we take M,=n we get Cauchy’s radical test 90 
and Bertram’s tests 938. 


For if log il 
On log - —log Va,>u>9, 
it is necessary that Vat 
Also if 
11 iI i 
log —_————_ log —_—_—_—- 4 log — 
08 Aynlyn +++ ln _ 5 a ,nlyn vo 1, Mn bcs Ln 
L440 Lyn 
1 1 
og ——__—____- 
eg Ee seme as SB De) 
bp442 
it is necessary that ‘ 1 
6 ee 
a,nln +++ 1,” ei 


Lin 


107. In 94 we have given Kummev’s criterion for the conver- 
gence of a positive term series. The most remarkable feature 
about it is the fact that the constants /,, k,+-; which enter it are 
subject to no conditions whatever except that they shall be positive. 
On this account this test, which is of the second kind, has stood 
entirely apart from all other tests, until Pringsheim discovered its 
counterpart as a test of the first kind, viz. 
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Pringsheim’s Criterion. Let py, pa:+: be a set of positive numbers 


chosen at pleasure, and let P,=p,++++p,. The positive term 
series A converges if 


log Pa 
lim —,** >0. a 
For A converges if : 
log Mn, — M, 
lim ——*»__>0 , by 106, 4. (2 


1% 


But M,.,— M,=d, is the general term of the divergent series 
D=d,+d,+ + 
Thus 2) may be written 
log 2s 
og G 
a (0, 
D = 


n 


= 


Moreover A converges if 


Cate 

a Ph 

An 
is. 1 ec 
that is, if lim = 0. 
Ay, 


where as usual (= c,+¢,+-*: is a convergent series. 


Hence A converges if Cp 


hme =O. (4 


But now the set of numbers p,, p, +: gives rise to a series 
P=p,+p2,+-::: which must be either convergent or divergent. 
Thus 3), 4) show that in either case 1) holds. 


108. 1. Let us consider now still more briefly criteria of the 
second kind. Here the fundamental relations are 3), 4) of 105, 
which may be written : 


ee 4m __¢ >0 for convergence ; qd 
An+4 
Cee On _ qd, <0 for divergence. (2 


Bn+t 
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Or in less general form: 


The positive term series A converges if 


lim lees ae cn) >0. (8 
n+1 
It diverges if 
int (dae Lee an)< 0. (4 
An+4 ‘ : 


Here as usual C=c,+¢,+ -::is a convergent, and D=d,+d,+-- 
a divergent series. 


2. Although we have already given one demonstration of 
Kummer’s theorem we wish to show here its place in Pringsheim’s 
general theory, and also to exhibit it under a more general form. 
Let us replace ¢,,¢,,,; in 1) by their values given in 101, 2. 
We get 

Maig= May | On _) Mais — M, 


n >0, 
n+2 An+4 n 
or since 
Mag > Misy 
M+2 = M+ ree Mn+ me M, 0 
> 
Mass An+4 n 
or by 108, 2 


An+1 at ~ dy = 0, 
a 


n+] 


where D=d,+d,+ --- 1s any divergent positive term series. 
Since any set of positive numbers #,, kh, --- gives rise to a series 
k,+k,+ +: which must be either convergent or divergent, we see 
from 1) that 5) holds when we replace the d’s by the k’s. We 
have therefore: 


The positive term series A converges if there exists a set of positive 
numbers k,, ky ++» such that 


Kenay es J k,> 0. (6 
n+] vs 

It diverges if 

dit =e 


Try 


where as usual d, + d, + --- denotes a divergent series. 


ARITHMETIC OPERATIONS ON SERIES 125 


Since the k’s are entirely arbitrary positive numbers, the rela- 
tion 6) also gives 
A converges of 


a 

ag Knay > 05 
p or An+4 

as is seen by writing 


1 
k, = — 
k! 
n 
reducing, and then dropping the accent. 


3. From Kummer’s theorem we may at once deduce a set ot 
tests of increasing power, viz.: 


The positive term series A is convergent or divergent according as 


Mes = M4 Xn, Mrs = M, 


AE ae ea LM , A+} - M1,M, eae 1M, 
4s > 0 orits < 0. 


For k,, k, --- we have used here the terms of the divergent 
series of 103, 3. 
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109. 1. Since an infinite series 


A=a,+a,+4,°> a 
is not a true sum but the limit of a sum 
A = lim AG, 
n= 


we now inquire in how far the properties of polynomials hold for 
the infinite polynomial 1). The associative property is expressed 
in the theorem : 


Tet A=a,+a,+ ++ be convergent. Let bs =a, + ++ +4, 
by =A iy tee +Ay,°°+ Then the series B=b,+6,+ ++ is con- 
vergent and A= B. Moreover the number of terms which 6, em- 


braces may increase indefinitely with n. 


For 
B, = a. 


and lim A, =A by I, 108, 2. 


n= 
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This theorem relates to grouping the terms of A in parentheses. 
The following relate to removing them. 


2. Let B= 6b, +b, + ++ be convergent and let b; =a,+ +++ +4, 
a i alae CoO ee hey Oy If 1° A=a,+a,+ --: is convergent, 
A=B. 2° If the terms a,>0, A is convergent. 3° If each 
Mn —M,_1 <p a constant, and a, = 0, A 28 convergent. 


On the first hypothesis we have only to apply 1, to show 
A=8. On the second hypothesis 


e>0, m, B,<e, n>m. 


Then B-—A,<e, s>mM,. 


On the third hypothesis we may set 
A, = B, ata Oa. 


where 6), denotes a part of the a-terms in 6,,,. Since 6,,, cop- 
tains at most p terms of A, 0)... = 0. 


Hence lim A,=lim B. ,~-or A= SB. 
Example 1. The series 
B= (1-1)+0-1+0A-1)+4+: 
is convergent. The series obtained by removing the parentheses 


A=1-1+4+1-1+4+.-.. 
is divergent. 


Example 2. 


ul ul x 
B=>(--—_)=>_* _. 
ye n+ 2 Dea cas 
As B is comparable with Se it is convergent. Hence A is 
n 


convergent by 38°. ah 


110. 1. Let us consider now the commutative property. 


Here Riemann has established the following remarkable 
4 
theorem : 
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The terms of a simply convergent series A = a,+d,+ -+ can be 
arranged to form a series S, for which lim S, ts any prescribed 
number, or +00. 

For let 

B= b, ae b, ae es 
C= ey+ Co +. 


be the series formed respectively of the positive and negative 
terms of A, the relative order of the terms in A being preserved. 
To fix the ideas let 7 be a positive number; the demonstration 
of the other cases.is similar. Since B, = + oo, there exists an m, 

such that 
Beets el 


Let m, be the least index for which 1)is true. Since C,=—o, 
there exists an m, such that 


Byer Ck. (2 


Let m, be the least index for which 2) is true. Continuing, 
we take just enough terms, say m, terms of B, so that 


eh Vea chen at 
Then just enough terms, say m, terms of C so that 
Bog Cet Bak mote ma, wees 
etc. In this way we form the series 
Size) Be OED ee rs es 


whose sumisl. For 
lacie 05 


also r, = mM, +M,+ - +m, Sn. 


Hence TS None forn >. 


™ 


2. Let A=a,+a,4+ -: be absolutely convergent. Let the terms 
of A be arranged in a different order, giving the series B. Then B 
is absolutely convergent and A= B. 


For we may take m so large that 


Es, 
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We may now take n so large that A,— B, contains no term 
whose index is<m. Thus the terms of A,—B, taken with 
positive sign are a part of A,, and hence 


PW ips 2a I ea n>m. 


Thus B is convergent and B= A. 
The same reasoning shows that B is convergent, hence B is 
absolutely convergent. 


3. If A=a,+a,+ + enjoys the commutative property, it ws 
absolutely convergent. 


For if only simply convergent we could arrange its terms so as 
to have any desired sum. But this contradicts the hypothesis. 


Addition and Subtraction 


Ml. Let A=a,+a,+- , B=b,+b,4+--- be convergent. 
The series 
C= (a, + 0) + (@, + 5,) + 


are convergent and C=A+B. 
For obviously C,= A, + B,. We have now only to pass to the 


limit. 
a 


Example. We saw, 81, 3, Ex. 1, that 


is a simply convergent series. Grouping its terms by twos and 
by fours [109, 1] we get 


< 1 1 < 1 1 1 i 
ee ee ere ( a als 
Geo 7) p 4n—3 in—A* In—l = 


Let us now rearrange A, taking two positive terms to one nega- 
tive. We get 


B=1+4-34+44+1-44+- a 
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We note now that 


ire a! . 1 1S a cl 1 1 
Gy notin) tall 


nS 
“s i 1 1 if al iL 
=D tno3t inca) t 2 -G) 
> 
B 


1 1 i 
Gotti) ¢ 


by 109, 2. 
Thus B=3A. 


This example, due to Dirichlet, illustrates the non-commutative 
property of simply convergent series. We have shown the con- 
vergence of B by actually determiningitssum. Asan exercise let. 
us proceed directly as follows : 

The series 1) may be written: 


ae 
8n—3 Sey bases.) 
3 n(4n—1)(4n—8) n? a(4—2)\(4—=) 
n n 


Comparing this with 
il 
ri 
we see that it is convergent by 87,3. Since 1) is convergent, B 
is also by 109, 2. 


112. 1. Multiplication. We have already seen, 80, 7, that we 
may multiply a convergent series by any constant. Let us now 
consider the multiplication of two series. As customary let 


DIT Ai 4, e=1, 2, 3, -- ad 


denote the infinite series whose terms are all possible products 
a,- 6, without repetition. Let us take two rectangular axes as in 
analytic geometry ; the points whose coordinates are r=4, yY=K 
are called lattice points. Thus to each term ab, of 1), cor- 
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responds a lattice point 4, « and conversely. The reader will find 
it a great help here and later to keep this correspondence in mind. 


Let A=a,tagt--, BH=b+6,+-: be absolutely convergent. 
Then U = >a), is absolutely convergent and A. B=C. 


Let m be taken large at pleasure; we may take m so large that 
T,,—A,-B,, contains no term both of whose indices are < m. 


8 


T.— A,B. 7B, -16, 5, oe Be 
aF fobs =f [apa SOW BAG 
< bs a2 BoAS 


Then 


<e for m sufficiently large. 
Etence Tinh p aa 


and Cis absolutely convergent. 
To show that C= A - B, we note that 


| CO. —- AnBm | <T, —AnBn < € n> MN. 
2. We owe the following theorem to Mertens. 


If A converges absolutely and B converges (not necessarily abso- 
lutely), then 


C= ayby + (aybg + g1) + (4455 + agbg + 23b,) + + 
as convergent and C= A.- B. 
We set C= 01 + Cg + Cg oe 
where ey = a,b, 
= ab, + ab, 


Cg = Mb, + dgby + Ab, 


C= ab, + Aybn_1 + Abn» foo +-a,5,. 
Adding these equations gives 
C, = 4B, + 4,B,_1 + a3By_9 + 0 + a, By. 
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But = 
Be AR phy ae 
Hence S = ay ae 
C, = a,(B — B,)+a,(B — By y+ ++ +a,(B- B,) 
= Boa, + + +4,)—(a,B, + + +4,B,) 
= A,B—d,, 
where 


de, = a,B, als Bis “te MS Gate a,By. 


The theorem is proved when we show d, +0. To this end let 
us consider the two sets of remainders 


= Ny + Ng = N. 
Bey ’ B 


te te he We nee Boren 


Let * each one in the first set be |<| M,, and each in the second 
set |< |M,. Then since 


a => (a,B,, Se oe GED Ae) a (al Bs “fb state + a,B,), 
| d,, < M,(a,+ + + + My M44 BS coe HE) 
< M,A,,+ M,A,,< M,A + MA,, G 


Now for each e > 0 there exists an m, such that 


also a v, such that 


Thus 1) shows that |d,|<e. 
3. When neither A nor B converges absolutely, the series C 
may not even converge. The following example due to Cauchy 


illustrates this. 
it il 1 1 


VI v2 v3 V4 
Tal Lie deeba ings eae 
VA Le | 


* The symbols |< |, | <| mean numerically <, numerically <. 


B= 
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The series A being alternating is convergent by 81, 3. Its 
adjoint is divergent by 81, 2, since here »~=}. Now 


4 a | I yf 
eer Ga 


eee ae. 
Viv8 vV2V2 v3VI1 


SE Cot Cot Cg te oe ‘ 
came er ete eas Wiley SO mena eee et 
NViVNnal viv n= 2 pL avi 
By I, 95, : 
Vm(n—m) < a6 
Hence - 
1 2 eal 5 2m 1a 
Vm(n—m)~ % a 


Hence C is divergent since ¢, does not +0, as it must if C0 
were convergent, by 80, 3. 


4. In order to have the theorems on multiplication together, 
we state here one which we shall prove later. 


Tf all three series A, B, C are convergent, then C= A+B. 


113. We have seen, 109, 1, that we may group the terms of a 
convergent series A= a,+a,+-:: into aseries B= 6,+6,+ + 
each term 6, containing but a finite number of terms of A. It is 
easy to arrange the terms of A into a finite or even an infinite 
number of infinite series, B’, B’, B''’... For example, let 


— 
Bl = ay + O44 + Mapp + 0° 
ce 
BU = dy + Apig + Apia + > 
(P) — 
B = Ay + Agyp + Agp + 
Then every term of A lies in one of these p series B. To decom- 
pose A into an infinite number of series we may proceed thus: 


In B' put all terms a, whose index n is a prime number ; in B’’ 
put all terms whose index xm is the product of two primes; in 
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B™ all terms whose index is the product of m primes. We ask 
now what is the relation between the original series A and the 
series B’, B!’... 

Tf A=a, +a, + ++ ts absolutely convergent, we may break it wp 
into a finite or infinite number of series B', Bl, B'',... Each of 
these series converges absolutely and 


A= BOR ra Be. . 


That each B™ converges absolutely was shown in 80,6. Let 
us suppose first that there is only a finite number of these series, 
say p of them. ~ Then 

A= B+ B+ + Be N= M+ + Ny 


As n=, each n,, m,-+-=00. Hence passing to the limit 
nm =o, the above relation gives 


A=B'+B"'4..4 B®, 
Suppose now there are an infinite number of series B™. 
Set Be BR! aR 


We take »v so large that A—B,, n>, contains no term a, of 
index <m, and m so large that 
Aye: 


Wes Wie Bias sey 


Two-way Series 


114. 1. Up to the present the terms of our infinite series have 
extended to infinity only one way. It is, however, convenient 
sometimes to consider series which extend both ways. They are 


of the type 
A gt a_, + @_,+ ay + ay +A,+ ag + vee 


which may be written 
ay + y+ a + coe A_y gE i? 
oe > Bae qd 
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Such series we called two-way series. The series is convergent 
if nes 
lim <a, (2 


1, s=0 n=—1r 


is finite. If the limit 2) does not exist, A is divergent. The ex- 
tension of the other terms employed in one-way series to the 
present case are too obvious to need any comment. Sometimes 
n=0 is excluded in 1); the fact may be indicated by a dash, 


thus 3! G. 
2. Let m be an integer; then while n ranges over 
-- — 3, —2, —1, 0,1, 2, 3-.. 


v=n-+m will range over the same set with the difference that v 
will be m units ahead or behind n according as mZ0. This 
shows that 


oo fo a} 
PI BEAD, Nera 


n=—2 n=—-@ 


Similarly, Se 


n=—-o n=—-@ 


3. Example 1. Ba S pne eee 


=e 


= 1 + exta ete e2ttdta aL e32t9a +. 00 
=e e ata at e72atda a e8z+9a ,,, 


This series is fundamental in the elliptic functions. 
eS all 1 
De) 

1 1 1 1 

= — — 1 ——— = eee 

ruler crs ied 


eee ha eee oe oe 
4+ )+(=45+4)+ 


The sum of this series as we shall see is 7 cot orz. 


Example 2. 
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115. For a two-way series A to converge, it is necessary and 
sufficient that the series B formed with the terms with negative indices 
and the series C formed with the terms with non-negative indices be 
convergent. If A is convergent, A= B+ C. 

It is necessary. For A being convergent, 

|A—B,—O,|<e/2 , |A—B,—0,|<e/2 
if s, s’ >some o andr > some p. Hence adding, 
| C, = Cy | <e, 
which shows Cis convergent. Similarly we may show that B is 
convergent. 
It is sufficient. For B, C being convergent, 
|B—B,|<e/2 , |C-—O,|<«/2 
for 7, s>some p. Hence 
|B+ C-(B,+ GQ <s 


|B + O—Sa,|<e. 


us lim Sa, =B+ 0. 


n=—-7 


Example 1. The series 


Pe al 1 
x 2 p é ar ie =) qd 
is absolutely convergent if #0, +1, +2, + 
For 


Be ee ee 
% a+n n| |n?+ne| 
ey -—1 
Ppee Za, and 2a, 


: al 
are comparable with et 
1 


Example 2. The series 
Q(z) = Senetan® x arbitrary 2 


is convergent absolutely ifa<0. It diverges ifa>0. 
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Here 0. Va, = ee" = 0 ifa<0 


=100 ied 0: 
n=—n,n' >0 %/a, = e-7e = 0 lied 0 


=o  ifa>0. 
The case a = 0 is obvious. 
'Chus the series defines a one-valued function of 2 when a< 0. 
As an exercise in manipulation let us prove two of its properties. 


1° O(@) ts an even function. 
For 2 
©) (=p eee (3 


If we compare this series with 2) we see that the terms corre- 
sponding to n = mand n = — m have simply changed places, as the 
reader will see if he actually writes out a few terms of 2), 3). 


Of 4,52. 
2° O@ + 2ma)=e™™*™ A(z). m=+1, +2,-- 
For we can write 2) in the form 


EE ey (CARO 
O@=ae * se . (4 


n=—w 


Thus 


_(a+2ma)®> 4, (x+2(m+n)a)? 
@G+2nd)=e “se * 


n=—0o 


_@ 4 (a+2va)3 
— e7m(x+ma) we da Ye 4a 


v=>=—a 


which with 4) gives 3). 
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116. Let e=2,,--- 2x, be a point in m-way space R,,. If the 
coordinates of 2 are all integers or zero, z is called a lattice point, 
and any set of lattice points a lattice system. If no codrdinate of 
any point in a lattice system is negative, we call it a non-negative 
lattice system, etc. Let f(2,---z,) be defined over a lattice 
system ¢=¢,,-++t,. The set {f(t,---¢,)} is called an m-tuple 
sequence. It is customary to set 


FY ann bm) = Da ose ten? 
Then the sequence is represented by 
A = §4,,.01,$+ 


The terms pate! ie ato e lim A 
aS l, +++ t, converges to an ideal point have therefore been defined 
and some of their elementary properties given in the discussion 
of I, 314-328; 336-338. 

Let 2=2,--2m Y=Y1°° Ym be two points in H,. If 
Yy = 2° Ym = Tm We shall’ write more shortly y= If 2 
ranges over a set of points 2! > 2 > x" ... we shall say that z is 
monotone decreasing. Similar terms apply as in I, 211. 


eo Fy = Ym) ZF Mp) 


when y > 2, we say f is a monotone increasing function. If 


FY 1° Ym) SI em) YZ 
we say f is a monotone decreasing function. 


Similar terms apply as in I, 211. 
137 
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117. A very important class of multiple sequences is connected 
with multiple series as we now show. Let a,,...,, be defined over 
a non-negative lattice system. The symbol 


>> eer t, = 0, 1, + ’ +++ bm = 0, 1, +++ Uy r@! 


vyrreYm 


or Se tae Ol Aes 
0 


denotes the sum of all the a’s whose lattice points lie in the rec- 
tangular cell O<2,<», re So 


Let us denote this cell by #,,...,, 0r by R,. The sum 1) may be 
effected in a variety of ways. ‘To fix the ideas let m=3. Then 


Vy Vols Vol, Vy Vy Vo Ve 


A, = etn = 
0 0 0 0 


etc. In the first sum, we sum up the terms in each plane and 
then add these results. In the second sum, we sum the terms on 
parallel lines and then add the results. In the last sum, we sum 
the terms on the parallel lines lying in a given plane and add the 
results; we then sum over the different planes. 

Returning now to the general case, the symbol 


A Dare bisss Gn = 0, Ly = -<"00, 
fee} 
or As S02, 
0 m 


is called an m-tuple infinite series. For m=2 we can write it 
out more fully thus 
yg T Aq, T Aygo 


Hyg + yy + Aq +o 
+ Agg + Ay) + Ugg + + 
Be 
In general, we may suppose the terms of any m-tuple series dis- 
played in a similar array, the term a,....,, occupying the lattice 


point +=(t,:+-4,). This affords a geometric ‘image of great 
service. The terms in the cell R, may be denoted by A,. 


If lim A,,..., = lim A, (2 


Vy oes Moco v==0 
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is finite, A is convergent and the limit 2) is called the sum of the 
series A. When no confusion will arise, we may denote the series 
and its sum by the same letter. If the limit 2) is infinite or does 
not exist, we say A is divergent. 

Thus every m-tuple series gives rise to an m-tuple sequence 
{A,,..um{- Obviously if all the terms of A are >0 and A is diver- 
gent, the limit 2) is + 0. «In this case we say A is infinite. 

Let us replace certain terms of A’ by zeros, the resulting series 
may be called the deleted series. If we delete A by replacing all 
the terms of the cell R#,,...,, by zero, the resulting series is called 
the remainder “and is denoted by Ann or by A,. Similarly if 
the cell R, contains the cell ,, the terms lying in #, and not in 
&, may be denoted by A, ,. 

The series obtained from A by replacing each term of A by its 
numerical value is called the adjoint series. In a similar manner 
most of the terms employed for simple series may be carried over 
to m-tuple series. In the series &a,,...,, the indices « all began 
with 0. There is no necessity for this; they may each begin with 
any integer at pleasure. 


118. The Geometric Series. We have seen that 


Lu =l+a+a?+... lal<1, 
l—a ; 
AEN yang fe oe Ser Wale 
1-—06 
Hence 1 A 
ee 
Ga) (ib) <0 


for all points a, 6 within the unit square. 
In general we see that 


G = Laape --- ayn 
is absolutely convergent for any point x within the unit cube 


O<|a|<1 ¢+=1,2,+-n, 
and A 1 
~ G@—2) A — 2) + A — 29) 
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119. 1. Itis important to show how any term of A = %a,,...,,, can 
be expressed by means of the A,....,,,- 


Let D, DOO, ae ATy, 28 Vm Habe SUS eng e! 
Then De ST = Avy, “°° Vm-1—1¥m Aye “© Vm—1- 1, ¥m—-1* (2 
Let sds, BOO = bE Um —-1 Dr LS vm 1-1" (3 

Similarly ‘ 
M2" Pm 3 D,,v, DOLE) Dyv, Vm 2-19 e 
Div. Sens — De Vin 3 = De. aoe Up ee oe) (5 

e 

Finally DS = De mr Dyyy-19 “ 
and Dy svar Des = D,, Na D,,-1 : 7 


If now we replace the D’s by their values in terms of the A’s, 
the relation 7) shows that a,,...,,, may be expressed linearly in 
terms of a number of 4,,...,,, Where each yw, = v, or v, — 1. 

For m = 2 we find 


Ym 


Km 


Ayv, a Avy ur ALi, it Ae vol Arey V3° (8 


2. From 1 it follows that we may take any sequence {A 
to form a multiple series 


eee 


A = 2A, 


‘tm? 


This fact has theoretic importance in studying the peculiarities 
that multiple series present. 


120. We have now the following theorems analogous to 80. 
1. For A to be convergent it is necessary and sufficient that 
é> 0, py (SAS eae eh a t.. 
2. If Ais convergent, so is A, and 
A, =A—A,=lim Als. 


Conversely if A,, 18 convergent, so is A. 
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3. For A to converge it is necessary and sufficient that 


lim A, = 0. 


v=0 
4. A series whose adjoint converyes is convergent 


5. Let A be absolutely convergent. Any deleted series B of A is 
absolutely convergent and [BL aa. 


6. Tf A= 2a,....., 18 convergent, so is B= Xka,,....,, and 


. B= kA, k a constant. 


121. 1. For A to converge it is necessary that 


Dae Vm—1 9 Dy. °° Vm—2 o) tag De 9 Dy svg +0 v2 — 0, asv= @©@ 


For by 120, 1 
te | Ag Nes 7 | <<a 


if Ayes Ams Hy + bin > p- 


Thus by 119, 1) 
Deve | SG v > p- 


Hence passing to the limit p= 0, 
lines <e. 


at Ps 
v=00 


As «¢ is small at pleasure, this shows that D,,...,,.,=9. In this 
way we may continue. 
2. Although 


lim dy, ... y, = 9 


Vm 
Vu coe Vyq=O 


when A converges, we must guard against the error of supposing 
that a, = 0 when v=(7, -:- ¥) converges to an ideal point, all of 
whose codrdinates are not as they are in the limits employed 
inl. 

This is made clear by the following example due to Pringsheim. 


Let r+s 
jh, {+5 ’ a>t1. 
a 8 20-4 1) vat a? 
Then by 119, 8) ngewe 


Cans 
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AS lini 0 
7» SO 
A is convergent. But 
lim | @,, « | = seein a.. ae 
r=0 a s=a0 a 


That is when the point (r,s) converges to the ideal point 
(2, 8), or to the ideal point (7, 0 ), a,, does not = 0. 


3. However, we do have the theorem : 


at Tipe We ea 


converge. Then for each e > 0 there exists ar such that a... <€ 
for any t outside the rectangular cell R,. 


This follows at once from 120, 1, since 


Cp pe Ph oe 


122. 1. Let f(x, +++ %,) be monotone. Then 
lim f@ -*: 2) =! Ly < yy *** Ln < Am, a may be ideal. (1 
exists, finite or infinite. If f is limited, 1 is finite. If f is unlim- 


ited, l= + when f is monotone increasing, and l= — © whenf is 
monotone decreasing. 


For, let f be limited. Let A=a,< a, <-- =a. 
Ge lim fe.) ==1 
is finite by I,109. 


Let now B=8,, B,, «+ =a be any other sequence. 
Aes limf(@,)=1 lim f(8,) <1. 
B 


Then there exists by I, 338 a partial sequence of B, say 
C=) Yo °° Such that 
lim f(y) = 4, vA 


also a partial sequence D = 6,, 6, --- such that 


lim f(8,) = 7. 
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But for each «, there exists a ) eee 
hence 
Cy, yee (ey) 
and therefore aa (2 
Similarly, for each d, there exists an «, > 8,3 
hence 
J (On) SF Ca.) 
La. (3 
lim f (@) =. 
B 


Hence by I, 316, 2 the relation 1) holds. 
The rest of the theorem follows along the same lines. 


and therefore 
Thus 2), 3) give 


2. Asa corollary we have 


The positive term series A= Xa,..,, 1s convergent if A, ..,, 18 
limited. 


123. 1. Let A= Sa,,.....=20a, , B=20,,...., = 20, be two non- 
negative term series. If they differ only by a finite number of 
terms, they converge or diverge simultaneously. 

This follows at once from 120, 2. 


2. Let A, B be two non-negative term series. Let r> 0 denote 
a constant. If a,<rb,, A converges if B is convergent and A<rB. 
If a,>rb,, A diverges if B is divergent. 

For on the first hypothesis 


A, SS rBy, 
and on the second A,>rBy. 


3. Let A, B be two positive term series. Let r, 8 be positive 
constants. IPf 3 
ra—<8 
b, 
or of ae 
im — 
1=0 b, 


exists and is #0, A and B converge or diverge simultaneously. If 


B converges and 2 +0, A is convergent. If B diverges and. 7 = 0, 


A is divergent. 
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4. The infinite non-negative term series 
Vda, send = = log ead) 
converge or diverge simultaneously. 


This follows from 2. 


5. Let the power series 
P=%e¢ 


m ™, mes 
177™s 100 © 
-ingng s+ mL ey? 28° Te 


converge at the point a= (ay, ++: a,), then it converges absolutely for 
all points x within the rectangular cell R whose center is the origin, 
and one of whose vertices is a; that is for |a,| < |a,|, +=1, 2,---8. 


For since P converges at a, 


Lim Cy anys. 0 ae O 


m2 


Thus there exists an M such that each term 
Oe Ropar LN i/ 6 


Hence 
; ; a, |™ Me 
| Cats sae gins | = | Con ae a4) qm ||| aL Ls 
ay a, 
x £. m™m ms 
ES Meat ee 
ay A, 


Thus each term of P is numerically < than WM times the cor- 
responding term in the convergent geometric series 


We apply now 2. 


We shall call & a rectangular cell of convergence. 


/ ™m. 
vy 1 


ay 


124. 1. Associated with any m-tuple series A= 2%a,,..... are 
. . . . . ce . 
an infinite number of simple series called associate simple series, 
as we now show. 


Let ie aR 


be an infinite sequence of rectangular cells each lying in the 
following. Let vs 


Ry te Delis 33 


27 ee 3 


Gy 4 Ag a 


be the terms of A arranged in any order lying in Ry. Let 


Bett 9 bees 000 As, 
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be the terms of A arranged in order lying in R,,— R,,, and so on 
indefinitely. 


Then t= a,+a,t+ Sree +4, + O.44+ eee 


is an associate simple series of A. 


2. Conversely associated with any simple series % = Sa, are an 
infinity of associate m-tuple series. In fact we have only to arrange 
the terms of MW over the non-negative lattice points, and call now 
the term a, which lies at the lattice point ¢, --- 1, the term a. 


+9 Um* 


3. Let U be an associate series of A= Lay. 


« 


80 ts A and rhe 


If Wis convergent, 


. 
™ 


For Ae tin = Ue: 

Let now v=o, thenn=o. But U,=Y%, hence A,,...,, = UW. 
4. If the associate series YX is absolutely convergent, so is A. 
Follows from 3. 


5 If A=%Xa,,...,,, i a non-negative term convergent series, all its 
associate series WU converge. 


For, any %,,,, lies among the terms of some A, ,. But for 
sufficiently large Avec Nee 


oe We mn ny. 


m,p 


6. Absolutely convergent series are commutative. 


For let B be the series resulting from rearranging the given 
series A. 

Then any associate 8 of B is simply a rearrangement of an 
associate series % of A. But A= %, hence A= B. 


7. A simply convergent m-tuple series A can be rearranged, 
producing a divergent serves. 

For let 2% be an associate of A. YL is not absolutely convergent, 
since A is not. We can therefore rearrange Wl, producing a series 
$ which is divergent. Thus for some B 

lim %, 
does not exist. Let 8’ be the series formed of the positive, and 
8" the series formed of the negative, terms of $ taken in order. 
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Then either 61 ++ or B/ +—o, or both. To fix the ideas 
suppose the former. Then we can arrange the terms of B to 
form a series © such that €,=+0o. Let now € be an associate 
series of C. Then 

Gy = Cie Vn — C,, 
and thus 

lim C, = lim ©, = + 0. 

Hence Cis divergent. ‘ 


8. If the multiple series A is commutative, it is absolutely con- 
vergent. 


For if simply convergent, we can rearrange A so as to make the 
resulting series divergent, which contradicts the hypothesis. 


9. In 121, 2 we exhibited a convergent series to show that 
4y..m does not need to converge to 0 if 4, --: 4,, converges to an ideal 
point some of whose codrdinates are finite. As a counterpart we 
have the following : 


a 


Let A be absolutely convergent. Then for each e>0 there exists 
ar, such that any finite set of terms B lying without R, satisfy the 
relation |Bl <e; ad 
and conversely. 


For let & be an associate simple series of Adj A. Since % is 
convergent there exists an m, such that 


1, <€. 


But if » is taken sufficiently large, each term of B lies in %,, 
which proves 1). 

Suppose now A were simply convergent. Then, as shown in 7. 
there exists an associate series D which is infinite. 

Hence, however large n is taken, there exists a p such that 


aes eee: 


Hence, however large } is taken, there exist terms B= Dn, p Which 
do not satisfy 1). ; 


10. We have seen that associated with any m-tuple series 


A=2a,,... 


‘nm 
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extended over a lattice system Mt in R,, is a simple series in %,. 
We can generalize as follows. Let Yt=7} be associated with a 
lattice system It = {7} in R,, such that to each « corresponds aj and 
conversely. 

If .~y we set a, =a 


re, A dn? 
Then A gives rise to an infinity of m-tuple series as 


B=%a:; 


Viesgny 
We say B is a conjugate n-tuple series. 
We have now the“following: 


Let A be absolutely convergent. Then the series B is absolutely 
convergent and A= B. 


For let A’, B’ be associate simple series of A, B. Then A’, B’ 
are absolutely convergent and hence A'= 8B’. But A=A’', B=B’. 
Hence A= B, and B is absolutely convergent. 


_ 11. Let A= 2a,,...,,, be absolutely convergent. Let B= 2a, ...., 
- be any p-tuple series formed of a part or all the terms of A. Then 
B is absolutely convergent and 


| B| 2 Adj A. 
For let A’, B’ be associate simple series of A and B. Then B’ 


converges absolutely and | B’|< Adj A. 

125. 1. Let Be Dane qa 

Set fy +-* Gm) = Agnes 
in the cell 

—-l<z,<4, tee ee hee ei toe, 
Th 
_ Arum = {file by fe 
Ry, Sip 


Let R denote that part of R,, whose points have non-negative 
coordinates. Let 
Taf fae; +++ ALm: (3 


If Jis convergent, A=J. We cannot in general state the con- 
verse, for A is obtained from A, by a special passage to the limit, viz, 
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by employing a sequence of rectangular cells. If, however, 
a, > 0 we may, and we have 


For the non-negative term series 1) to converge tt is necessary and 
sufficient that the integral 3) converges. 


2. Let f(a,++%m) > 9 be a monotone decreasing function of 
x in R, the aggregate of points all of whose codrdinates are non- 


negative. Let - 
g Bornes ek Meat ey, 


es 
The ser Azan 


olm 


is convergent or divergent with 
T= fda, > dtp. 
R 


For let R,, R,, --- be a sequence of rectangular cubes each R, 


contained in #,,,,. 
Let > 
k= h,— ih, Seis 


Then A, » being taken at pleasure but > some », there exist an 
l, m such that 
ele << ies 


But the integral on the right can be made small at pleasure if J 
is convergent on taking />m>some n. Hence A is convergent 
if Jis. Similarly the other half of the theorem follows. 


Iterated Summation of Multiple Series 
126. Consider the finite sum 
PIC bape ae t= 0, ule m9 Ny Ans ie ik °° Nn Cs 


One way to effect the summation is to keep all the indices but 
one fixed, say all but ¢,, obtaining the sum 


4=0 


. ‘ s 
Then taking the sum of these sums when only tg is allowed to 
vary obtaining the sum 


ULES my, 
fd 


ITERATED SUMMATION OF MULTIPLE SERIES 149 


and so on arriving finally at 


mn Mm, 
eee =a, mane (2 
tm=0 qg=0 


whose value is that of 1). We call this process iterated summa- 
tion. We could have taken the indices ¢, +++. in any order 
instead of the one just employed; in each case we would have 
arrived at the same result, due to the commutative property of 
finite sums. 

Let us see how this applies to the infinite series, 


SW SaP SGA oe e Lcet bee Us dlie or Gon (3 


1 ‘m 


The corresponding process of iterated summation would lead us 
. [> 9) bo a) ao 
to a series (eS SSF (4 


Qe ln 9) 
Un=0 tn 129 Q=Y 


which is an m-tuple iterated series. Now by definition 


Vin Ym 1 ; Vy 
A=lim > lim 2 eT ace (5 
Vm—2 (m=) ¥m—1— (m—1=0 Vaeoe 4=0 
=i pn tn AY, (6 
Un—=F" Vn Laie 
while : 
Ag Aim Awe Ci 
Vyoe* Vm u 


Thus A is defined by a general limit while % is defined by an 
iterated limit. These two limits may be quite different. Again 
in 6) we have passed to the limit in a certain order. Changing 
this order in 6) would give us another iterated series of the type 
4) with a sum which may be quite different. However in a large 
class of series the summation may be effected by iteration and this 
is one of the most important ways to evaluate 3). 

The relation between iterated summation and iterated integra- 
tion will at once occur to the reader. 


127. 1. Before going farther let us note some peculiarities of 
iterated summation. For simplicity let us restrict ourselves to 
double series. Obviously similar anomalies will occur in m-tuple 
series. 
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_ A = Aq + % + QF 0° + M19 + AH MQ Fo Fo 


be a double series. The m row forms a series 
Le a} 
Rom = An, 0 ar Any +o = =m ; 


and the n column, the series 


a 
OM = Ayn taint rx= LZAny- 
m=0 


Then = ae i 
R= SR => Sdyps 
m=) m=( n=0 


C2S0 ee alae 
n=0 n=0 m=0 
are the series formed by summing by rows and columns, respec- 
tively. 


2. A double series may converge although every row and every 
column is divergent. 


This is illustrated by the series considered in 121, 2, For A 


is convergent while Sa4, 2a, are divergent, since their terms are 
70 
not evanescent. ie 


3. A double series A may be divergent although the series R ob- 
tained by summing A by rows or the series C obtained by summing 
by columns 78 convergent. 


For let A,=0 if rors=0 


r f 
= if r, s>0. 
rie ,s8> 


Obviously by I, 818, lim A,, does not exist and A = %a,, is di- 
vergent. 
On the other hand, 
R= lim lim A,, = 0 


ff eye er) 


’ 


C= lim lim A,,=1. 


Ss=0 720 


Thus both R and Care convergent. 
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4. In the last example # and C converged but their sums were 
different. We now show: 


A double series may diverge although both R and CO converge and 
have the same sum. 


For let A,,=9 if r or s=0 


ee if r,s>0. 


Then by I, 319, lim A,, does not exist and A is divergent. On 


the other hand, * R=lim lim A. =0 
C= lim lim A,, = 0. 


Then #& and S both converge and have the same sum. 


128. We consider now some of the cases in which iterated sum- 
mation is permissible. 


Let A= 2a, teh be convergent. Let t\, th, + u), be any permutation 


of the indices 6 bg, °** tm Lf all the m — 1-tuple series 
Ses a 


Ge EQ ay 
2 3 m 
A= 3-3 
are convergent, Se et Osim 
g v=) uf =0 t ™ 


This follows at once from I, 824. For simplicity the theorem 
is there stated only for two variables; but obviously the demon- 
stration applies to any number of variables. 


129. 1. Let f(a,-++%,) be a limited monotone function. Let the 
point a= (dy+++4,) be finite or infinite. When f is limited, all the 
s-tuple iterated limits lim «+ lim f a 


Ly=U,  TMg=Ag 
exist. When s =m, these limits equal 

lim f (2, +*+ Um): (2 

zZ=a 


In these limits we suppose x < a. 
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For if f is limited, lim f 


Lug=Ag 


PURE (8 


exists by 122,1. Moreover 3) is a monotone function of the re- 
maining m — | variables. 
Hence similarly Gin lim f 


Lg_y=Ug_ 4 Llg=Asg 


exists and is a monotone function of, the remaining m— 2 vari- 
ables, etc. The rest of the theorem follows as in I, 324. 


2. Asa corollary we have 


Let A be a non-negative term m-tuple series. If A or any one of 
its m-tuple iterated series is convergent, A and all the m! iterated 
m-tuple series are convergent and have the same sum. If one of these 
series is divergent, they all are. 


3. Let a be a non-negative term m-tuple series. Let s<m. All 
the s-tuple iterated series of A are convergent if A is, and if one of 
these iterated series is divergent, so is A. 


130s ea Det AS Sa, 


s-tuple iterated series s=1, 2---m, converge absolutely and its 
m-tuple iterated series all = A. 


be absolutely convergent. Then all its 


serlm 


Horeas usual letoa, 2. =| ¢@ 


Since A = Adj A is con- 
vergent, all the s-tuple iterated series of A are convergent. 


Brak: 


fo a) 2 
Thus 3, = % Gag tm is convergent since 2«,...,=¢,- Moreover 
y= 4=0 


foo} io a) 
|s,;| <o,. Similarly a areas = Xs, is convergent since 
=) Y= tg 


x 2a... = Zo, is convergent; etc. Thus every s-tuple iter- 
4o=0 4=0 lo 


ated series of A is absolutely convergent. The rest follows now 
by 128. 


rete, A ey ae, If one of the m-tuple iterated series B 


formed from the adjoint A of A ts convergent, A is absolutely con- 
vergent. 


Follows from 129, 2. 


im 


+ 


3. The following example may serve to guard the reader against 
a possible error. 
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Consider the series 
3 


2 
A=1tat 5+ Gt 


(2a)? (Qa)? 
+1 + 2e ++ 


3 
414804 ew 2G 
Bowe 
Here RY =14 ae ce ge 
and R= e* + ec + e844. 


This is a geometric series and converges absolutely for a <0. 
Thus one of the double iterated series of A is absolutely conver- 
gent. We cannot, however, infer from this that A is convergent, 
for the theorem of 2 requires that one of the iterated series formed 
from the adjoint of A should converge. Now both those series 
are divergent. The series A is divergent, for |a,,| = 0, as 
rT, 8S =O. 


131. 1. Up to the present the series 
DE he qd 


have been extended only over non-negative lattice points. This 
restriction was imposed only for convenience; we show now how 
it may be removed. Consider the signs of the coordinates of a 
point x= (a,,---x,). Since each codrdinate can have two signs, 
there are 2” combinations of signs. The set of points 2 whose 
codrdinates belong to a given one of these combinations form a 
quadrant for m= 2, an oetant for m= 3, and a 2”-tant or polyant 
in ®,- The polyant consisting of the points all of whose codrdi- 
nates are > 0 may be called the first or principal polyant. 

Let us suppose now that the indices z in 1) run over one or more 
polyants. Let A, be a rectangular cell, the coordinates of each of 
its vertices being each numerically <2». Let A, denote the terms 
of A lying in R,. Then / is the limit of A, for \=oo, if for each 
é> 0 there exists a A, such that 


| A, — Ay, | <e A= Ay: (2 
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If lim A, (3 
A=00 
exists, we say A is convergent, otherwise A is divergent. In a 
similar manner the other terms employed in multiple series may 
be extended to the present case. The rectangular cell R,, which 
figures in the above definition may without loss of generality be 
replaced by the cube 


[ry] <A te fm | Sg 
Moreover the condition necessary and sufficient for the exist- 
ence of the limit 3) is that 
|A,—A,|<e Ny f= No» 


132. The properties of series lying in the principal polyant 
may be readily extended to series lying in several polyants. For 
the convenience of the reader we bring the following together, 
omitting the proof when it follows along the same lines as before. 


1. For A to converge it is necessary and sufficient that 


limeA, = 0: 
A=00 
2. A series whose adjoint converges is convergent. 


3. Any deleted series B of an absolutely convergent series A is 


absolutely convergent and 
|. B| < Adj A. 


4, If A= %a.,,...., 18 convergent, so is B= Xka,,...,, and A=kB. 
5. The non-negative term series A is convergent if A, is limited, 


A=, 


6. If the associate simple series U of an m-tuple series A converges, 
A is convergent. Moreover if X is absolutely convergent, so is A. 
Finally of A converges absolutely, so does %. 


1. Absolutely convergent series are commutative and conversely. 


8. Let f(x, ++ %,) > 0 be a monotone decreasing function of the 
distance of x from the origin. 


Let 
ae aaeey 
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Then 


A = 2d, 
. . 4 
converges or diverges with 


da, +++ dx, 
Sor 1 m% 
the integration extended over all space containing terms of A. 


133. 1. Let B, C, D--- denote the series formed of the terms of A 
lying in the different polyants. For A to converge it is sufficient 
although not necessary that B, C,+.- converge. When they do, 


ay 


A=B+ O+ D + ss qd 


For if By, QC, --- denote the terms of B, C --- which lie in a 
rectangular cell R,, 
A,= B+ Qh+- 


Passing to the limit we get 1). 

That A may converge when B, C, --- do not is shown by the 
following example. Let all the terms of A= Zaye: tm Wanish ex- 
cept those lying next to the codrdinate axes. Let these have the 
value +1 if ¢,, 0+++ 4, >9 and let two a’s lying on opposite sides 
of the codrdinate planes have the same numerical value but opposite 
signs. Obviously, A,=0, hence A is convergent. On the other 
hand, every B, C’-.- is divergent. 


2. Thus when B, C --- converge, the study of the given series 
A may be referred to series whose terms lie in a single polyant. 
But obviously the theory of such series is identical with that of 
the series lying in the first polyant. 


3. The preceding property enables us at once to extend the 
theorems of 129, 130 to series lying in more than one polyant. 
The iterated series will now be made up, in general of two-way 
simple series. 


CHAPTER V 
SERIES OF FUNCTIONS 


134. 1. Leti=(,, 4 >: 4,) run over an infinite lattice system &. 
Let the one-valued functions 


Vir nee ACS ee Ten) = F(Z) =f. 


be defined over a domain X, finite or infinite. If the p-tuple series 
Fs F(x) = FQ, + Bm) = Thy orig(@y 0+ Lm) qd 


extended over the lattice system &% is convergent, it defines a one- 
valued function F(a, ---%,) over WU. We propose to study the 
properties of this function with reference to continuity, differen- 
tiation and integration. 


2. Here, asin so many parts of the theory of functions depend- 
ing on changing the order of an iterated limit, wnzform convergence 
is fundamental. 

We shall therefore take this opportunity to develop some of its 
properties in an entirely general manner so that they will apply 
not only to infinite series, but to infinite products, multiple inte- 
grals, etc. 


3. In accordance with the definition of I, 325 we say the series 
1) is uniformly convergent in X when F,, converges uniformly to its 
limit #. Or in other words when for each ¢>0 there exists aX 
such that |F — F,|<e eee 
for any «in Y. Here, as in 117, #, denotes the terms of 1) lying 
in the rectangular celi &,, etc. 


As an immediate consequence of this definition we have : 


Let 1) converge in AU. For it to converge uniformly in X it is 
necessary and sufficient that | F’, | as uniformly evanescent in %X, or in 
other words that for each «>, there exists a X such that | F,, >e for 
any x in Y, and w= . 


156 
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135. 1. Let 
lim FQ 900 (ia, ty So f(r, eee Ge) 
t=T 


in WY. Here Y, 7 may be finite or infinite. If there exists an 
7>90 such that f= ¢ uniformly in V,(a), a finite or infinite, we 
shall say f converges uniformly at a; if there exists no 7 <0, we 
say f does not converge uniformly at a. 


2. Let now a range over Y. Let 8 denote the points of % at 


which no 7 exists or those points, they may lie in Y%f or not, in 
whose vicinity the minimum of 7 is 0. Let D denote a cubical 
division of space of norm d. Let %, denote as usual the cells of 
D containing points of B. Let ©p denote the points of 2% not in 
%’. Then f= ¢ uniformly in ©, however small d is taken, but 
then fixed. The converse is obviously true. 


3. If f converges uniformly in X, and if moreover it converges at a 
finite number of other points B, it converges uniformly in AX + B. 


For if f = ¢ uniformly in , 
|\f—d|<e x in A, tin V,*(r). 
Then also at each point 0, of %, 
|\f—$|<e p70, tin V,*(7). 
If now 6 < 6), 6,, 6, --- these relations hold for any 2 in X+ B 
and any ¢ in V;*(7). 
4. Let f(a, -++ my ty +t) = b(n) uniformly in A. Let 
Ff be limited in U for each tin V,*(r). Then > ts limited in Y. 
For ¢=f(a, t) +e le’ |< e qd 
for any x in & and ¢ in V,*(r). Let us therefore fix ¢t. The 
relation 1) shows that ¢ is limited in Y. 


5. Tf S| fiw, °** Gm) | converges uniformly in U, so does =f, ....,. 
For any remainder of a series is numerically < than the corre- 
sponding remainder of the adjoint series. 


6. Let the s-tuple series 
F — Pa fore ty (@, eee Zn) 
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converge uniformly in %. Then for each e > 0 there exists a X 
such that | Pil <e a 


for any R, > R, > Ry. When s=1, these rectangular cells re- 
duce to intervals, and thus we have in particular 


PF, Ga en ae for any n > n’. 
When s > 1 we cannot infer from 1) that 
luaice (Pea Cm) ea ig la (2 


for any ¢ lying outside the above mentioned cell Ay. 

A similar difference between simple and multiple series was 
mentioned in 121, 2. 

However if f, > 0 in , the relation does hold. Cf. 121, 3. 


136. 1. Let f(a,+++tm, ty-+t,) be defined for each x in YA, and t 
Oe lim f= $( 2 +++ %m) in A, 


t=r 
T finite or infinite. The convergence is uniform if for any x in A 
If—$o| < WC: t,) t in V5* (7), 8 fixed 
while lim y= 0. 


t=T 
Yor taking e>0 at pleasure there exists an »>0 such that 
ilies, taney. (7); 
But then if 8< », 


\f—¢|<e 
for any ¢ in Vs*(r) and any z in Y. 
Example. 
lim Sine sin y ==) ==’, in &=(0, oo). 


2 
yt 1+ tan?y 
Is the convergence uniform ? 
Let a 


then w=0, asy= 


6 


~~ 


b 
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_ | Sin x cos u sin? w | 
sin?u +2 cos*u | 


Then | _ | sin z cos u 
IF a ~ (142 cot?u 


sin 2 sin? wv | 


< 
—~ | wcosta | 


<tan?u= 0. 


Hence the convergence is uniform in 9. 


2. Asa corollary we have 


Weterstrass’ Test. For each point in %, let | ful <M, ., 


The series > fi...) (@ 1+ Lm) ts uniformly convergent in U if TM. ., 
ts convergent. 


“ 


Example 1. 


i il 
en ee = 
> Qn gna a (9, oo) 
Here 1 
kal < Qn 


and F is uniformly convergent in % since 


1 
2 3 


is convergent. 


Example 2. 
i( 2) =20,, S10 Anw 


is uniformly convergent for (—«, «) if 
2 | an | 


is convergent. 


137. 1. The power series P = Lay, ...mp UTP 1° Tp? converges 
uniformly in any rectangle R lying within its rectangle of con- 
vergence. 

For let 6 = (6,, «+ 8,) be that vertex of R lying in the principal] 
polyant. Then P is absolutely convergent at 6, 2. 


ya bis «+ bm qa 


‘My + Mp 


is convergent. Let now x be any point of R. Then each term in 
Lom, aa em coe fe 


is < than the corresponding term in 1). 
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2. If the power series P =a) + ax + az" + +++ converges at an 
end point of its interval of convergence, it converges uniformly at 
this point. 

Suppose P converges at the end pointw=R>0. Then 

| ome Rett + ++ + 4,ft"| <e 
however large n is taken. But for0<%< R 


| Gana fee + a,0" | 
Ne 
Guqien* (z) 


<e by Abel’s identity, 83, 1. 


Thus the convergence is uniform at x=. In a similar 
manner we may treat x=— R. 


3. Let f(a, --° 2m), =1, 2 --- be defined over a set A. If each 
| 4n|< some constant ¢, in %, f, is limited in Y%. If moreover the 
Cy are all < some constant C, we say the f,(2) are uniformly 
limited in A. In general if each function in a set of functions 
{ f{ defined over at point set YU satisfy the relation 


+1 Tae 
= ev5e Rr es 
am te (S) 


| f| <a fixed constant C, x in Y, 
we say the f’s are uniformly limited in Q. 


The series F=SXg,,h, is uniformly convergent in, if G@=9,+ 99+ + 
is uniformly convergent in A, while Tlhizy—h,| and |h,| are 
uniformly limited in A. 

This follows at once from Abel’s identity as in 83, 2. 


4. The series F= X9,h, is uniformly convergent in X, if in A, 
Z| nay —hn| ts uniformly convergent, h, is uniformly evanescent, 
and the G, uniformly limited. 


Follows from Abel’s identity, 83, 1. 


5. The series F= %y,h, is uniformly convergent in X if 
G=9,+9,+ > 8 uniformly convergent in AX while hy, he + are 
unrformly limited an % and fh,} is a monotone’ sequence for each 
point of %. 

For by 88, 1 

ey eH AG 


|: 
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6. The series F = Xy,h, is uniformly convergent in U if Gy = gy, 
Gy = Gy + Joy are uniformly limited in X and if hy, hy, + not only 
form a monotone decreasing sequence for x in % but also are uni- 
formly evanescent. 


For by 88, 1, 
7 | Bow | < | Ins | G. 

Example. Let A=a,+a,+ + beconvergent. Let by, bg + HO 
be a limited monotone sequence. Then 


eo Daa 


6 
converges uniformly in any interval % which does not contain a 


: i 
t of {—}- 
point oO | i | 
For obviously the numbers 
h y 


Ce bee 


-“form a monotone sequence at each point of %. We now apply 5. 


7. As an application of these theorems we have, using the re- 
sults of 84, 


The series 
Ay + 4, COS H+ dy COS2U4 ++ 


converges uniformly in any complete interval not containing one of 
the points +2m7 provided = | a,,, — a, | 18 convergent and a, =, 
and hence in particular if a, 7 dg 7 +++ = 9. 


8. The series 
i Ay — 4, CoSa+ a, cos2a—-: 


converges uniformly in any complete interval not containing one of 
the ie +(2m—1)7 provided =| 4,4, +4, | %8 BTA and 
=0, and hence in particular if a, > a, 2 +++ = 0. 


9. The series a, sina +a, sin 22 +a, sin3x+4-. 


converges uniformly in any complete interval not containing one of 
the points + 2mm provided >| a, s = Oy | is convergent and a, =9, 
and hence in particular tf a, > dg 2 ++ = 0. 
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10. The series a, sin x —a,sin 22+ asin oe 


converges uniformly in any complete interval not containing one of 
the points +(2m —1)7 provided S| a,,,+4, | ts convergent and 
a, = 0, and hence in particular tf ay 2 A, 20 = 0. 


138. il. Let k= > fee ky wars a) 


be uniformly convergent in %. Let A, B be two constants and 


Af.(x) <gh@) SBR(@) in &. 


Weg P= 20a At a) 
is uniformly convergent in %. 
For then AE AG een oe 


But F being uniformly convergent, 


|Fiu|<e. 


F= D2 re C2) a Lm) ti Pe 0 
converge uniformly in A. Then 
I= Zilog (14+ f.) 


is uniformly convergent in YX. Moreover if F is limited in Y, so 
is L. 
For f, > 0 in Y, hence 


2. Let 


Lhe 


for any ¢ outside some rectangular cell Ry. 
Thus for such 7 


Af.<log+f)< BA in W. 


139. 1. Preserving the notation of 136, let 91, 995 *** Gm be chosen 
such that tf we set 
oa =n) i tn) cP aeey Lm = Im(ty ee tn) 
then &=(2, +++ Um) les in Aas t=(t, +t, er. If fed uni- 
Formly in A, 
Him A = lim {f(y +++ Gms ty +++ th.) — OCG +++ ty} = 0. 


t=? 
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For if f = ¢ uniformly in X, 
a0), d6>0 If—d|<e 
for any x in Wand any tin V*(r), 8 independent of 2. 
But then |A|<e tin V3*(r). 
2. Asa corollary we have : 


Let a,,a,+- =a. Let F= Xf, be uniformly convergent at a. 


Then Fa,) Sth) 
140. Example 1. ~ 


lim f = lim 
u=0 


sin u sin 2 u eae 2 for z =0, 
u=0 Sin? u + a cos? u 


0 forz#+#0. 
The convergence is not uniform atw=0. For 


2 cos u 
Meet re ocr 


Hence if we set z= u? 


lim f = 1, since u* cot? 4=1. 
u=0 : 


Thus on this assumption 
lim |f—g|=|1-—2|=1. 


Example2. F=1l—a2+20—-2)+7A-27)+20A-2)++ 
ar F=S(0—2) +2" 
0 

Hence F is uniformly convergent in any (— 7, r), 0<r<1, by 
136, 2. . 

We can see this directly. For 

Fi=A—-aAt+et+ert+ al) = 1— 2". 

Hence F is convergent for —1<a2<1, and then F(x)=1, 
except at z= 1 where F=0. 

Thus | #, (2) |=|a|", except at = 1. 

But we can choose m so large that 7” <e. 

Then | £,,() | <¢ for any # in (—1, r). 
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We show now that F does not converge uniformly a 2=1 


For let 1 


Then | | F(a) | -(1 o ae 


and F does not converge uniformly at z= 1, by 189, 2. 


s 


Example 3. es 2 : 
rT 1+ ne) 1 + (4+ 1z*) 


Here as ain o 1 
14+ ne 14+(n41)2? 


and F is telescopic. Hence 


jp 
"142? 14(+4+1)2? 
il 
Petes 5 p 0 
14 2? goa 
= » «#=0 
Thus fe 1 
7 re ear eR 5 0. 
| ¥| 1+ (n+ 1)2? aa 
Let us take i 
a, = 
Vn+1 
Then cs 
FF, Gn) = } 


and F' is not uniformly convergent at 2=0. It is, however, in 
{—, ©) except at this point. For let us take x at pleasure 
such, however, that |x| >6. Then 


oe 1 
dps a Rie Be 
| #.@) ~1l4+@m+lhe 


We now apply 136, 1. 


Example 4. 
C1 + nx?)(1 + (nm + 1)222)" 
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Here 


= n a 7 oe al 
aie 1+ nn? 14+(m+1)%2 
and Fis telescopic. Hence 
ees et La 
"L422 14(n4+1)% 
a ' 
= tas in HOMES 
The convergence is not uniform at 2 = 0. 
For set ots 1 . Then 
n+1 


| F,(a,) | = 4, does not = 0. 


It is, however, uniformly convergent in % except at 0. For 
Lite) 0, 


a — ates Dee |e Ger DRS 
Fn@=|F +(n + 1)? =i +(n + 1)28 
zg for n > some m. 


141. Let us suppose that the series F converges absolutely and 
uniformly in %f. Let us rearrange F, obtaining the series G. 
Since F is absolutely convergent, so is G and F= G. We can- 
not, however, state that G is uniformly convergent in YI, as Bécher 
has shown. 


Example. 
Ds ee ee eee es eee 
x 


Here F,, = 0: 


Pry, = 2-11 — 2). 


Hence F is uniformly convergent in %&f = (0, 1). 


Let 
Got = es peo ee + ot ol oa 
xv 
Then 
Gong = P= 2A -—Dt¢+P-Dt+ E+ eH—2)+-. 


xv 
+ (a2 4 att —ah)} = SE att tt ot} = 0 — 2"). 
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Let 


wn Onatan= (1-2) [1 -(1-3) 


=i(1 -=) as n = oy 


€ € 
Hence @& does not converge uniformly at x = 1. 
142. 1. Let f= uniformly in a finite set of aggregates I,, 
%.° U,. Then f converges uniformly in their union (U,, «+ U,)- 
For by definition , 
e>0,6,>90,|f-—d|<e z in Y,, mabe Bed Gr) ad 


Since there are only p aggregates, the minimum 6 of 6,, --- 5, 
is >0. Then 1) holds if we replace 6, by 6. 


2. The preceding theorem may not be true when the number 
of aggregates Y,, WU, --- is infinite. For consider as an example 


F = 31 — 2)2*, 


which converges uniformly in % = (0, 1) except at z=1. Let 


a, = ($=, —,) gas 1, 2, «+ 60, 


Then F is uniformly convergent in each %,, but is not in their 
union, which is 9. 


3. Let f= $,9 = uniformly in A. 


Then ftg=oty uniformly. 
Tf $, remain limited in A, 

Jg=h uniformly. al 
If moreover | | > some positive number in A, 

Z = : uniformly. (2 


The demonstration follows along the lines of I, 49, 50, 51. 
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4. To show that 1), 2) may be false if $, y are not limited. 
Let 1 
FRG SiG, ght COM sh 9) 0, 
ri 


Then ¢ === and the convergence is uniform. 


zw 
But o¢ 
BT ee get 


Let w=t. Then A=2 as t+0, and fy does not = op 
uniformly. 


Again, let 1 

f= is ar t, i a t, 

the rest being as before. 
Then 


1 
Pee p=er 
But setting r=4%, 
2 
[A] = ne = Pe wast 0 
J “ 


f 


and *— does not converge uniformly to ss 


143. 1. As an extension of I, 317, 2 we have: 


t ; 
Le lim f(x, 1+ Biny Ya? Yp) = P(2y +++ Lm) 
=y 


uniformly in XU. Let 
we EEE) ED ae Yoh ++ tn) = Np: 
Let yn in V*(r). Then 
eG Wms Yr Yp) = PQ ++ Xm)s uniformly. 
The demonstration is entirely analogous to that of I, 292. 


9 
2. Let lim U(X, o°* Lng ty see t,) = v,(a aD Lm) >, t= 1, 2, so2 Dy 


t=r 


uniformly in YU. Let the points 


\ V = (VY, Ups ++ Up) 
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form a limited set B. Let F(u, ++ uy) be continuous in a complete 
set containing B. Then 

lim F(u, +++ Up) = FOr, «+: Up) 

t=t 
aniformly in A. 

For F, being continuous in the complete set containing &, is 

uniformly continuous. Hence for a given e > 0 there exists a 
fixed o > 0, such that 


| F(u) — Fv) | <e uinV,(v) , vin B. 
But as uw, = v, uniformly there exists a fixed 6 > 0 such that 
hp oe iecres ug a Nt an (aes 
Thus if e¢’ is sufficiently small, w= (w,,---u,) hes in Vw) 
when z is in & and ¢ in V;*(7). 


144. 1. Let lim f (2, +++ By ty + tp.) = P(A, oT) 
(=f, : 


uniformly in Xt. Then eee 
t=7 
uniformly in U, if b is limited. 

This is a corollary of 148, 2. 


2. : 
Let lim f(y +++ Dmg £1 ++ Ey) = P(X, ++ Vm) 
tT 
uniformly in A. Let be greater than some positive constant in Y. 
Then lim log f = log ¢, 
(=r 

uniformly in A, if d remains limited in A. 

Also a corollary of 143, 2. 

3. Let f= and g = uniformly, as t =r. 

aie ° a 
Let $, x be limited in A, and $ > some positive number. Then 


fo = o¥ uniformly in Y. ad 


For 
r iid = eves, ‘ (2 
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But by 2), logf=log¢ uniformly in %; and by 142, 3 
g log f= log d, uniformly in %. Hence 2) gives 1) by 1. 


145. 1. The definition of uniform convergence may be given a 
slightly different form which is sometimes useful. The function 


SF (@y 0 Umy Fy 2 ty) 


is a function of two sets of variables 2 and ¢, one ranging in an ft, 
the other in an §,,. 


Let us set now w = (a, + &,, t, + ,) and consider w as a point in 
m+ p Way Space. « 
As xz ranges over Y and ¢ over V3*(r), let w range over s. 


then imy=¢ 
t=T 
uniformly in % when and only when 


e>0, 6-0 |f—$|<e win Bs, 6 fixed. 


By means of this second definition we obtain at once the follow- 
ing theorem: 


2. Instead of the variables a ++ Xp, ty +t, let us introduce the 
variables Y4 ++ Ym Uy +++ Un 80 that as w ranges over Bs, 


2= (94° Ym Uy a) 


ranges over Gs, the correspondence between Bs, Ss being uniform. 
Then f = b uniformly in UX when and only when 


60, é6>0 lf—dl<e , z2mGs, 84 fixed. 


Penis Let pn 
. Example. oe ee 

where mp nit0 et eS 0 e 
Then 


o(t)=lim f(a, n)=0 , in X= (0, o). 

Let us investigate whether the convergence is uniform at the 
point x in YI. 

First letz>0. If 0<a<a2<b, we have 
\f-$| <2. 


eo? nt 
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As the term on the right =0 as n+, we see f=¢ uniformly 


in (a, 6). 


When, however, a= 0, or 6=00, this reasoning does not hold. 


In this case we set B 


t= er": 
which gives logV8  t 
nels 
As the point (2, m) ranges over X defihed by 
rah | ee Yet 
the point (¢, m) ranges over a field { defined by 
te) 5 er §, 


and the correspondence between X¥ and T is uniform. Here 


log?/8 . ¢ 
t 


lf¥- |= 


n & 


(2 


The relation 2) shows that when z>0,t+o asn+o; also 
when z= 0,t=1 for any x. Thus the convergence at z= 0 is 


uniform when 


(38 


Lean 
Bo 
The convergence is not uniform at z = 0 when 8) is not satisfied. 
For take 
o= : “= 1,2 
= ed 
For these values of x BA 


fb] aertoms 
which does not = 0 asn = oo. 
146. 1. (Moore, Osgood.) Let 

lim f(a, Sa 2a t see i) $2, ine x) 
tr 

uniformly in A. Let a be a limiting point of I and 
lim FQ, tt Zing ty in t.) a vO ci tn) 
ra 


for each tin Vs*(r). Then vA 


® = lim ¢(4, +z.) , V=limy(t, = ¢,) 
<=a t= 


exist and are equal. Here a, t are finite or infinite. 
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We first show ® exists. To this end we show that 
e>0 , 8>0 , | (2) — 46(2")|<e eye Cin Vy* (a) Cl 


Now since f(a, ¢) converges uniformly, there exists an 7 >0 
tuch that for any 2’, 2’ in Y 


o@')=f(2',t+d¢ tin V,*(r) (2 
(2) = f(a", th+el". Pe hs tet | <7: (3 
On the other hand, since f = > there exists a 8>0 such that 
FO! = WD +e" a 
FE DawO+re lel feri<i 6 


for any 2’, 2’! in V;*(a) ; t fixed. 

From 2), 3), 4), 5) we have at once 1). Having established 
the existence of ©, we show now that @=W. For since f con- 
verges uniformly to ¢, we have 


| f(a, t) — o(2) | <5 zin& , tin V,*(7). (6 
Since f = y, we have 
| f(z, t)-— v(t) | <5 win Vy*(a) , tfixedin V,*(r). (7 


Since ¢ = ®, : 
|o(z) —®| <5 2in Vy*(a). (8 
Thus 7), 8) hold simultaneously for 6 < 6/, 6”. 
ee |¥O-&|<e tin VAC), 
or lim W(t) = ®. 
= 


2. Thus under the conditions of 1) 
lim lim f =lim lim f; 


e=a t=7 t=t ®=a 
in other words, we may interchange the order of passing to the 
limit. 
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3. The theorem in 1 obviously holds when we replace the un- 
restricted limits, by limits which are subjected to some condition ; 
e.g. the variables are to approach their limits along some curve. 


4. Asa corollary we have : 


Let F = Xf,(x, +++ x) be uniformly convergent in U, of which x =a 
is a limiting point. Let lim f,=1,, and set L=l,. Then 


“= 
8 


bm P= DL; a finite or infinite, 
or in other words 
hn 2f,= = Um z,. 
Example 1. 
FAC a 
ODnenz 


converges uniformly in 9 =(0, ©) as we saw 136, 2, Ex. 1. Here 


: 1 
aa Qn Ins 
i 


d L=>: ie == —=1, 
an 3 Dn 1 
Hence lin. /@ y= 1: 
Also R lim f, =90; 

e=0 
hence Rime dt aye 0. 
x=0 


Example 2. 


F(a)=1 aS ih (= *\" 
1 


nl\ 2 
converges uniformly in any interval finite or infinite, excluding 
x=0, where F is not defined. For 

1 

<< 
|Fn|S n!" 
and 1 
al = 
45 Paes é. 


Hence lim F(2)=e. 
a=) 
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Example 3. 
F(z)= S 4s eo ee ee aS ; 
(*) p2 (1 + na*)(1 + (n+ 1)2”) = fn(®) 
al 

= ae for #0 

= 0 for z= 0. 
ES lim #'€a@) =, 

wo=0 
we _ Slim f,@)= 30 =0. 
/ w=—0 

Thus here 


lim 2 f,(#) # Zlim f,(2), 
a=0 x=0 
But F does not converge uniformly at =0. On the other 


hand, it does converge uniformly at = +00. 


3 lim F(@)=0 , lim f,(z)=0, 
©=-fo w=+n 


lim = f,(@)'= lim f,(@), 
= n= +0 


as the theorem requires. 


and 


Example 4. . S\ (na? (n+1)2? x 
F(x)= sais sd Ce 
(x) 2 \< ent 12? J ee” 


which converges about x = 0 but not uniformly. 
However, lim Sf,(@) = Slim f,@) = 0. 
r= r=() 


Thus the uniform convergence is not a necessary condition. 


147. 1. Let lim f(a, +++ &my t+ th) = P(%4 °° Lm) uniformly at 
t=T 
a=a. Let f(a, t) be continuous at x= a for each t nm V5*(7). 
Then $ is continuous at a. 


This is a corollary of the Moore-Osgood theorem. 
For by 146, 1 


lim lim f(a + A, t) = lim lim f(a +f, ¢). 
t 


h=0 t= =—7) =X) 


ee aCe hye lim f(a) = aca): Q.E.D. 
h=0 {=1 
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A direct proof may be given as follows: 
f@d=o@te — le| <e, xin Y(a) 
o(2')-9@")=f@, OF 2" O+e". 
But Li ASD) =F ee a eae: 
9, Let F=f, ..1(% °° Gm) be uniformly convergent at m=a. 


Let each fs,...s, be continuous at a. Then F(a,---%,) is continuous 
atx=a. 


Follows at once from 1). 


3. In Ex. 3 of 140 we saw that 
aa 
ne oa +na*)(1+ (n+1)2*) 
is discontinuous at x = 0 and does not converge uniformly there. 
In Ex. 4 of 140 we saw that 


L)a?-1 
eS n(n + 1 
>) (1 + nx?) (1 + (n + 12?) C 
does not converge uniformly at 2 = 0 and yet is continuous there. 
We have thus the result: Zhe condition of uniform convergence in 
1, is sufficient but not necessary. 
Finally, let us note that 
F@ => [= _ Gr De) 0<a<B 


lL ensB emtDz8 


Ld 
=—, x> 0 
er 
is a series which is not uniformly convergent at 2 = 0, although 
F(@) is continuous at this point. 


4. Let each term of F= Xf,,....,(%°%m) be continuous at x=a 
while F itself is discontinuous at a. Then F is not uniformly 
convergent. 


Re ai : 
For if it were, F would be continuous at a, by 2, 
. 


Kemark. This theorem sometimes enables us to see at once 


that a given series is not uniformly convergent. Thus 140, 
Exs. 2, 3. 
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5. The power series P= Za,....,,, vi--a'" is continuous at any 


“Sm m 


inner point of its rectangular cell of convergence. 

For we saw P converges uniformly at this point. 

6. The power series P= Ay + aye + A274 + ts a continuous 
Sunetion of x in its interval of convergence. 


For we saw P converges uniformly-in this interval. In par- 
ticular we note that if P converges at an end point x=e of its 
interval of convergence, P is continuous at e. 

This fact enables us to prove the theorem on multiplication of 
two series which we stated 112, 4, viz. : 


< t 
eee Ae Dagens. BS ick herb eae 


C= agdy + (4901 + 4459) + Cay bg + 4401 + dghy) + 
converge. Then AB=C. 
For consider the auxiliary series 
F(x) = a) + ayx + Agr? 
G(x) = b, + byx + bya? + 
H (x)= ayby + (ab, + a0) % + 


Since A, B, C converge, F, G, H converge for x=1, and hence 
wbsolutely for |x|<1. But for all |x| <1, 


H@)=L@).G@). 
ous Diim H(2)= Lim F(@) - Llim €@), 
z=1 r=! z=1 


oe C= AB. 


149. 1. We have seen that we cannot say that f= ¢ uniformly 
although f and ¢ are continuous. There is, however, an impor- 
tant case noted by Dini. 

Let f(x, Um t,t) be a function of two sets of variables 
such that 2 ranges over %, and ¢ over a set having 7 as limiting 
point, 7 finite or ideal. Let 


lim f(a, D= $@) in &. 
Then we can set S@ t= o@)+¥@, 1). 
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Suppose now | #(a, ¢') | <| W(, ¢) | for any ¢ in the rectangu- 
lar cell one of whose vertices is ¢ and whose center is 7. We say 
then that the convergence of f to ¢ is steady or monotone at x. 
If for each 2 in Y, there exists a rectangular cell such that the 
above inequality holds, we say the convergence is monotone or 
steady in A. 

The modification in this definition for the case that 7 is an ideal 
point is obvious. See I, 314, 315. 


2. We may now state Dini’s theorem. 


Let f (ays Gms by th) = P(A ++ Lm) steadily in the limited com- 
plete field X ast 7; 7 finite or ideal. Let f and $ be continuous 
funetions of xin YX. Then f converges uniformly to p in A. 


For let x be a given point in %, and 
I@O=$@)+~@ O.- 
We may take ¢’ so near 7 that | y(a, t’)|< = 
Let 2 be a point in V,(7). Then 
Ft) = $0") +4, t. 
As fis continuous in 2, 


iat) —f@ vy = - 


Similarly, : 

[o(x') -—$@)|< 3° 
NE Ir (2, #1) | < ein Va). 
Hence 


Ip @, | <e for any z' in V,(a) 


and for any ¢ in the rectangular cell determined by ¢’. 
As corollaries we have : 


3. Let GF= Z| fi ...6(@y ++ Um) | converge in the limited complete 
domain A. Let G and each f, be continuous in A. Then G and 
a fortiori F= Zhi unig CONVErGE uniformly in X, furthermore f, ..,. == 0 
uniformly in %. ee 


4. Let = Z| fiy..ug(@y +++ Mm) | converge in the limited complete 
domain U, having a as limiting point. Let G and each f, be ‘con- 
. be 
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tinuous ata. Then G and a fortiori F = Xf,,...,, converge uniformly 
at a. 


5. Let FSX] funug(Vy Xm) | converge in the limited complete 


domain A, having a as limiting point. Let lim & and each lim f, 
7 aw=a LA 
exist. Moreover, let 


fim: Ge== > lim-7*, 

Then G is uniformly convergent at a. 

For if in 4 the function had values assigned them at a= a dif- 
ferent from their limits, we could redefine them so that they are 
continuous ata. « 

150. 1. Let lim fay +++ ny ty +++ t,) =P (21 +++ im) uniformly in 

t=T 
the limited field A. Let f be limited in Y. Then 


1j = = life 
ey lade 
For let ie tate Ve: 

Since f= ¢ uniformly lab] <e 


for any t in some V*(7) and for any 2 in Y. 


Thus Se-L]|< 


Remark. Instead of supposing ¢ to be limited we may suppose 
that f(a, t) is limited in %& for each ¢ near t. 


2. As corollary we have 
Let lim f (ay +++ ny Cy 00+ tn) = f(a, +++ Lm) uniformly in the limited 


field Ae Let f be limited and integrable in M for each t in Vs* (7). 
Then is integrable in X and 


area ey 


3. From 1, 2, we have at once: 


Let B= Sfoins(@y 01m) be uniformly convergent in the limited 
field Y. Let each f,,...., be limited and integrable in A. Then F is 


integrable and f HE D2 Wi Bere 
yt bE 
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Tf the f.,..., are not integrable, we have 
{pr eae 
YU or 


Example. re a s 
> (1 + na®)C1 + (m + 1) 2”) 


does not converge uniformly atw=0. Cf. 140, Ex. 3. 


Here il 
Fi=1- 
fe 1 + nz? 
and fel for 2+ 0, 
eC Os 10 for 7 =. 
Hence i za 
if Wage 1. 


1 cme 
Fidz=1— ae 
i} ie Ss 


=1—arcig Vn. 4 
Vn 
Thus we can integrate # termwise although F does not converge 
uniformly in (0, 1). 


151. That uniform convergence of the series 


Fa@=fA@+h@+- ad 
with integrable terms, in the interval 9% = (a<d) is a sufficient 
condition for the validity of the relation 


J Pav= f"fao+ {fda t 


is well illustrated graphically, as Osgood has shown.* 
Since 1) converges uniformly in % by hypothesis, we have 


F,(«) = F@) — F(a) (2 

and 
|\F.(a)|<e n>m 3 

for any 2 in Qf. a ( 


* Bulletin Amer. Math. Soc. (2), vol. 3, p. 59. 
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In the figure, the graph of F(x) is drawn heavy. On either 
side of it are drawn the curves F—e, F+e giving the shaded 
band which we call the e-band. 

From 2), 3) we see that the graph of 
each F,, n>m lies in the e-band. The 
figure thus shows at once that 


{Fax and S Pate 


can differ at most by the area of the 
e-band, z.e. by at mast 


fe edz =2€(b—a). 


a 7) 


152. 1. Let us consider a case where the convergence is not 


uniform, as 
Rew ie ghee hala 
F(a) eo > Len bail en—lat = 0. 


Here 


Ee (x) Ee ae 
one 

If we plot the curves y= F(x), we observe that they flatten 
out more and more as n=oo, and approach the g-axis except 
near the origin, where 
they have peaks which 
increase indefinitely in 
height. The curves 
F,(2), n>m, and m suf- 
ficiently large, lie within 
an e¢-band about their 
limit #(x) in any inter- 
val which does not in- 
clude the origin. 

If the area of the 
region under the peaks 
could be made small at 
pleasure for m sufficiently large, we could obviously integrate 
termwise. But this area is here 
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1d ae 
f Fido= 3 f ale = a sales =) 
3 


= as nN = 00 


Thus we cannot ere the F' series termwise. 


2. As another example in which the convergence is not uniform 
let us consider 


Here 


The convergence of F’ is uniform in Y% =(0, 1) except at x= 0. 
The peaks of the curves #’,(z) all have the height e7!. 

| Obviously the area of the 

region under the peaks can be 

made small at pleasure if m is 

taken sufficiently large. Thus 

in this case we can obviously 

integrate termwise, although 

—_. the convergence is not uniform 


in YM. 
We may verify this analytically. For 
f Pade = fo es pat ltM 9 as 2 = 00 
ner? 
3. Finally let us consider 
af (n+1)%r ney 
F ed —— = 0 
@) p> i 1+ (m+ 1)32? 14 niz? 
Here Ws 
LG) =—— 
(2) 1 + n3x2 


ae 


The convergence is not uniform at 2 = 0. 
The peaks of F(x) are at the points 2 = n~2, at which points 


F,=3-Vn 
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Their height thus increases indefinitely with n. But at the 
same time they become so slender that the area under them = 0. 
In fact 


a a 1 
If F(a)de = f 5 dog (1 + nz) 


2n 6 2 n i 

We can therefore integrate termwise in (0 < a). 

153. 1. Let lam G(a, tt) =9(x) in WM = (a, a+ 8), 7 finite 
or infinite. Let each G(x, t) be continuous in A; also let Ga, t) 
converge to a limit uniformly in Aast=r. Then 

lim’ Ga, 0) = 9'(@) n A, @! 
t=r 
and g'(x) is continuous. 
For by 150, 2, 


lim jf CUS af “lim Gide. 


By I, 538, ’ 
J Gide = G(x, t) — Ca, t). 


Also by hypothesis, lim {4 (a, t)— @(a, t)}= 9(2)—9(@). 
Hence 


) y(@)—g(a) = J lim G(x, t)de. 2 


But by 147, 1, the integrand is continuous in Y%. 
Hence by I, 587, the derivative of the right side of 2) is this in- 
tegrand. Differentiating 2), we get 1). 
2. Let F(x) = >f,,....,(e) converge in U=(a,a+8). Let each 
Fi(x) be continuous, also let 
Fi a) 


be uniformly convergent in X. Then 
Pa) == 271K 2s in WA. 


This is a corollary of 1. 
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3. The more general case that the terms f,...,, are functions of 
several variables 2,, +++ %m follows readily from 2. 


154. Hxample. 
F(«)= >| - (n+ oe t= Shs . « 8B, X=), 0. 


; ont'xB Q(t Deak 


Apo 
ig na 
Here re 


a function whose uniform convergence was studied, 145, 3. Wesaw 


IGN for any ¢>0. 


Hence F(x) =0 ei 
Pak Gey fe): qd 
Then G(x) ae Fi(x) Res anrg-1 Brdeges-t 
; ent xB entzB 
ee GG yee") 
hence F'(2) = Sfi(a), (2 


and we may differentiate the series termwise. 


lig =) and c=, A> 0; G0 = =) = oo as nt ac 

In this case 2) does not hold, and we cannot differentiate the 
series termwise. 

For «=0, and «e>1, G,(0)=0, and now 2) holds; we may 
therefore differentiate the series termwise. But if we look at the 
uniform convergence of the series 1), we see this takes place only 
when 


Ga 


B be 


155. 1. (Porter.) Let 
Ee att 


converye in U=(a,b). For every x in U let | f'(a@)| <g,, a constant. 
Let G = 2g, converge. Then F(x) has a derivative in X and 


Tt (eyes Dy en CD) : ad 


or we may differentiate the given series termwise. 
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For simplicity let us take s=1. Let the series on the right of 
1) be denoted by ¢(@). For each 2 in & we show that 


= 0.1 0, D=|** — $@) 
av 


=. lal <0; 


For 


AF sf,(e7+Az)—f,(2) _ sy 
AG Ag * == fab) 


where &, lies in V3(2). 


Thus ENS CE) —fiay= D+ dD. 
le 


But @ being convergent, G,, < ¢/3 if m is taken sufficiently large. 
Hence 2 a a a 
|Dn|< = El + = \Fn@)|<2 Gn < $e 
m+ m+ 


On the other hand, since We = f/(«) and since there are only m 
L 


terms in D,,, we may take 6 so small that 


| Dn |< ¢/8. 
| D|<e for |Az|< 6. 
2. Example 1. Let 


F(a) = Se SiG) ek d 


mam. 1 a7 


Thus 


This series converges uniformly in %=(0<4), since 


Also yl a a (= 1)! y a” ; 
sd n! (1+ ary 


IM@1< =o, in We. 


Hence 


As 3g, converges, we may differentiate 1) termwise. In 


| general we have 


valid in Y. 


PY(@) = 3f(@)=(— DE are @ 
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3. Example 2. The % functions. 
These are defined by 
9, (@) =25(— 1) "9" sin (Qn 4 12x 
i = 2q' sin 7x — 2g? sin 37u + + 
i, (a) = 2 Syn? cos (2n + 1) max 
; = 2¢ cosTa+2q? cos3 mx + + 
§,(@)=1 42 29" cos 2 nx 
=1+4+2qcos2rzxz+ 29! cos4rz+ + 
9) (a) =142 > (—1)"q” cos 2 nx 
; = 1-—2qcos27x+2¢ costrzr—--- 
Let us take hieeas 


Then these series converge uniformly at every point 2. For 
let us consider as an example #,. The series 


Mas CAA Kg) anit 
is convergent since the ratio of two successive terms is 
giant? 
i 


and this = 0. Now each term in #, is numerically 


paris 
7 >] 


eC Hiee 
and hence < the corresponding term in 7. 

Thus #, (a) is a continuous function of 2 for every z by 147, 2. 
The same is true of the other 4’s. These funetions were discovered 
by Abel, and were used by him,to express the elliptic functions. 

Let us consider now their derivatives. 


Making use of 155, 1 it is easy to show that we may differentiate 
these series terimwise. Then + 


8] (a) = 2 ire 1)"(2 n+ 1) g**” cos (2m + 1) rx 


= 27 (q' cos ra — 3 qi cos 3 wa, + +). 
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9 (2) =— 2aEQn + 1) gi sin (Qn + 1) wz 
0 
=—2n(qsin re + 3qisin 3 rx + +). 
I(@)=-—4 a> ng™ sin 2 nix 
1 
=—4r(qsin2rz+ 2¢qsin4mz + +). 
3) (@) =— 4S (— 1)"nq™ sin 2-n1z 
1 
=+ 47(qsin 27x — 2¢¢ sin 4 rx + +). 


To show the umform convergence of these series, let us con- 
sider the first and compare it with 


Si siol+ olg) + teh + - 
The ratio of two successive terms of this series is 


Mian Se F [Qe anit. 
2n+1 |q|” Dip a il 


| q fates 


which = 0. Thus S is convergent. The rest follows now as 
before. 


156. 1. Let 
li Ga ie h, ty oo, t,) aa G(a, t, ony tn) KG aE h)— g(a) 
= h a h 


uniformly for 0 <|h| <n, 7 finite or infinite. 

a Gia, t) exist 

for each t near t. Then g'(a) exists and 
Ju Gi(a, t)h=g'(@). 


This is a corollary of 146, 1. Here 
G(a +h, th— G(a, t) 
h 
takes the place of f(a, ¢). 


2. From 1 we have as corollary : 


(Dint), Let F(2) = >> ost (2) 
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converge for each x in X which has x =a as a proper limiting point. 
Let f'(a) exist for each v= (t+ tn). Let 


Kath) f(a) 
ae 


converge uniformly with respect toh. Then’ 


F'(a) == Ef)... (a)» 


CHAPTER VI 
POWER SERIES 


157. On account of their importance in analysis we shall 
devote a separate chapter to power series. 
We have seen that without loss of generality we may employ 


the series Oy Get att ws a 
instead of the formally more general one 

My) + Ay(@— A) + a,(x — a)? + 
We have seen that if 1) converges for =e it converges abso- 
lutely and uniformly in (—y, y) where 0<y<|e|. Finally, 
we saw that if ¢ is an end point of its interval of convergence, it 
is unilaterally continuous at this point. The series 1) is, of course, 


a continuous function of @ at any point within its interval of 
convergence. 


158. 1. Let P(x) =a, + aye + a,x? + --- converge in the interval 
Y= (— «a, «) which may not be complete. The series 
P,=1-2---na,+2-3- + (m+1)an ye + + 


obtained by differentiating each term of P n times is absolutely and 
uniformly convergent in 8 =(— B, 8), B<a, and 


Pa nS. 
da” 


For since P converges absolutely for z= B, 
«,.3" <M, n=1, 2,>-- 
Let now z lie within 8. Then the adjoint series of P,(2) is 


+2 o€ + 3 aE? + ++ 
Now its m™ term 
a es meni (EY '< mie 
Mein’ fae = “one 


187 
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But the series whose general term is the last term of the pre- 
ceding inequality is convergent. 


Bo Let P= Ao + ax + Ayn? + cee 


converge in the interval UX. Then 


Q = {Pas = fa, dx +f ards eee 


where a, 2 liein XY. Moreover Q considered as a function of x con- 
verges uniformly in I. 

For by 1387, P is uniformly convergent in (a@, 7). We may 
therefore integrate termwise by 150, 3. To show that Q is uni- 
formly convergent in % we observe that P being: uniformly con- 
vergent in % we may set 


P =aP ee 
where Pea tectae m>m, o small at pleasure. 
h - 
Then OO Gs 
where A Sil ep a 
| Onl =| f° Pade | So <e 


on taking o sufficiently small. 


159. 1. Let us show how the theorems in 2 may be used to 
obtain the developments of some of the elementary functions in 
power series. 

The Logarithmic Series. We have 


Be eee ae 
77 


for any z in Y=(—1*, 1*). Thus 


ae dz £7) ‘x 
es —log (1— 2) =f dx a vda + ++ 
Hence 2 3 
log A-2)=— {2454244 5 ean Nh 
This gives also : 
, ze ‘ 
ee a a 5 eae Q 
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The series 1) is also valid forz=1. For the series is conver- 
gent for a= 1, and log (1+ 2) is continuous at c=1. We now 
apply 147, 6. 

For c= 1, we get 

log 2=1—3+4+34-]4+.. 
2. The Development of aresin x. We have by the Binomial 


perics 1 Vg A884 1-8-5 
~=a | SEE Eee 
et oe has oh 
for win W=(— 1*%,1*). -Thus 
J, Gr tesin gs ot at age (2 


It is also valid for 2=1. For the series on the right is conver- 
gent forz=1. We can thus reason as in 1. 
For z=1 we get 
1 1-3 1-3-5 


TW 
Ss | zl 
So) 65 oe oer ae 


3. The Arctan Series. We have 


1 
eae has 


for 2 in Y=—(—1*,1*). Thus 


ue waa arctan = dx ae veda + + 


Baines il Seana fs 3 
aD a4 ( 


valid in 9%. The series 3) is valid for x=1 for the same reason as 


in 2. 
For z=1weget aw _ dae 
de cee as a oe | 
4. The Development of e*. We aes seen that 
E(«)=1 dbeeee ay +3 oes 
converges for any z. Differentiating, we get 
o 


Hia)= lab ako (alas 
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ee E'(@) = E@) (a) 
for any z. Let us consider now the function 
EF 

fey= =. 
We have 

e* HE! — Ke*_ E'—EH 

fi @)= SS = = 
by (a). Thus by I, 400, f(z) is a constant. For #=0, f(@) =1. 
Hence ae 
Amlehe terre 


valid for any 2. 


5. Development of cos x, sin 2. 
The series 


zt = 
C=1-— S++ 


converges for every z. Hence, differentiating, 


3 4 
= =F 5- at 
Wires vt 
Clv= 1+ 2! Te 3 
Hence adding, C+o"=0. (b) 


Let us consider now the function 


f(@)= Csinz+ C' cos z. 


pee f'(@)= Coos z+ C' sina — O'sina+ 0" cosz 


=(C+ C"’) cosa 
= 0 by (b). 


Thus f(#) is a constant. But C=1, C’=0, for x=0, hence 
FS@) c= 0, . X 
or Csina + C! cosx=0. ' (c) 


In a similar manner we may show that 


or g(@)= Ceosx— O'sinz=1. é (da) 
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If we multiply (c) by sina and (d) by cos and add, we get 


C=cosz. Similarly we get C’=—sinz. Thus finally 
Ry pet ae 
ee eg i 
: 0 ae aR 
St Rae Ve 


valid for any 2. 


160. 1. Let PHaygv™+ Any ++ 5 An #0, converge in 
some interval YX about the origin. Then there exists an interval 
B< Win which P does not vanish except at x= 0. 


oe P= "(An + Anist + a) 


=a": 


Obviously @ converges in %. It is thus continuous at r= 0. 
Since Q#0 at x=0 it does not vanish in some interval % about 
= 0 by I, 351. 

In analogy to polynomials, we say P has a zero or root of order 
m at the origin. 


2. Let P= ay. + ax + a,x7 + +++ vanish at the points b,, bg, «+» = 0. 
Then all the coefficients a,=0. The points b, are supposed to be 
different from each other and from 0). 


For by hypothesis P(4,)=0. But P being continuous at 2 = 0, 
PO) =hlm P@,). 


Hence P(0) — 0, 
and thus a, = 0. 
Hence ACID 


Thus P, vanishes also at the points 6,. We can therefore 
reason on P, as on P and thus a4;=0. In this way we may 
continue. 

oe If P=a,+au+°" 


Q=), +b +-- 
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be equal for the points of an infinite sequence B whose limit is ©=0, 
then a, = 6,,n=9, 1, 2+ 

For P — Q vanishes at the points B. 

Hence be 0, een 0, oe 

4. Obviously if the two series P, Q are equal for all x in a 
little interval about the origin, the coefficients of like powers are 
equal; that is PaT eet a ok 


161. ale Let y — Ay ae a,x + Agx® + eee qa 


converge in an interval Y. As x ranges over W, let y range over 
an interval 8. Let : 
2=b, + by + by? + (2 


converge in 8. Then z may be considered as a function of 2 de- 
fined in Y%. We seek to develop z in a power series in z. 
To this end let us raise 1) to the 2°, 3°, 4°... powers; we get 
series 
Y? = gq + Apt + Aggt? + ++ 
YP = Ag + Agy® + Ago” + ++ G3 


which converge absolutely within 2. 
We note that a,,, is a polynomial. 


Am, n= Emin (Gs 4 *°* Mn) 
in dy ++ 4, With coefficients which are positive integers. 
If we put 3) in 2), we get a double series 
D = (b) + b,a9) + b,a,2 + by dgv? + ++. 
F by digg + byAy1% + byAgg2* + +++ (4 
+ bg digy + b33)% + bgdtgg2” + +++ 
+ 


If we sum by rows, we get a series whosé sum is evidently z, 
since each row of D is a term of z. Summing by columns we get 
a series we denote by 

C= cy + c@ + cya? + + (5 
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prere Cy = by + byAy H+ bgMgg + bgAgq + ++ 


°= bia, be G5 8s, + beds, ieee (6 


We may now state the following theorem, which is a solution of 
our problem. 


Let the adjoint y-series, 
N= @) + HE + aE + --- Ge 
converge for E = E,'to the value n = NM: Let the adjoint z series 
S=By + Byn + Bon? + +> (8 


converge for n=). Then the z series 2) can be developed into a 
power series in x, viz. the series 5), which is valid for |x| < &. 


For in the first place, the series 8) converges for n<7. We 
show now that the positive term series 


D = (By + Bye) + Bim E + ByeE? + +> 
+ Botton + Bator E + Bator + ++ 
+ 


converges for E< &. We observe that D differs from Adj D, 
at most by its first term. To show the convergence of © we 
have, raising 7) to successive powers, 


1? = Ag + Ag E + Agol? + +> 


9? = Ag) + Ag E + Agh? +> 


We note that A,,, is the same function F,,,,, Of a), @, +++ & as 


Dp 18 Of Gy5)*5* Uys tee. 


Aran = Fn, n(%» te On) « 


As the coefficients of F,,,, are positive integers, 


Heap eo ab ews Fes (9 
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Putting these values of 7, 77, 7° --- in 8), we get 
A =(By + Bya%q) + By E + Byead? + -- 
+ By Ag + BgAoE + BoAgnd? + + 
+ 
Summing by rows we get a convergent series whose sum is ¢ 
or 8). But this series converges for &< & since then 7 < m, 


and 8) converges by hypothesis for »=7-. Now by 9) each 
term of © is < than the corresponding term in A. Hence D 


converges for & < &. 


2. Asa corollary of 1 we have: 


fet Y = Ay tar + agz* +. 


converge in YX, and 

z2=b, + by + by? + - 
converge for all -w~<y<+a. Then z can be developed in a 
power series in 2, 


2=q+e2++e¢7+--= C 
for all x within %. 
3. Let the series 

Y = QryB™ A Day Dt $ very m>1 


converge for somex >. If the series 
z= byt by + bay? + + 

converges for some y > 0, it can be developed in a power series 
= Cy + ert cave 

convergent for some x > 0. 

For we may take & =| 2| >0 so small that 

1 Cig tig El oe 

has a value which falls within the interval of convergence of 
C= Boyt Byun t+ Bontt ee 88 


4. Another corollary of 1 is the following : 


Let 
Y= M+ a2 + aya? +... 
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converge in U=(—A, A). Then y can be developed in a power 
sertes about any point ¢ of A, 
y= % + e,(%— 0) + e(a@—c)?+ «+ 


which is valid in an interval B whose center is c and lying within Y. 


162. 1. Asan application of the theorem 161, 1 let us take 


aay tik Dee mew a 
Roe VitkoTtoaT 
Rates ee ee 
era Reay S 


As the reader already knows, 
em CL ¥y = sin 2, 
hence z considered as a function of z is 


2= esin £ 


We have 
z=1l+2+0-2?-—32'°4+0-et4+ 54,04 0-084 =. 
+ha7+ 0 —Jat+ 0 4706+. 


Summing by columns, we get 
g= eeinz—] +a+h22?-—}at— 7, 2°- shy 9% os. 
2. Asa second application let us consider the power series 
z= PCy) =a) + ay + My? + ql 


convergent in the interval Y=(— R, RK). Let x be a point in A. 
Let us take 7 > 0 so small that y=x+h lies within %f for all 


[Al <7. 
Then @ =a) +4, (2 +h) 
+ a, (22 + 2 ch + h*) 
+ a,(22+8 ah + 8 xh? + h®) 
Aa fod or) tereRow tee Wed yen Dee he 
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This may be regarded as a double series. By 161, 1 it may be 
summed by columns. Hence 
P(at+h)= ay + 4,4 + au? + ag23 + ++ 
+ h(a, +2 age + 3 aga? + +++) 
+E Qagt?2 Baet+3-dag r+) @ 
= P(x) +hP'(e) + P(e) + EP" G@) + ( 
on using 158, 1. re + 


This, as the reader will recognize, is Taylor’s development of 
the series 1) about the point z We thus have the theorem: 


A power series 1) may be developed in Taylor's series 3) about 
any point x within its interval of convergence. It is valid for all h 
such that x + h lies within the interval of convergence of 1). 


163. 1. The addition, subtraction, and multiplication of power 
series may be effected at once by the principles of 111,112. We 
have if P=a,+ a0 + att + 

Q = 6b, + b,x + bya? + - 
converge in a common interval YY: 
P+ Q=(a + by) + (a, + 8,)t + (ag + b,)2? + + 
P— Q= (dy — bq) + (4, — by)@ + (ag —8g)a7 + + 
P+ Q = ayby + (Ay bq + 49, )e + (Agbg + yb, + Mybg)a* + 
These are valid within %{, and the first two in YJ. 
2. Let us now consider the division of P by R. Since 
Ie 1 
Tate 


the problem of dividing P by R# is reduced to that of finding the 
reciprocal of a power series. 
Let PHat+ar+agte- , ay # 0 
converge absolutely in R=(— R, R). Let 
Q = av + ana + «.. 
be numerically < | ay|in B=(—71, 1) pee ti 
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Then 1/P can be developed in a power series 


1 ' 2 
een oe ove 


valid in B. The first coefficient c, = a : 
a, 


0 
For es. aes et 


P a+Q 4-449 


9 
iL if 2 3 

“ =~ {1-£,¢_@,...| 
A A a a 


for allzin 8. We have now only to apply 161, 1. 


3. Suppose PH Ay” + Ame Oy 0. 


To reduce this case to the former, we remark that 


Pia ot) 

where Q = de sp Caer au ae 
Then Lear 
Pe 7) 


But 1/Q has been treated in 2. 


164. 1. Although the reasoning in 161 affords us a method of 
determining the coefficients in the development of the quotient of 
two power series, there is a more expeditious method applicable 
also to many other problems, called the method of undetermined 
coefficients. It rests on the hypothesis that f(2) can be developed 
in a power series in a certain interval about some point, let us say 
the origin. Having assured ourselves on this head, we set 


SF) = % + aye + a9? + 
where the a’s are undetermined coefficients. We seek enough 
relations between the a’s to determine as many of them as we 
need. The spirit of the method will be readily grasped by the 


aid of the following examples. 
Let us first prove the following theorem, which will sometimes 


shorten our labor. 
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2. If F (2) = My + 048 + A427 + --°5 —-RKR<c< kh, e! 


is an even function, the right-hand side can contain only even powers 
of x; Uf f(x) is odd, only odd powers occur on the right. 


For if f is even, f@)= fs). (2 
But FC) = a) — 404+ aga*— » (3 
Subtracting 3) from 1), we have oF 2) 
, 0=2 (a,x + agx? + aga® + +++) 
for all z near the origin. Hence by 160, 2 
1 =d,=0,= ++ = 0. 


The second part of the theorem is similarly proved. 


165. Example 1. f(x) = tanz. 
Since : 
fan ee a 
Cos x 
and 
4 ct 2. ® 
sings 1! — 31 + BI 
2 4 
cosz = 1 — S a 
we have ne a8 
Car ee P 
tan t= pe) a = 1+@ qa 
ae + ee 
4 EON 
Since cosz>0 in any interval 8 = (- a +6, }} 505 2b 
follows that lQ\<1 wee 


Thus by 163, 2, tana can be developed in a ‘power series about 
the origin valid in 8. We thus set 


tan & = ax + agx3 + aga? + «+ (2 
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since tanz is an odd function. From 1), 2) we have, clearing 
fractions, 


ee ob nd 4 


2! ! 


x 


St a SE Be: aes OE Ue ee, Te 
Py Sty v4 1 
(« Died st)? Cage 


Comparing coefficients on each side of this equation gives 


a,=1. 
a 1 1 
Jae el a 
SOR ake Bake eee 
SAC eee a =1! 
a, Vane Cul Tl Mis aie 
eee ee ee eee 
Wot i at et Gt 2 2835 
Thus tanz=2+}0°+ ~ait dial t+ she Pte C 
bs Si a*® ot 
valid in (—2", 2"), 
Example 2. FS (2) = cosecx = -— 
sin 2 
oS a ee De ee ee ee 
Foes 1) aP 200) 
(1-5 +5 ---) 
Since Q=1 sin & 
we see that IQ@l<1 


when z is in 8=(—7+6, 7—8), 6>0. Thus oe a) 
can be developed in a power series in B. As f(a) is an odd 
function, zf(a#) is even, hence its development contains only even 
powers of z Thus we have 


af (@) = dy + age? + aye + 
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Hence 


Gar 
i= (ay tag )(1- FF — ) 


a - ay \ 4 
= + (agi) (4 438) 2 
a a. Ap _a Ud SW EE er oe. 
+ (4-44 S— 2) + (ay 317 5! A a + 
Comparing like coefficients gives 
w= 
a, 1 
seria a 
eae Soest Her tesl en 
So oremn. 4" 360 
a Ay A _ = 31 
es) we aoe eon 
Thus 7 © 
Se pee oe lcs ee (4 
Sine 22 6 360 3-7! 
valid in (— w*, 1*). 
Nesta F@)=f/,@)+h@t 


where 
Fn(£) = Any + AnyL + Angt® + ++ N= 1, 2 


Let the adjoint series 
ee 
converge for = # and have @¢, as sums for this value of &. 
Let P=¢,+¢,+ °° 


converge. Then F converges uniformly in {=(— R, R) and F 
may be developed as a power series, valid in 9, by summing by 
columns the double series 


2 

Mot Ae FE Git. 2 +s 
+ Aggy + Ag ® + Agot? + ++ 
FH gy + Ag @ + Agya® + a+ 
mA oe ee ‘ 


qd 
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F converges uniformly in X. For as |x| <&, 

|Pn()| Song + Muy [| + ttng ||P + ++ 

Sting + OnE + Ong&* + +++ = hy. 
We now apply 136, 2 as =@,, is convergent for = R. 
To prove the latter part of the theorem we observe that 
My + MR + aR? + + 
Flag + Og BR + Ogg R? + oes 
as 


is convergent, since summing it by rows it has ® as sum. Thus 
the double series 1) converges absolutely for |x| <&, by 128, 2. 
Thus the series 1) may be summed by columns by 180, 1 and has 
F (2) as sum, since 1) has #’as sum on summing by rows. 


167. Example. 
iG) — eee eee iG) a>. 


sep Late 
This series we have seen converges in % = (0, 6), 6 positive and 
arbitrarily large. 
Since it is impossible to develop the f,(7) in a power series about 
the origin which will have a common interval of convergence, let 
us develop F in a power series about 2) >0. 


We have 
eel th ee 
l+at l1+a"x, 14 Ae %) 
; 1+ a*z, 
n = & 2n = 2 
Sel {1-20 46 (@ ff 
1+ a"x, 1+ ax (1 + a"2) 
= Any + Any (@ — %) + Ang(# — %)* + see 
where A (—1)*a™ 


= él cS ary tt 
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Thus F give rise to the double series 
D = Al, + Ap — %) + Aly (x — Xp)? + + 
+ Aig + Ali (@ — %) + Ajg(e — %)? + + 
{boc Seaman tee wa eons “ees 


where ie see A 


iis 


The adjoint series to f,(«) is, setting &=|xr—az|, 


MOE =( [ee 
Ye 


l+a™ (+a)? (1+as,)* 


This is convergent if 


aré c 
<1 or it <n. 
Teese ri <2, 


that is, if 0<r< 2%, 
For any z such thata,<r<2a, , F=r—%, 


Then for such an a 


and the corresponding series 


b= 34, 
is evidently convergent, since ¢,< a : 
n! 


We may thus sum D by columns; we get 
F(a) => Ba —2,)* 
k=0 


where pe <= 1)" an vA 


alt n ! qd J ara, ett 


The relation 1) is valid for 0D<c2r<2 Pas 


qd 
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168. Inversion of a Power Series. 
Let the series 


v= by + byt + bt + +> qd 
have 6, #9, and let it converge for t= t). If we set 
t= 2ty, eo, 
byty 


it goes over into a series of the form 
U= 2 — aga — age? — ++ (2 
which converges for =1. Without loss of generality we may 
suppose that the original series 1) has the form 2) and converges 
forz=1. We ell therefore take the given series to be 2). By 
I, 437, 2 the equation 2) defines uniquely a function z of w which 
is continuous about the point w= 0, and takes on the value z= 0, 
Tor % = 0. 
We show that this function 2 may be developed in a power 
series in uw, valid in some interval about u = 0. 
To this end let us set 
x= U+ cu? + cgue + + (3 
and try to determine the coefficient ce, so that 3) satisfies 2) 
formally. Raising 3) to successive powers, we get 
at =u? + 2c,u3 + (¢,? + 2 cg)ut + (2 cy + 2 egeg)u® + - 
=u? + 3 cout+ (8 e243 cu? + + (4 
a=ui+4 Cu ale ae. 


Putting these in 2) it becomes 
U=U + (Cy — Ay) U2 + (C3 — 2 Age, — a) U8 
+ (¢4 — Age? + 2 c3) — 3 Agcy — Ay)u4 
+ (¢,—2a5 (64+ Cy¢g) —BAg( cq? +03) —4agcg—a,)u> (5 
a . . . . . . . . . . . . . . . 
Equating coefficients of like powers of u on both sides of this 
equation gives ete 
C3 = 2 Anly + Ag 
Cy = My ( Cy” + 2 eg) + 8 Agty + Ay (6 
Cg = 2 dg (C4 + egg) + 3 Ag( CQ? + Cg) + 4 Agcy + a5. 


° ° 
. ° ° 
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This method enables us thus to determine the coefficient ¢ in 
3) such that this series when put in 2) formally satisfies this 
relation. We shall call the series 3) where the coefficients ¢ have 
the values given in 6), the inverse series belonging to 2). 

Suppose now the inverse series 3) converges for some u)+ 0; 
can we say it satisfies 2) for values of w near the origin? The 
answer is, Yes. For by 161, 3, we may sum by columns the 
double series which results by replacing in the right side of 2) 

v, 2, 2, 
by their values in 3), 4). But when we do this, the right side of 
2) goes over into the right side of 5), all of whose coefficients 
= 0 by 6) except the first. 

We have therefore only to show that the inverse series con- 
verges for some u#0. ‘Toshow this we make use of the fact that 
2) converges forz=1. Then a,=0, and hence 


|a,|< some « n= 2, 3, - Ct 
On the other hand, the relations 6) show that 
Cn =Jn( Ags Gas 2*Gn) (8 
is a polynomial with integral positive coefficients. In 8) let us 
replace ag, a,:*+ by a, getting 
Pe A Cre oD) (9 
Obviously ’ lige herp: (10 


Let us now replace all the a’s in 2) by «; we get the geometric 
series 


U=e— ag? — «a — axt—... (1 
cea? 
=x— . 12 
l—2 ( 
The inverse series belonging to 11) is 
e=ut yui+ gud + yyut or (13 


where obviously the y’s are the functions 9). 


We show now that 11) is convergent about w#=0. For let us 
solve 12); we get 


ga ltutvl—-22e+1utu 
2(1 + «) 


(14 
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Let us set 1—-2Qe4+1])u+w=1-—v. For w nearu=0, 
}v|<1. Then by the Binomial Theorem 


Vl-—v=1l+dy+dv?+-- 


Replacing v by its value in u, this becomes a power series in wu 
which holds for w near the origin, by 161,3. Thus 14) shows that 
x can be developed in a power series about the origin. Thus 13) 
converges about w=0. But then by 10) the inverse series 3) 
converges in some interval about wu = 0. 

We may, therefore, state the theorem: 


A el iT re ey See neh FN (15 


converge about the point x=0. Then this relation defines x asa 
JSunetion of u which admits the development 
x=(u— 6) {= + a,(u—b) + a,(u—b)?+ +> 
) 
1 
about the pointu=b. The coeffictents a may be obtained from 15) 


by the method of undetermined coefficients. 


Example. We saw that 


ze 2 ot 
ace Baie as Ets: 1 
uw=log d+2)=2 ane Awe ie ( 
If we set 
U= B+ Ayx? + ax’ + aget + (2 
we have ee a at a = ea 


If we invert 2), we get 
w= U+ Cyu*+ cgui+ ++ 


where c’s are given by 6) in 168. Thus 


as a | 
—C=—}. (,=3 
pee) = 1 c le 
— C, = 2( 4) 4 z= 6 Ss 6 
D) 2 1 
C4 +4 7) +o Se aaa ar Cy=24 


206 POWER SERIES 


eet 
ur UP ut uU? 3 
eae tat at hey te ¢ 


But from 1) we have 


1l+a2=e" mies tt 


which agrees with 3). 


Taylor's Deveiopment 


169. 1. We have seen, I, 409, that if f(x) together witk its 
first n derivatives are continuous in %= (a < 6b), then 


| Fa@th=fla)rs “f(a ate, eC a) + - +o i we 


a Mga + 0h) é 
nN: 


where Dee OW Rey aes © 


Consider the infinite power series in h. 


T =f (a) + EO) + N f"'(a) Fe soe (2 


We call it the Taylor's series belonging to f(x). The first n 
terms of 1) and 2) are the same. Let us set 


R, =f (a+ Oh). e 
Whit 


We observe that R, is a function of », h, a and an unknown 
variable @ lying between 0 and 1. 


We have F(ath)=T7,+ R,. 


From this we conclude at once: 


fae 1”, f(x) and its derivatives of every order are continuous in 
= (a, b), and 2° 


lim R, = lim =f (a+ 0h)=0 , n=, (4 


ee Ue een 
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Then ] j2 
Fath) =f@)t Gf@)+5f"@ +» 5 


The above theorem is called Taylor's theorem; and the equa- 
tion 5) is the development of f() in the interval % by Taylor’s 
series. 


Another form of 5) is 
Gnas (t—-4) (#—a)4 " 
ta)=F(ay+ FV pa) + EV pat. 


When the point a is the origin, that is, when a= 0, 5) or 6) 
gives 


F(@) =F) + af) + SFO) + (1 


This is called Maclaurin’s development and the right side of 7) 
Maclaurin’s series. It is of course only a special case of Taylor’s 
development. 


2. Let us note the content of Taylor’s Theorem. It says: 
If 1° f(x) can be developed in this form in the interval 


AW=(a<$); 
2° if f(~) and all its derivatives are known at the point 
Z=a;5 


then the value of f and all its derivatives are known at every 
point z within Qf. 

The remarkable feature about this result is that the 2° condi- 
tion requires a knowledge of the values of f(a) in an interval 
(a, a+ 6) as small as we please. Since the values that a func- 
tion of a real variable takes on in a part of its interval as (a < ¢), 
have no effect on the values that f(z) may have in the rest of the 
interval (¢ < 6), the condition 1° must impose a condition on f(x) 
which obtains throughout the whole interval 9. 


170. Let f(x) be developable in a power series about the point a, 
viz. let 


f(@) =a + 4,(@— a) + a,(e—4)? + +. ‘al 
Then fs 
Oat Te 
n!} 


i.e. the above series is Taylor's series. 
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For differentiating 1) » times, we get 


ae 


F(a) = 0! dy +S Any (@— 4) + 


Setting here a= a, we get 2). 

The above theorem says that if f(w) can be developed in a 
power series about x = a, this series can be no other than Taylor’s 
series. 4 


171. 1. Let f(x) exist and be numerically less than some con- 
stant M for all a<a<ob, and for every n. Then f(x) can be 
developed in Taylor's series for all x in (a, 6). 


For then Die Me. 
But obviously ia ee: 0 
no NL. 


2. The application of the preceding theorem gives at once: 


; x ge 2g 
SC ay hee ° (1 
(yee Lc 2 
cos z= Bae ay eee € 
ns x x 
eal+ 54548 +: (38 
which are valid for every x. 
Since at = er leka. a 0, 
we have 


log a, a log? a 


at=1l+za rir 51 Eves (4 


valid for all x anda> 0. 


Pa Me Whe develop (1+ x)" and log (1+ 2) we need another 
expression of the remainder R, due to Cauchy. We shall con- 
duct our work so as to lead to a very general’ form for R,. 

From 169, 1 we have 


R, = f(x) — f(a) = (x — Ge (a) eis Ban. uv — Sree fe D(a). 
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We introduce the auxiliary function defined over (a, 6). 


IDM=FfOF+S/O@-H+- 5 PPORNCE un _ aie (w—tjrt a 
Then Herat) 
and 
g9(@) =f(a) + f'(a) (t@~ a) oe + f(a) na — ae 1 
Hence k,=9 (@)— g(a). (2 


U we differentiate 1), we find the terms cancel in pairs, leaving 


g(t) = Z=D™~ FOO). G 


We apply now Cauchy’s theorem, I, 448, introducing another 
arbitrary auxiliary function G(x) which satisfies the conditions 
of that theorem. 


Then I@=7@) 9) 
G(x)— Ga) Gey’ 


ax<cec<z2z. 


Using 2) and 3), we get, since x=a+h, 


= (n) 6g 


where 0< @ <1. 


2. If we set Gove Ge ae 0. 
we have a function which satisfies our conditions. Then 4) becomes 
ie nea f(a + Oh), ( 
a formula due to Schlémilch and Roche. 
For » =1, this becomes 


R, =P OD" $a + Oh), 


n—1 


which is Cauchy’s formula. 
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For #=n, we get from 5) 
= - f(a + Oh), 
which is Lagrange’s formula already obtained. 


173. 1. We consider now the development of 
(1 + x) eS—-1 | parlitrary. 


The corresponding Taylor’s series is 


i = jlevie WF 
1 Ms aa pee pb be age 
= ae eo e+ Eee + 


We considered this series in 99, where we saw that: 

T converges for |z|<1 and diverges for |x| >1. 

When z=1, 7 converges only when »>—1; when x=—1, 
T converges only when pS 0. 


We wish to know when 


Cray 1+ Reese ce a 

The cases when 7 diverges are to be thrown out at once. Con- 

sider in succession the cases that 7’ converges. We have to 
investigate when lim R, = 0. 


Case 1°. O<|x|<1. It is convenient to use here Cauchy’s 
form of the remainder. This gives 


R,=(1 az Qyr-B +b =! oe i: — nm + wizall 4 Ox)eon 
=18,U,W,, 
n 
setting we Pen hae iA 
1-2. «.y—] ; 
U,, =(1 + Ox)"-}, 
W=(soe). +A 
1+ Ox 
Notes 
ow in W,, to deinen 


hence lim W, = 0. 
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I 
inky [1+ Ox|<14 |2}, 
which is finite. Hence U, is < some constant M. 

To show that lim 8S, = 0, we make use of the fact that the series 
T converges for the values of x under consideration. Thus for 
every p 

Sf eg es te 2 
Vir ee ee al a () 
eS ore ; 


since the lhmit of the »™ term of a convergent series is 0. In 
this formula replace » by » — 1, then 


ee ce Hee rea ae at To Wee, 
° See ea B@ 
Henge mes. 
— Hin a 


Hence 1) is valid for | vj <1. 


Case 2. x=1, u>—1. We employ here Lagrange’s form 0} 
the remainder, which gives 


poem de pomtlg 4 gyre 


n Oe 
= UW 
pence tiy, SE esiwle th Cw nal) 
n 1 oy) 
W,=(1 + 6. 


Consider W,. Since n increases without limit, 4 — 2 becomes 
and remains negative. As @>0 


lim W, = 0. 

For U,, we use I, 143. This shows at once that 
him. U7, = 9: 

Hence mR =O 


and 1) is valid in this case, te. for z=1,4>—1. 
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Case 38. cx=—1, 50. We use here for »>0 the Schlomilch- 
Roche form of the remainder 172, 5). Weseta=0,h =— Land get 


Ties ee ep—n+1-d—a" 
n—I1!lp 


eine. né—1l-w—2- ey soul 
==) in ana penal 


Applying I, 148, we see that hm &, = 0. 

Hence 1) is valid here if »>0. 

When »=0 equation 1) is evidently true, since both sides 
reduce to 1. 

Summing up, we have the theorem : 


The development of (1+x)" in Taylor's series is valid when 
|a|<1 for all wp. When x=+1 itt is necessury that h>—1; 
when x= —1 tt ts necessary that wS%. 


2. We note the following formulas obtained from 1), setting 
2 = land — 1. 


ge ek ee 
jem ip bee eee eee tee eee 


174. 1. We develop now log(1+z). The corresponding 
Taylor’s series is 
ye 
Tome WES ee eee 
» uae 3 
We saw, 89, Ex. 2, that 7 converges when and only when 
teal one == 1, 


Let 0<a<1. We use Lagrange’s remainder, which gives here 
R, , (— 1) tes 
n(1 + Ox)" 
Thus “ 


IR led. 
n 


Hence lim R&, = 0. 
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Let —1<x<0. We use here Cauchy’s remainder, which 
gives, setting y=— £0<£& <1, 


|| = 8+ a (FER 


Li DE a \ li 0r 
= S,U,W,, 
if S, = en 
U,, = wage 
1— 0& 
1— 6\*-1 
Wes (5) 
é LENGE 
Evidently erica 
Also : 1 
OB: < ese. 
Finally 16 
lim W, = 0 since ————— ale 


1 — 6 
We can thus sum up in the theorem : 


Taylor's development of log (1 + x) is valid when and only when 
[v|<1orx2x=1. That is, for such values of x 


Cc 

oF 3s 

2. We note the following special case : 
t—i4+4—}4... = log 2. 

The series on the left we have already met with. 


log +2) =F- 


175. We add for completeness the development of the follow- 
ing functions for which it can be shown that hm R, = 0. 


Doe Lee ie Oe a 


resin 2 = = ani nen 1 
arcsin x Te aoa Bet omen « 
which is valid for (— 1, 1). 
8 5 7 
arctan 7 = x — = + z — af see (2 


which is valid for (— 1*, 1). 


ee Ve le 8 oe alatoree 
log(@@+VI+@)=2-5 5 Mod 5 iw ca ay ‘G) 


which is valid for (— 1*, 1*). 
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176. We wish now to call attention to various false notions 
which are prevalent regarding the development of a function in 
Taylor’s series. 

Criticism 1. It is commonly supposed, if the Taylor’s series 7 
belonging to a function f(z) is convergent, that then 

LQ =e 

That this is not always true we proceed to illustrate by various 

examples. 


Example 1. For f(x) take Cauchy’s function, I, 335, 


Sel & 


ue 
C@y= lim en 
n=2 


aol 
For «+0 Cy =e Vase fore a) C@j=0. 


1° derivative. For 2 #0, Cle) = i Ca yn 
a 


suk 
ce = lim © : 


Fora = 0} O'O)= ee 


2° derivative. 2 +0, CEG y= 6 Ca) {= CS : 
x 


; ail 
z= 0, C0) = lim fO- Oe lim ae @—(, 
’ ’ 


3° derivative. x#0, ON (a) = C@) ce .> 7 r = 


gan), OM (0) = lim x oO = 


In general we have : 
on 
xr+#0, (K°)n) =O (2) {= + terms of lower degree } . 
x= 0, C0) = 0. 


Thus the corresponding Taylor’s series is P 
V; 


T= COs pCO+5 ~ 0" (0) + 
eae 
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~ 


That is, 7’ is convergent for every x, but vanishes identically. 
It is thus obvious that Cz) cannot be developed about the origin 
in Taylor’s series. 

Example 2. Because the Taylor’s series about the origin be- 
longing to C2) vanishes identically, the reader may be inclined 
to regard this example with suspicion, yet without reason. 

Let us consider therefore the following function, 


F@)= C@) + &# =C(x) + 9(@). 


Then f(@) and its derivatives of every order are continuous. 


Since f(a) = CMa) + g(a) 
t= i 9 eee 
and . 
Om (0) = 0 
we have f™(0)=1. 
Hence Taylor’s development for f(x) about the origin is 
(Set oe ae OS 
DN se ty wag ses 


This series is convergent, but it does not converge to the right 
value since 
it Tes 6, 


177. 1. Hzample 3. The two preceding examples leave noth- 
ing to be desired from the standpoint of rigor and simplicity. 
They involve, however, a function, namely, C(x), which is not 
defined in the usual way; it is therefore interesting to have ex- 
amples of functions defined in one of the ordinary everyday 
ways, ¢.g. as infinite series. Such examples have been given by 


Pringsheim. 
The infinite series 


defines, as we saw, 155, 2, a function in the interval & = (0, 6), 

6>0 but otherwise arbitrary, which has derivatives in %& of every 
order, viz.: et) . 
ie n a 

FO (2) =3f% (#) =(-1)*> >> eat (2 
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The Taylor’s series about the origin for F(z) is 


oy A» 
T@)=2, SPO ; r~!=1forrA=0, 


and by 2) ey, (—1 
£0) = a eS Ga ee 
r! sie? 2, n} ‘ ew 
Hence ya b ures: 
T(x) = >, 2 2 =E(—1). (3 
{=07 FP e2 


As t, 50 and lim 4=0, t4,<, this series is an alternate series 
for any zin YU. Hence 7 converges in Y. 


2. Readers familiar with the elements of the theory of func- 
tions of a complex variable will know without any further reason- 
ing that our Taylor’s series 7’ given in 3) cannot equal the given 
function F in any interval %f, however small 4 is taken. In fact, 
F(a) is an analytic function for which the origin is an essentially 


singular point, since #’ has the poles — Bs n=1, 2, 3 ---, whose 
limiting point is 0. ; 


3. To show by elementary means that F(z) cannot be devel- 
oped about the origin in a Taylor’s series is not so simple. We 
prove now, however, with Pringsheim : 


If we take a5 (245) =4.68 ++, T(x) does not equal F(x) 


é — 
throughout any interval X= (0, 6), however small b>0 ts taken. 


We show 1° that if #(@)= 7(2z) throughout A, this relation is 
true in 8 = (0, 2 5*). 


In fact let G75 bt 
By 161, 4 we can develop 7’ about a, getting a relation 
Ta) = 5 C(x —%)* qd 
0 
valid for all x sufficiently near 2. On the other hand, we saw in 
167 that a te 
F(x) = Ba —%)* @ 
0 
is also valid for 0<a<2a. But by hypothesis, the two power 


series 1) and 2) are equal for points near a. Hence they are 
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a 


equal for 0<a<2a. As we can take 2 as near b as we choose, 
7 tage ss 

By repeating the operation often enough, we can show that = 
T in any interval (0, B) where B>0 is arbitrarily large. 

To prove our theorem we have now only to show F+ 7 for 
some one x>0. 


Since 
i i 1 1 1 1 
F =( _ ) ( — ) eee 
) 1+z2 eas 2!14 as Suics e 
we have 1 1 
ay F = a = . 
) Iebge i cog Ce) 


On the other hand 


Hence 


To find a value of x for which pee take w=a-?. For this 
value of x i 


Be Blab 
az+1 
Observe that G considered as a function of @ is an increasing 
function. For f +) 1 
= 3 G=-. 
e—1 é 


Hence F > 7 for cx >a4. 


178. Criticism 2. It is commonly thought if f(x) and its 
derivatives of every order are continuous in an interval Y, that 
then the corresponding Taylor’s series is convergent in Y. 

That this is not always so is shown by the following example, 
due to Pringsheim. 

It is easy to see that 


— 1 al, 
eC) =25 n)!1+ ax 


a>1 


converges for every 2 >0, and has derivatives of every order for 
these values of xz, viz.: 


TG a abe es 
pep on)! Cater) 
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Taylor’s series about the origin is 


=) Ee 1)(e* + ey a 


since FO(0) = Ee 1)! ae Pi es 10! (Gal * C8: ). 


The series Z7’is divergent for 2 > 0, as is easily seen. 


179. Criticism 3. It is commonly thought if f(z) and all its 
derivatives vanish for a certain value of a, say for c=a, that 
then f (7) vanishes identically. One reasons thus: 

The development of f(z) about z= a is 


f@) =F) + FLO + Ga F(a) {28 


As f and all its derivatives vanish at a, this gives 
f(e) =0+0-@—a)+90-—ay?t+ 
= (0 whatever z is. 


There are two tacit assumptions which invalidate this conclusion. 

First, one assumes because f and all its derivatives exist and 
are finite at =a, that therefore f(z) can be developed in 
Taylor’s series. An example to the contrary is Cauchy’s function 
(ca). We have seen that ((2) and all its derivatives are 0 at 
x=, yet C(x) is not identically 0; in fact C vanishes only once, 
Viz. at o= 0. 

Secondly, suppose f(x) were developable in Taylor’s series in a 
certain interval &=(a—h,a+h). Then f is indeed 0 through- 
out Y, but we cannot infer that it is therefore 0 outside 9. In 
fact, from Dirichlet’s definition of a function, the values that f has 
in Y% nowise interferes with our giving f any other values we 
please outside of 2. 


180. 1. Criticism 4. Suppose f(x) can be developed in Taylor's 
series at a, so that vA 


SI @)=f (a) + Ga9 F(a) a (©= piggy a Oi 
for ie (420), 


TAYLOR’S DEVELOPMENT 219 


Since Taylor’s series 7’ is a power series, it converges not only 
in %, but also within 8®=(2a—6, a). It is commonly supposed 
that f(v) = 7 also in B. A moment’s reflection shows such an 
assumption is unjustified without further conditions on f(z). 


2. Kxrample. We construct a function by the method considered 
in I, 3383, viz. 
: : 1+2)" cos e+1+sin zx 
2) = lim 6 . J 
F¢ ) n=00 i +. ei + o)* C 
Then 7 (2) = COs 2) inet== (0511) 
“= 1+ sin z, within 8 = (0, — 1). 
We have therefore as a pgs be a in Taylor’s series valid 
in Y, me: 
ea Go ees Sta - rea al 
It is obviously not valid ane %, although 7’ converges in %. 


3. We have given in 1) an arithmetical expression for f (x). 
Our example would have been just as conclusive if we had said : 


Let J (@) = Cos & in) 2 
and =1+4sinz within %. 


181. 1. Critictsm 5. The following error is sometimes made. 
Suppose Taylor's development 


F@=f a+ FOP @ + FSO FD + a 


valid in Y=(a<b). 
It may happen that 7’ is convergent in a larger interval 
=(a< B). 
One must not therefore suppose that 1) is also valid in %. 


2. Example. 
2: f@m=He in & = (a, d), 
pad = e*+ sin (x — 6) in 8=(6, B). 
Then Taylor’s development 
f@=1+ 545 tate a 


is valid for 2%. The series 7’ converging for every x converges in 
% but 1) is not valid for %. 
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182. Let f(x) have finite derivatives of every order in 
y%=(a<b). In order that f(z) can be developed in the Taylor’s 
series 


F@=fatH=f@+ia+EI@+t~ a 


valid in the interval 2 we saw that it is necessary and sufficient 


that lim R, = 0. 


But £#, is not only afunction of the independent variable h, but 
of the unknown variable 6 which lies within the interval (0, 1) 
and is a function of and h. 

Pringsheim has shown how the above condition may be replaced 
by the following one in which @ is an independent variable. 


For the relation 1) to be valid for all h such that 0<h< H, tt is 
necessary and sufficient that Cauchy's form of the remainder 


(1 — 0)"1he 


Cs eat 


S™ (a+ @h), 


the h and @ being independent variables, converge uniformly to zero 
for the rectangle D whose points (h, @) satisfy 


0<h<H 
WWetiecile 


1° It is sufficient. For then there exists for each e>0 an m 
such that 


| R,Ch, 0) | <e n >m 
for every point (h, 0) of D. 
Let us fix h; then | R,|<eno matter how 6 varies with n. 


2° It is necessary. Let hy be an arbitrary but fixed number in 
Wa (07). 
We have only to show that, from the existence of 1), for hooks 
it follows that 
R,(h, 0)=0 <e 


uniformly in the rectangle D, defined by 


O<h<h, , 0<O<1. 
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The demonstration depends upon the fact that R,(h, 0) is h 
times the n term f(a, k) of the development of f/(a) about the 
pointa+a. In fact leth=a+k. Then by 158 


n-l 
flat W=fate+W=fat ot +P papas 
whose n™ term is 


fen-1 
ey Oe tee 
Fale ik) yt (a+ a) 


Let « = 0A, then, 
Tint art) == et. eh) 


as stated. 

The image A), of D, is the half of a square of side h,, below the 
diagonal. 

To show that &, converges uniformly to 0 in D, we have only 


to show that Fal k)= 0 uniformly in Aj. (2 


To this end we have from 1) for all ¢ in 


Patd=f@+P@+5 fat vee (3 
Its adjoint | 
EQ=|F"@ [+t Ff" @|+-- (4 
also converges in Y. 
By 161, 4 we can develop 4) about ¢ = a, which gives 


n—1 
Ge BY = Ow) + RG) + + A GMa) poe 


But obviously G(«, #) is continuous in A), and evidently all its 
terms are also continuous there. Therefore by 149, 3, 


fpn-1 


Ti GEVig)== 0 uniformly in A). (5 
n—1! 


But if we show that 
Leora +. «) lee GO @) (6 


it follows from 5) that 2) is true. Our theorem is then 
established. 
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To prove 6) we have from 1) 
PCat a =fO(a) taf Cat Lfremat ne CT 
and from 4) 
EOD (aw) = (f(a) | + al ferP(a) | a | feta) | Rem 
The comparison of 7), 8) proves 6). . 


Circular and Hyperbolic Functions 


183. 1. We have defined the circular functions as the length 
of certain lines; from this definition their elementary properties 
may be deduced as is shown in trigonometry. 

From this geometric definition we have obtained an arithmeti- 
cal expression for these functions. In particular 

Rint dle Ae aes 


AL sees ae ae 


os Nes el 


a2 ab 
cosr= 1-4 4 vee @ 
valid for every 2. 

As an interesting and instructive exercise in the use of series 
we propose now to develop some of the properties of these func- 
tions purely from their definition as infinite series. Let us call 
these series respectively S and C. 


sin x 
Let us also define tanz= , secrz= 
COS & 


, etc. 
COS 

2. To begin, we observe that both Sand C converge absolutely 
for every z, as we have seen. They therefore define continuous 


one-valued functions for every xz. Let us designate them by the 


usual symbol : 
ymbols sing , cos. 


We could just as well denote them by any other symbols, as 


3. Si Cre 
. Since Sea te C=1 for a= 0, 
we have sin0 = 0 » cos O=1. ; 
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4. Since § involves only odd powers of 2, and ( only even 
powers, 
sin x is an odd, cos z is an even function. 


5. Since Sand C are power series which converge for every 2, 
they have derivatives of every order. In particular 


as zy a 7b 
Tm meee Gat ES ee G: 
TREES ee CRO rae Vee pha AE 5 pa 
Peceis Lah ee Te 
Hence dsina dcosz : 
——=cosx , ———=-—sing. (3 
dz dx 


6. To get the addition theorem, let an index as 2, y attached to 
S, C indicate the variable which occurs in the series. Then 


8.0,=2-(E +3 a) + (E+ eva +t) 


3! Dia ol2le Lia] 
“Atahtan a): 
CS,=y -(£ 42h) 4 (f a i. ‘ + ih) 
=( Pacha tareshan © 


Adding, 
: 3 
8,C0,+ CS,=r+y— 3 | v3 + ({)e"y +(q)ey" ara 


Lf ss 4 O’ 3,2 3 ey? “ Oey wenn 
+orle eG + Gp +r + Gate} + 
Ai Cr Ye OE 
A alh 3! 5! 
= S24, 
Thus for every 2, y 
sin (+ y) =sin x cos y + cos asin y. 


In the same way we find the addition formula for cos z. 
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7. We can get now the important relation 


sin? 2 + cos?a =1 


directly from the addition theorem. Let us, however, find it by 


aid of the series. We have 


Se SES) o! 
it gine Dekel 
att erst sig a Hs 
uf 2 i el i 
=1-a(S +5 )t4(G tanta) 


Hence 


x 2 x 
S24 o=1-Z(1-(7)+ ene = 


Now by I, 96, 
1-(5)4(8)-(5)e--0 


Thus 2 oe (Ori sin? a + cos a= 1. 


8. In 2 we saw sin, cosa were continuous for 2; 4) shows 


that they are limited and indeed that they he between + 1. 


For the left side of 4) is the sum of two positive numbers and 


thus neither can be greater than the right side. 


9. Let us study the graph of sina, cosa, which we shall call = 


and I’, respectively. vs 


, . d sina 
Since sin z= 0, ——— 


10 
O under an angle of 45 degrees. 


= cos z= 1, for = 0, = cuts the z-axis at 
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Similarly we see y=1 for e=0. T crosses the y-axis there 
and is parallel to the z-axis. 


wh 5) ~} 
ye Ca: )+2 1-2 ny 
x( an aw arg 


«nd each parenthesis is positive for 0 < a< 6, 


sinz>0 for0 <z<—V6= 2.449... 


Since x ge x8 x? 
Cae ieee ee ee) a. 
a al Salen 9-10/7 


we see Ps 
cos x > 0 for Lak oe 414. 


Since 


Since pee Ree 3)- = 0- i 3)- 
St cede 6 | LAGE 
cosa < 0 for z= 2. 
Since D,cosx=— sing and sing>0 for 0<2x<V6, we see 


cos z is a decreasing function for these values of z. As it is con- 


tinuous and >0 for2=vV2, but <0 for = 2, cosz vanishes once 
and only once in (V2, 2). 


ee : ; T 
This root, uniquely determined, of cosa we denote by po sa 
first approximation, we have y 


VR<E<2 


From 4) we have sin? a7 . As we saw sinz>0 for r< V6, 
we have 


Ce YEr 
=o 1, 
nS + 


Thus sin z increases constantly from 0 to 1 while cos x decreases 
from 1 to 0 in the interval (0, 5)= I,, We thus know how sin 2, 
cos x behave in J,. 


From the addition theorem 


o~_ 


. . T 
sin (F+2)= BUN, S08 a COS 5 SIN % = COsz. 
_ 


50 Up Le ° 
cos(F +2) = cos 5 cos # — sin 5 sine = — sin z. 
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Knowing how sinz, cosx march in J, these formule tell us 
how they march in J, =(%, r): 


From the addition theorem, 
sin(a#+2)=-— sina, cos (7 + %) = — COS @. 


Knowing how sin 2, cos march in (0, 7), these formule inform 
us about their march in (0, 2 7). : 
The addition theorem now gives 


sin (@ + 27) =sin 2, cos (# + 2 7) = Cos @. 


Thus the functions sin z, cos x are periodic and have 2 7 as period. 
The graph of sinzcosz for negative a is eotained now by 
recalling that sin z is odd and cos @ is even. 
10. Asa first approximation of 7 we found 


V2<35<2. 


By the aid of the development given 159, 3 
oF hae at 
1 — aoe see , 
arctg x =x 3 +5 7+ 5) 


we can compute 7 as accurately as we please. 


In fact, from the addition theorem we deduce readily 


Hence 


eer ar 
The convergence of this series is extremely slow. In fact by 
81, 8 we see that the error committed in stopping the summation 


at the n™ term is not greater than . 


an— 


How much less the 
error is, is not stated. Thus to be sure of making an error less 


i ese 
than ion it would be necessary to take 3(10” + 2) terms. 
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11. To get a more rapid means of computation, we make use 
of the addition theorem. 


To start with, let 


a = arctg }. 
Then 5) gives aatiii il ee vee (6 
5935) 66 TSF 


a rapidly converging series. 


The error #, committed in breaking off the summation at the 
th . ; 
mn” term is 
“ 1 1 
digs ee 
2n—1 52"-1 


By virtue of the formula for duplicating the argument 


2 tan « 
tan 2e= 
a 1 — tan? « 
we have tan 2a= +f. 
Similarl 
y tan 4 a= 129, 
Let 
B = 4 a— re : (7 


The addition theorem gives 
tande—1_ 1 
oe BUSA Rene rey 239 


Pie ale 
= pd sty oy, 8 
939 32308 5 ( 


Then 5) gives 


B= 
also a very rapidly converging series. 
We find for the error 1 1 
E, < ————- .—_.. 
B20 — 1 2392"-1 
The formula 7) in connection with 6) and 8) gives 2 (he 


4 
error on breaking off the summation with the n™ term is 


1 fuse, Sade) 
B= B+ By <7. 57 ( sei t o5gem) 
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184. The Hyperbolic Functions. Closely related with the cir- 
cular functions are the hyperbolic functions. These are defined 
by the equations 


: e7—e* : 
sink 7 a 


fod 


noch pee ee (2 


sinha e*— Ga, 


UE aera e*+e% 
sech z= eee cosech 7= = = 
Since enl+ 7+ e+S+ 
C2 ear a 45-24 a 
Seat sinho =F +2 +h+ Ase (3 
coshe= 1+ 54204 ae (4 


valid for every z. From these equations we see at once: 


sinh (—z)=—sinhz ; cosh(—2z)=coshz. 
sinh 0 = 9. cosh 0 = 1. 
& simha=1+2 St - =cosha. (5 
Gay = x : 
ay Coshe=a FE ez pon - =sinhaz. (6 


Let us now look at the graph of these functions. Since sinh 2, 
cosh x are continuous functions, their graph is a continuous curve. 
For 2 > 0, sinha > 0 since each term in 8) is >. The relation 
4) shows that cosh 2 is positive for every 2. 

If 2’ >x>0, sinh 2’ > sinha, since each term in 3) is greater 
for ' than for z. ‘The same may be seen from 5). 
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bo 
bo 
Vo) 


Evidently from 3), 4) 


lim sinha=+o , lim coshza=+o. 
«r=+00 I=+00 


At x=0, cosha has a minimum, and sinhz cuts the z-axis 
at 45°. 


For xz > 0, cosh a> sinh x since 
e= -e= 7 > 67 — 6. 
The two curves approach each other asymptotically as x=: +0. 


For the difference of their ordinates is e-? which = 0Oasxz=+oo. 
The addition theorem is easily obtained from that of e?. In fact 
Cee ne Beat Ck 
2 2 
= f(erty + er ¥— e tty ev), 


cosh # sinh y = }(e*t¥ — e*-¥ 4 e-=*_ ¢-=-¥), 


sinh x cosh y= 


Similarly 
Hence 
sinh 2 cosh y+ cosh # sinh y = 3(e7*¥— e *) = sinh (x+y). 
Similarly we find 


cosh (2 + y) = cosh x cosh y+ sinh w sinh y. 
In the same way we may show that 


cosh? z — sinh? a = 1. 


The Hypergeometric Function 


185. This function, although known to Wallis, Euler, and the 
earlier mathematicians, was first studied in detail by Gauss. It 
may be defined by the following power series in z: 

(Bear adem eiee is) 

L-2-y-yt] 
a-at+1-a+2-8-B+1-B+2)5 : 

1-2-3-y-y4+1-y74+2 


F(a, B, 3 myal+ifet 


ao 


The numbers a, 8, y are called parameters. We observe that 
«, 8 enter symmetrically, also when «=1, B=y¥ it reduces to 
the geometric series. Finally let us note that y cannot be zero or 
a negative integer, for then all the denominators after a certain 
term = 0. 
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The convergence of the series # was discussed in 100. The 
main result obtained there is that / converges absolutely for all 
|a| <1, whatever values the parameters have, excepting of course 
y a negative integer or zero. 


186. For special values of the parameters, / reduces to ele- 
mentary functions in the following cases : 

1. If « or 8 is a negative integer —n, # is a polynomial of 
degree n. 


Wn. Fd, 1,2; —2)= 1 log (1+ 2). (a! 
x 
For a,¢ 2 
O12 a ee 
( 2) ras 
Also 


2 
log (1+2) =x1-5+5 — +), 
The relation 1) is now obvious. 


Similarly we have 
FQ, 1, 2; n= log (1—2). 


FG, 1, bs LP Vine es + log +. 


3. F(— 4, 8, 8; 2) =1—Fa4+ = eal Ses ae ace 


Ls 
== (1— 2). 

4, 2F (4, 4, $, 2) =arcsin 2. 
5. 2F'(4, 1, 3, — 2”) = arctan 2. 
6. lim F(« sei *)= ee re 

a=+o a 
For 

F(« ir 1,2)=1 pI Sekt ds ae Se a 

: ot aa e Le Oa SNS 


anette ae) + 
13 o<8 1.2-3\a 


pet 2: 1 1 2\ a8 
14 +1424 +(1+ z) (1+ age (3 
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Let O'= G-< A; Then 


Hann $14 F(a 5) a(R tes fen 


is convergent since its argument is numerically <1. Comparing 
3), +) we see each term of 3) is numerically < the corresponding 
term of 4) for any |x| < G@andanya > 8. Thus the series 3) 
considered as a function of @ is uniformly convergent in the 
interval (8+) by 136, 2; and hereby 2 may have any value 
in (— G, G@). Applying now 146, 4 to 8) and letting a+ +0, 
we see 3) goes over into 2). 


7 . 3 Se : 
1 oF ( eee ait . 
i eee a, o 5 i) sin @ (5 


ee eee ea ee 
oP « a, 53 iaj=- f+(1+2)5 (1+2) (+2) 54 


Letz=G>0andea=G. Then 
3 ak G? TL \aGe 
AEG. = ee NE se mehe. (ell Sepa se | ae 
GHG G5: e+e t(l4G) art 
is convergent by 185. We may now reason as in 6. 


8. Similarly we may show: 
2 
lim F(«, at, oe tat ) = 008 aR 


a=+0 


: 3 
1 +5? 
lim F(« 5 oy) 4 2 


lim # («, 0, 


a=+00 


187. Contiguous Functions. Consider two F functions 
F(a, B,y3 2) , Fo, B, 4's 2). 
If « differs from «! by unity, these two functions are said to be 


contiguous. The same holds for 8, and also for y. Thus to 
F (aByx) correspond 6 contiguous functions, 


Ft+1,8+1,y+1; 2). 
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Between F and two of its contiguous functions exists a linear 
relation. As the number of such pairs of contiguous functions is 


there are 15 such linear relations. Let us find one of them. 
We set 


Cee iN he 2 ee SS Eee 
HM 1-2---nm-y-qytl---ytn—1 


Then the coefficient of 2 in F'(aSyxr) is 
a(B+n—1)Q,3 
in F(a +1, B, y, x) it is 
(at n)(B+n— 1)Qn3 
in F(a, 8, y—1, x) it is 
a(B+n— Degen DG 
Yard i 
Thus the coefficient of x in 
(y—a—1)F Ce, By, 7) + 4h (a+, By, x) 
Ch = yl (a, By oy dee) 
is 0. This being true for each n, we have 
(y—a—1)F(, B, Ys v) + af (a +1, B, 6) x) 
+(1-yF(e, By-1,x)=0. C1 
Again, the coefficient of a in F(a, B—1, y, 7) is a(B—1)Q,; 
invF(a+1, B, y, x) it is n(y+n—1)Q,. 
Hence using the above coefficients, we get 
(y—a—B)F (a, 8, y,¢)+a(1—2)F(a+1, B, y, 2) 
+(8—y)FCG, B—1,7,2)=0. @ 
From these two we get others by elimination or by permuting 


the first two parameters, which last does not alter the value of 
the function F' (aByz). 


+4 


Thus permuting « 8 in 1) gives 


(y-B-1)F(, 8,7, 7) +BF (a, B +1, y, 2) 
+1 —yF (a, 8, y-1,2)+=0. 3 
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Eliminating F(a, 8, y—1, x) from 1), 3) gives 
B—«)F (a, By, 2) +aF (a+, By, 2) 
spl (ea, BT 9,2) =0, 4 
Permuting «, 8 in 2) gives 
(y—«—B)F (a By, %) + BA-2) Fe, B+1,y, 2) 
Ce — ty (oe — 1B, 2) = 0. (5 
From 3), 5) let us eliminate F(«, 8+ 1, y, x), getting 
(«—1—(y—-B-D2) Fle, By 2) + (y— @) F(a—1, By, 2) 
” +1—yA—2) Fo, 8B, y—1,2)=0.. (6 
In 1) let us replace # by «—1and y by y+1; we get 
(y—a+1)Fe—1, 8, y+1,7)4+ (@—-1)F(e, B, y¥+1, x) 
—yF(a—1, B, y, x) =0. (a) 
In 6) let us replace y by y +1; we get 
(e—-—1—(y-—B)x) F(a, B, yt+1, 2) 4+ (y¥+1-—4) F(a], B, y+1, 2) 
' —y1-—2)F(, B, y, #)=9. (b) 
Subtracting (b) from (a), eliminates #(@—1, 8, y+ 1, x) and 
gives 
qi —2)F(epyz) —yF(«e—1, 8% %) 
+(y¥—-8)tF(a, B yt+t1,xn=0. Ci 
From 6), 7) we can eliminate /(a—1, 8, y, x), getting 
yiy-1+(a+R+1—24)2} F(a, By, x) 
+(y—«)(y— B)2F (a, B,y+1, x) 
ty ey) Li 2) Ba Bay = he) = 0G 
In this manner we may proceed, getting the remaining seven. 
188. Conjugate Functions. From the relations between con- 


tiguous functions we see that a linear relation exists between any 
three functions 


F(a, By Vs x) F(a, B', y's v) F(a", B", yy", x) 


whose corresponding parameters differ only by integers. Such 
functions are called conjugate. 
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For let p, q, 7 be any three integers. Consider the functions 
F(apyz), F(@+1,8,7, 2) Ftp, By %)s 
F(et+p,B+1,7,2), Fet+p,B+2,% 2) Patp, B+GDY 2), 
F(a+p,B+qy+1,2), FCatp, B+GYt2,0):Fe+p, B+G +72). 


We have p+q+7+1 functions, and any 3 consecutive ones 
are contiguous. There are thus p+q+7-—1 linear relations 
between them. We can thus by elimination get a linear relation 
between any three of these functions. 


189. Derivatives. We have 


e-etl---at+n—1-8-B8+1--.-B+n—1 me 
E'(a, B, y¥, 2) = yn 1y6o Secs lee eal x 


@-a+1....@4+n-8-B+1.-.-B+n , 
mY hake eure TLS: 


at1.-.--~a+n-B4+1----B+n_, 
Casas, 1.2. wera hee SS : 


1 


F(iat+1,8+1,y+4+1, 2). 

Hence 

FY (a, By 2) =" F(a 41, B41 y+ 1,2) 

_@-@+1-8-84+1 
y-ytl1 


and so on for the higher derivatives. We see they are conjugate 
functions. 


F(a+ 2, 8+ 2, ¥+ 2, 2) 


190. Differential Equation for F. Since F, F', F" are conju- 
gate functions, a linear relation exists between them. It is found 
to be 

a(a—1)F" + {a+ B+1)x—-y} F' + aBF=0. Cl 

To prove the relation let us find the coefficient of 2” on the left 

side of 1). We set 
P Sau ed Baa Be eee 
i 1-Q2-.0n-y-y4+1- Ont eae 
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The coefficient of 2 in 22F'’ is 
n(n—1)P,, 
in —2F" it is 
_ nat n\B+n) 
Yarn 


n(a+B+1)P,, 


7 
in (a+ 8+1)2F"’ it is 


in — yf" it is 
} +n)(B+7 
Seal vita 2 Bn 
hae 
in a8F it is ‘ 
BOL a 


Adding all these gives the coefficient of 2 in the left side of 1). 
We find it is 0. 


191. Expression of F(aByx) as an Integral. 
We show that for |a| <1, 


B(B, y— 8) + F(aByx) = fw —wyP4d = au)-*du 
where B(p, q) is the Beta function of I, 692, 
B(p, = fwd —wrtdu, 


For by the Binomial Theorem 


-2—14° a-at+ ling w-atl-a+?2 
ee hs ee HINES 


for |au|<1. Hence 


ui + eee 


1 
os B= Gb = 
J= of uP-1(1— wu)? og zu)-*du 


1 a2 1 
el p-1 bes, —B-1 SAO ES B ss —p-~1 
= if w-1(1 —u) du + 7 f uF A — uw) 


a-a+1 nvabeer ves. ae 
4itt sad {uPt(L —u)rPtdu + 


= B(B, y—8)+«rB(8+1, ¥—8) 
a-atl 
-2 


es 


2B(B+2,y—B)+ (2 
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Now from I, 692, 10) 
B 
BB+, Yess) =e Oe; y — B)- 


Hence 


B(8+%7—8)= 247 BB+ 1,y—8)=" BF BOB, y—B) 


etc. Putting these values in 2) we get 1). 


192. Value of F(a, B, y, x) for x =1. 


We saw that the # series converges absolutely for x = 1 if 
a+ 8—y<0. The value of # when z= 1 is particularly in- 
teresting. As it is now a function of a, B, y only, we may denote 
it by F(a, B, y). The relation between this function and the 
function may be established, as Gauss showed, by means of 187, 8) 
mes fy Lt (@t 8 +127) 2} F(aByz) 

+ —«)(y¥ —£)2P(e 6,7 +1, 2) 
rn : +yA-—-yd-—2)F(a, 8, y-—1,7)=0. ¢! 
ssuming that eg re (i (2 


we see that the first and second terms are convergent for z= 1; 
but we cannot say this in general for the third, as it is necessary 
for this that a + 8 —(y—1)< 0. We can, however, show that 


Lilim (1 — 2) F(a, B,y— 1,2) =90, (3 
supposing 2) to hold. For if |2| <1, 
F(a, B, y — 1, %) = Ay + aye + aga? + «.- (4 
Now by 100, this series also converges fora =— 1. Thus 
lim a, = 0. (5 


From 4) we have 
(1 — 2) F(e 8, y—1, 2) =a,+ (a, — Ay) ® + (ay — a,) a2 4+ + 


Let the series on the right be denoted by @(r). As 
Gai1(1) = ay, we see G(1) is a convergent series, by 5), whose 
sum is 0. But then by 147, 6, G(a) is continuous at x= 1. 


Hence L un G(r) = 4(1)=9, 
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~ 


and this establishes 3). Thus passing to the limit «= 1 in 1) 
gives 


YE+B-YFO By) + (y¥-@)(y¥—- BF (eB, y¥+1) =, 
or F(a, ve “)(y—B8) p Bs a. 
(@, By y TORewa (a, By y¥ +1) 
Replacing y by y + 1, this gives 


Gere 
Bm By y +1) CP aN CET Say Bae: 


etc. Thus in general 


F(a, B, Y) = 

(¥=@)(y+1—4)-++(y+n—1—«)-(y—B)(y¥+1—8) (y+ n—1—8) 

y(y+1)---(y+n—1)(y—@—-8)(y—a—B+1)-- (y—e—-8B+n—-1) 
‘F(a, By, y+n). 


Gauss sets now 


Re ee n! n® 
cee) (@+1)(e@+2)--@En) 


Hence the above relation becomes 


II(n, y— 1) U(r, y-a@— 8-1) 
Il(n, y-—a@—1)I(™m, y— 8-1) 


lim F(a, B,y+n)=1. Ci 


F (aBy) = 
Now 


F(a, By y+ n). (6 


For the series 


eer ae B,a@-e4+1-8-B+ 
F(a, B,y) al aes 1-2-y-y4+1 


+. eee (8 
converges absolutely when 2) holds. Hence 


,{¢ aE = aie I8|-|B+1| 
1 -2.4-G+1 Bre e 


is convergent. Now each term in 8) is numerically < the corre- 
sponding term in 9) for any y >G. Hence 8) converges uni- 
formly about the point y=+o. We may therefore apply 146, 4. 
As each term of 8) has the limit 0 as y =+ o, the relation 7) 
is established. 
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We shall show in the next chapter that 
lim IT (™, zx) 
exists for all 2 different from a negative integer. Gauss denotes 
it by II (x); as we shall see, 
T(2)=(#—-1) , forr>0. 
Letting n = «, 6) gives 5 
T(¢y— DN@G—«—B8-1) 
v4 a, B, = . 
EOS ire =i) hea) 
We must of course suppose that 
0) aera’ y¥—B, y—a—B, 


are not negative integers or zero, as otherwise the corresponding 
II or F function are not defined. 


Bessel Functions 
193. 1. The infinite series 
~ ys 
J, => (2) 
NCE hs eX ) 2n+2s3!(n +8)! 


converges for every zx. For the ratio of two successive terms of 
the adjoint series is |a|2 


2(s+1)(n+8+4+1) 
which = 0 as s=oo for any given z. 


n= 0/1; 2 ee 


The series 1) thus define functions of 2 which are everywhere 
continuous. They are called Bessel functions of order 


r= 0, 1h 2... 
In particular we have 


a es xt 76 
(Osho 9 ae meee G 


df t= 2 _ w x — he in aaa eee 
1)=5 Bd a6 R.aapor. 8 t S 
Since 1) is a power series, we may differentiate it termwise and 


get Ng) = 3 C=C stn) 
J} n= = ‘ 2st+n—1, 
2 2ntegi(n+s)! : ‘ G 
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2. The following linear relation exists between three consecutive 
Bessel functions: 


2 
In) =I (@)—Ins@) nm >0. G 
For grt i) 2stn—l 
Frees ES (a oR, 
at 21 — 151 eat - 2+2s-Ie!(n —1+4 8)! . 
cs) gest n—1 
de — 5; — il x (a 
hey a ) 2-*2s-l¢g—1)!(n+8)! G 
Hence 
= 5 Tasty 
gril gestn—-l 1 1 
=a S 1 | aw aoa} 
2°-1(m— 1)! ep niaeat Qn+2e-1 '(n—1+8)! (8-1)!(—m+s)! 
grt 4 S 1 gestn—l 
~ -(n — 1)! Bey Qn+2s-1s!(n +8)! 
i 
Ss a le 
r0 cy) Qn+2s-Ig!(n +8)! 
2n 
=——J,(2). 
Ia) 
3. We show next that 
2 T(@) = In (©) — Ins (2) n>0. (8 
For subtracting 7) from 6) gives 
al = gaeta-l om +28 
I ee ee (od) ; 
i OP C1 I - 1 oite Qpste 1 a(n 8) 
oo (n+ 9 Ce ae 
=2(—1): 
=A ) Qn+2-1s!(n + 8)! 
=2J}. 
From 8) we get, on replacing J,,,, by its value as given by 5): 
Ii(a)= —"F,(2)+5,4(@), n>0. (9 
£ 
From 5) we also get 
F(x) =" F,(2)—Inuy@) n>. (10 
x 


4, The Bessel function J, satisfies the following linear homo- 
geneous differential equation of the 2° order: 


Jie saa GA ieee si qu 
x x 
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oo 


This may be shown by direct differentiation of 1) or more sim- 
ply thus: Differentiating 9) gives 


id= a = “In fi oe (12 
Equation 10) gives 
n—1 
J : J,-1 — JS. 


Replacing here J,_, by its value as given by 9), we get 
n—1 n(n —1 
Se ar ara 


n—- 


Putting this in 12) gives 11). 


5. eo 2 = SurJ,(x) . a3 
for any 2, and for u# 0. 
For 
u—u-1 4 2 Be 
Caen 6 62 e 
Be LN eral toe 
Dees or) eae Jen 


Sie 


Now for any x and for any u+#0, the series in the braces are 
absolutely convergent. Their product may therefore be written 


in the form oo eat 
N22 


— 
bo 
8 

2 

a 

iS) 
bo] 8 
~ 

w 

| 

——~ 


oa 
a8 ( ) 
a a ) 


mJ )(@) + Ud, (x) + WT, (a) + + 
oa J\(x) at J,(x) = 


U 2 
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194. 1. eo of J,(x) as an Integral. 


For ; 
cosu=S(-1 ut 
ue @syh 
Hence Cw Gs 
cos (@ cos $) = > ah " 2" cos? i) 
; s)! 


“r 


; ae by 
cos (x cos p) sin?" d = > Qa! £* Cos™ d sin op. 
0 28): 


As this series converges uniformly in (0, 7) for any value of 2, 


and thus 


we may integrate termwise, getting 


feos (2 cos f) sin" ddd = >, & @ a 2 {cost $ sin®" ddd 


ip 0 p22) at) by I, 692 


co (-1 
= a 
> Gs)! 2 
. ath iaeaan) anaes) 
y I, 692. 
Boe C(s+n+1) paehio 


We shall show in 225, 6, that 
r(@t*) + mate be Ben UN 


2 


Thus the last series above 
(—1)°1-3-5.---- Q@s—1) ae 


=Vr- Hob Gs! 2 Cui 2)! 


Thus 


aa fr 8 (xcos¢) sin” ddd 
aver (ED) 

=3 x! Ls Ye gistn <= F.(8). 
7 s!(m+s)! 


CHAPTER VII. 
INFINITE PRODUCTS 


195. 1. Let {a,,....,{ be an infinite sequence of numbers, the 
indices +=(t,+++4,) ranging over a lattice system @ in s-way 
space. The symbol a el al 

rs et ae 
is called an infinite product. The numbers a, are‘its factors. Let 
P,, denote the product of all the factors in the rectangular cell 
Fey Nt lim P, 2 
p00 
is finite or definitely infinite, we call it the value of P. It is 
customary to represent a product and its value by the same letter 
when no ambiguity will arise. 

When the limit 2) is finite and #0 or when one of the factors 
= 0, we say P is convergent, otherwise P is divergent. 

We shall denote by P, the product obtained by setting all the 
factors a, = 1, whose indices ¢ lie in the cell R,. We call this the 
co-product of P,. 

The products most often occurring in practice are of the type 


P= Wi dpa, es eee Ula. (8 
1 
The factor P, is here replaced by 


Py = Ay + Ags era 


and the co-product P,, by 
ips = An . an ° Am e ee 
Another type is ae ake 
P — Ita, \ A (4 


The products 8), 4) are simple, the product 1) is s-tuple. The 


products 3), 4) may be called one-way and two-way simple products 
when necessary to distinguish them. . 


242 
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2. Let 
: J oe Gre ir Wet eee Sees 
Obviously the product P = 0, as 


Hence P=0, although no factor is zero. Such products are 
called zero products. Now we saw in I, 77 that the product of a 
finite number of factors cannot vanish unless one of its factors 
vanishes. For this reason zero products hold an exceptional posi- 
tion and will not be considered in this work. We therefore have 
classed them among the divergent products. In the following 
theorems relative to convergence, we shall suppose, for simplicity, 
that there are no zero factors. 


196. 1. For P=TIla.,...,, to converge it is necessary that each Pu 
is convergent. If one of these P,, converges, P is convergent and 
Be Pacis 
The proof is obvious. 
2. If the simple product P = a,-d, +d, ++ 18s convergent, its fac- 
tors finally remain positive. 


For, when P is convergent, | P, | > some positive number, for 
n>some m. If now the factors after a,, were not all positive, P,, 
and P, could have opposite signs v >n, however large n is taken. 
Thus P,, has no limit. 


197. 1. To investigate the convergence or divergence of an 
infinite product P = IIa,,...,, when a, > 0, it is often convenient to 


consider the series 
T= OCs rae ices 
L 


called the associate logarithmic series. Its importance in this con- 
nection is due to the following theorem : 


The infinite product P with positive factors and the infinite series 
L converge or diverge simultaneously. When convergent, P =e”, 
log P. 

For loge R= 1,4 @ 


a ede = enn. (2 
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If P is convergent, P, converges to a finite limit #0. Hence 
L, is convergent by 1). If L, is convergent, P, converges to a 
finite limit #0 by 2). 

2. Hxample 1. 

pe n(4 +2\o8— Tha,’ n= 1, 2,00 


is convergent for every 2. 
For, however large |#! is taken and then fixed, we can take m 


] that 
ies oe a0 n>m. 
n 


Instead of P we may therefore consider P,,. 
- = £ x 
2 Bae sugy, alg pee cil 3 
Then Vo >| - + log ( + =) ( 
But by I, 413 
log (1 +2)-24 0,5 
n} nm n 


Hence Dim = 24 Mx? 


which is convergent. 


The product P occurs in the expression of sin z as an infinite 
product. 
Let us now consider the product 


Q=1(1+2)ea =e 41, Daas 
n 


The associate logarithmic series J is a two-way simple series. 
We may break it into two parts L/, L’', the first extended over 
positive n, the second over negative nm. We may now reason on 
these as we did on the series 3), and conclude that Q converges 


for every x. 
(3) 
n 


x 

1+- ‘ 
n 

is convergent for any x different from 


0) tl er oer nin 


3. Example 2. 


Cae 
xv 


II 
wk 
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For let p be taken so large that |~| <p. We show that the 


co-product he 
ott) 
Gs — gid yl 

ptl 1 ses 


converges for thisz. The corresponding logarithmic series is 


L= > {xlog(1 +=) — log(1+2) | 


pt J 
S (2 x sit We 1 

ee Ae esl I 2)} — {=—1 1 *)}. 
> {2 og( na ny n cole as n 


As each of the series on the right converges, so does Z. Hence 
G converges for this value of z. 


198. 1. When the associate logarithmic series 


=> log dy. 5 a > 0 
pete limits a= 0, “by 12157, 


Jel =o 


and therefore : 
lim @,,...., = 1. 


|u| =00 


For this reason it is often convenient to write the factors 
d,,...., of an infinite product P in the form 1+ 6,,...... When P is 


written in the form Pel 46,0) 


we shall say it is written in its normal form. The series 
BO. i, = 20, 
we shall call the associate normal series of P. 
2. The infinite product 
P=N1+a,.4) 5, «@>—-1, 
and its associate normal series 
Ae at 


converge or diverge simultaneously. 
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For P and L=log(i+a,) 


converge or diverge simultaneously by 197. But A and LZ con- 
verge or diverge simultaneously by 128, 4. 


3. If the simple product P = a, - dg - ag +++ 18 convergent, a,=1. 


For by 196, 2 the factors a, finally become > 0, say for n > m. 


Hence by 197, 1 the series ‘ 
2 log a, a, > 9 
is convergent. Henceloga,=0. ..a,=1. 
199. Let Ry < hy, <- |X| =o bea sequence of rectangular 


cells. Then if P is convergent, 
P= Ji ip aaa a P,,): 


For F is a telescopic series and 


Pe rz Va a3 = (Pana ~ P,,)s 


200. 1. Let P=II(1+4a,..,). 

We call Pei -he. a) 5 &, ==] a, 
the adjoint of P, and write 

PA di Pe. 
2. P converges, if its adjoint is convergent. We show that 
o> 0, 3 (eo abe fice Ne 
Since $ is convergent, 
Pa, + EB, oa Oe) 

is also convergent by 199. Hence 


0SF,—Bise A<p <p. 


But P,—/P, is an integral rational function of the a’s with 
positive coefficients. Hence 


|P,—P,| <8, §,. ‘ (1 
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3. When the adjoint of P converges, we say P is absolutely 
convergent. 

The reader will note that absolute convergence of infinite 
products is defined quite differently from that of infinite 
series. At first sight one would incline to define the adjoint of 


P= STO a 5 
os $= IT/a,,...,, | 
With this definition the fundamental theorem 2 would be false. 
For let Pall¢—1): 
its adjoint would be, by this definition, 
Tear lsh wees 


Now -¥,=1. .*.$ is convergent. On the other hand, 
P,=(—1)* and this has no limit, as n=o. Hence P is 
divergent. 

4. In order that P=I1(1+4.,....,) converge absolutely, it is 


necessary and sufficient that * 
a Ns. 


ts 


converges absolutely. 
Follows at once from 198, 2. 


Example. y 2 
iQ.) 
n 


il 


converges absolutely for every z. 


‘ 
For eet) 


is convergent. 
201. 1. Making use of the reasoning similar to that employed 
in 124, we see that with each multiple product 
Pella.c, 
are associated an infinite number of simple products 


Q = Ila,, 
and conversely. 
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We have now the following theorems : 

2. If an associate simple product Q is convergent, so is P, and 
P=q. 

For since Q is convergent, we may assume that all the a’s are 


> 0 by 196, 2. Then 
Qaxte* ees byl iis 


— E=IOB Mey ty by 124, 3, 
= Pa Eble 


3. If the associate simple product @ is absolutely convergent, so 
18. 


For iet P= nd ae Cie): 
C= Tita.) 
Since @ is absolutely convergent, ° 


Nd+%,) 5 =| 4,| 


is convergent. Hence II(1 + «,...,.) is convergent by 2. 
s 


4. Let P=W1 +4...) be absolutely convergent. Then each 
associate simple product Y= Il(1 + a,) is absolutely convergent and 
Pa. 

For since P is absolutely convergent, 

sae 
converges by 200, 4. But then by 124, 5 
Lo. 


ak, 


is convergent. Hence Q is absolutely convergent. 


5. If P=IMla,,...., ts absolutely convergent, the factors a,..... >0 
if they lre outside of some rectangular cell R,,. 


For since P converges absolutely, any one of its simple associ- 
ate products Y= a, converges. But then a,>0 for n>m, by 
198, 3. Thus a,...., > 0 if c lies outside of soma R,. 


6. From 5 it follows that in demonstrations regarding abso- 


lutely convergent products, we may take all the factors > 0, 
without loss of generality. 
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For P=P,.-P,; 
and all the factors of P, are > 0, if w is sufficiently large. This 
we shall feel at liberty to do, without further remark. 


if A=II(1 +4,,...,) a,>9 


and L=X log + a...) 


converge or diverge simultaneously. 


For if A is convergent, 


AM rrrty 
« 


is convergent by 200, 4. But then Z is convergent by 123, 4. 
The converse follows similarly. 


202. 1. As in 124,10 we may form from a given m-tuple 
product Sait 
as infinite number of conjugate n-tuple products 
B — T16,,...j, 
where a, = 6, if s and 7 are corresponding lattice points in the two 
systems. 
We have now : 


2. If A is absolutely convergent, so is B, and A = B. 


For by 201, 6, without loss of generality, we may take all the 
factors > 0. 


Then pAb poe Bey oe 
= log ay 
<a pe dn 
= 5. 
3. Let A = Ila...., 
1 m 


be an absolutely convergent m-tuple product. 


Let B => TO ;, 3, 


be any p-tuple product formed of a part of or all the factors of A. 
Then B is absolutely convergent. 
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For = log a is convergent. 


Hence = log 8, is. 


Arithmetical Operations 


203. Absolutely convergent products are commutative, and con- 


versely. . 
For let A= ee 
be absolutely convergent. Then its associate simple product 
Y= Ila, 


is absolutely convergent and A= %, by 201, 4. Let us now re- 
arrange the factors of A, getting the product B. ‘To it corre- 
sponds a simple associate series B and B= %B. But A= B since 
Y% is absolutely convergent. Hence A = B. 
Conversely, let A be commutative. Then all the factors q,,...,. 

finally become > 0. For if not, let 

Ry < Ry <= ; ad 
be a sequence of rectangular cells such that any point of &,, lies 
in some cell. We may arrange the factors a, such that the partial 
products corresponding to 1), 

ee eA 
have opposite signs alternately. Then A is not convergent, which 
is a contradiction. We may therefore assume all the a’s> 0. 


Then A = erie tm 


remains unaltered however the factors on the left are rearranged. 


Hence Soon. 


is commutative and therefore imine convergent by 124, s. 
Hence the associate simple series 
A= 2 log a, = SOR 
is absolutely convergent by 124, 5. Hence 
2B, 
is convergent and therefore A is absolutely convergent, 
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204. 1. Let meer 


be absolutely convergent. Then the s-tuple iterated product 
B=I1Il--- a, 


uo 
s 
i te t 


is absolutely convergent and A= B where c; +++ u, is a permutation of 


by, bg 20% bye 


For by 202, 8 all the products of the type 
“ Ila Ila 


Uyorr ls Lyerly 
lg— le ls 


are absolutely convergent, and by I, 324 
Hee Tit. 


Similarly the products of the type 
II 


te=1's—3's—3 
are absolutely convergent and hence 


te iS ir, 


tla iat) ay) 
In this way we continue till we reach A and B. 
2. We may obviously generalize 1 as follows: 


Let A —} eye 


be absolutely convergent. Let us establish a 1 to 1 correspondence 
between the lattice system % over which t=(t, +++ t,) ranges, and the 
lattice system Wt over which 


I= ia Jordon Indra Srp) 
ranges. Then the p-tuple iterated product 
B=T11-Il---- Ila 
1 2 


r JFis** Sep 
1s absolutely convergent, and 


A=B. 
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3. An important special case of 2 is the following: 


Let 


A=lla, , n=1, 2;-:. 


converge absolutely. Let us throw the a, into the rectangular array 


Then B, = Thai. 


converge absolutely, and 
A. == BiB, Bf 
4. The convergent infinite product 
a P=(1+a4)1+4,)-. 
ws associative. 


For let . 
M,< My < os = 00. 
ais 14 by =(1 +) 1+ am) 


1+ b= + nit) 1+ + On) 


We have to show that 


Q=(14+b)04+h) +» 


is convergent and P= Q. 


This, however, is obvious. For 
Q,=1+4,)---14+6,)=(1+a,):d+a,) 
Se. v= M+ +++ +M,, 


But when 2 = co so does pv. vA 


H i 
ence lim Os = lim PS 


Remark. We note that m,,,,—m,, may = oo with n. 
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205. Let At Wane a at S110, s 
be convergent. Then 


C=Tla,-b,. . D=15 


t 


are convergent and 


CAr Bin ED 
B 


Moreover if A, B are absolutely convergent, so are CO, D. 
Let us prove the theorem regarding (’; the rest follows simi- 
larly. We have se Nears 
Now by hypothesis A, = A, B, = Bas p = o, 
Hence es 
To show that C is absolutely convergent when A, B are, let us 
write d= 1 a S, b)=.1 + b= and set a.) =e, \, | 6,|=8;. 
Since A, B converge absolutely, 
Zlogit+e) , Ylogai+A) 
are convergent. Hence 
> flog(1 + m) + log(1+ B)} = Zlogit+a)a+8,) 
is absolutely convergent. Hence C is absolutely convergent 
by 201, 7. 
206. Example. The following infinite products occur in the 
theory of elliptic functions: 
Q, = 1d + ¢") 
Q=W d+ gt) n=l, 
Q, = 1d — g}). . 
They are absolutely convergent for all |q| <1. 
For the series Sl q| , Sig 
are convergent. We apply now 200, 4. 
As an exercise let us prove the important relation 


P= Q1 9,23 =1. 
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For by 2085, P=114+¢0 4+ #0 —- g 
slg Cl tae) 
Now all integers of the type 2, are of the type 4m — 2 or 4n. 
Hence by 204, 3, 
TL =a) gt) Eats), 


or 2 nce! es at) 
= nae ye ‘ 
is a a i oa) 
Thus ae aa eee — q?”) a 1— 
iy cs qe 
x1, 


Uniform Convergence 


207. In the limited or unlimited domain A, let 
LZ OS Fy wae ha ee 
be uniformly convergent and limited. Then 
Ball fie 
is uniformly convergent in A. 
For 


F, = e"- 
Now J, + L uniformly. Hence by 144, 1, # is uniformly con- 
vergent. 


208. If the adjoint of 
P= +Si,.@1-** Um) 


ts uniformly convergent in X (finite or infinite), F is uniformly 
convergent. 


For if the adjoint product, 
»Y = 1d + Dens re 
is uniformly convergent, we have 


. [Bu-Bo]<e wy y>r 
for any x in Y. ‘ 


UNIFORM CONVERGENCE 255 


But as already noticed in 200, 2,1) 
[Pe P| = | B.— 8, |. 


Hence F is uniformly convergent. 


209. The product 
F=Tl1 + fi... °% @m)) 
ts uniformly convergent in the limited or unlimited domain A, if 
HUGH ee) > HA 
zs limited and uniformly convergent in A. 
For by 188, 2 the series 
L = log (1 +$9,) 


. 
is uniformly convergent and limited in &- Then by 207, the 
adjoint of # is uniformly convergent, and hence by 208, F is. 


en F(a +++ 2p) = W fig oy" Em) 


be uniformly convergent atx=a. If each f. is continuous at a, F 
is also continuous at a. 


This is a corollary of 147, 1. 
211. 1. Let G= Z| fi...u(Z1°++ Lm) | converge im the limited 


complete domain X having a as a limiting point. Let G and each 
Ff, be continuous ata. Then 


Fay py) = A$ faeces 1° Gnd) 
4s continuous at a. 


For by 149, 4, G is uniformly convergent. Then by 209, # is 
uniformly convergent, and therefore by 210, F is continuous. 


2. Let =| fi nnis(°+' %m)| converge in the limited complete 
domain %, having x =a as limiting point. Let 


limf=a, , lim =a, 
z2=a 2=4 


Then lim T1(1 + fi, ..i(@ 0°* Um) = TC + @,,...0)- a 
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a 


For by 149, 5, G is uniformly convergent at c=a. It is also 
limited near x=a. Thus by 209, 


Noss) 
is uniformly convergent at a. To establish 1) we need now only 
to apply 146, 1. 


212. 1. Let WE by ee C2 ee a qa 
converge in Y=(a,a+6). Then 
log F=L= log. (2 
If we can differentiate this series termwise in % we have 
d fi | 
ys = > se QB 


Thus to each infinite product 1) of this kind corresponds an infi- 
nite series 3). Conditions for termwise differentiation of the series 
2) are given in 1538, 155, 156. Other conditions will be given in 
Chapter XVI. 


2. Example. Let us consider the infinite product 


O(v) = 2 FQ sin welll — 2 g?" cos 2 wx + 9”) al 
1 
which occurs in the elliptic functions. 
Let us set 
1—u,=1—2 4" cos 2 7x + gq. 
Then | Un |<2)q|"+|q\*. 


Thus if | q| <1, the product 1) is absolutely convergent for any 2. 
It is uniformly convergent for any x and for |qg|<7< 1. 

If it is permissible to differentiate termwise the series obtained 
by taking the logarithm of both sides of 1), we get 


M@) 
O(r) 


If we denote the terms under the = sign in 2) by v, we have 


2n 


(2 


5 oo 
= cot Te + 4m sin 2 m2} — = = 
270 nm 
s1L—2¢ cos 2 wz + 9 
, a 


2n 


Un << les PN face on 8 ne 
| I< eee & r 
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Now the series 2a, converges if |g|<1. For setting 6, = | q” 
the series 4, is convergent in this case. Moreover, 


et, 
Urnreyeesa ip 


mo 0 


Thus we may differentiate termwise. 


The Circular Functions 
213. 1. Sinz and cosx as Infinite Products. 
From the addition theorem 
sin (mz + 2) = sin (m+ 1)2=sin mz cos x + cos mz sin & 
m= 1, 2,3 --- we see that for an odd n 
sin nz = a) Sin” z+ a, sin” 1 z+ -.- +a,_,sin & 
where the coefficients a are integers. If we set t= sin 2, we get 
sin nx = F,(t) = apt? + at? 14 ++ + a,j. a 
Now F, being a polynomial of degree n, it has n roots. They are 


. a. Wag lor 
0, +tsin-—, +sin—, --+sin — 
nN n 2” 


corresponding to the values of z which make sinnzx=0. Thus 


Cees {= oe UT 
F,,@) = aot (« — sin =) (¢ + sin =) vee 


= at (##— sin?) .. (#— sin’ 5 3) (2 


Dividing through by 


O 27 : aoe A gt—in 
sin? — sin? —...- sin = 
n n n 2 


and denoting the new constant factor by «, 1), 2) give 


in? rye 
te ; sin? x sin 
sin nz = «sin z| 1— es 1— ee (3 
+ 9 7 2 lo 
sin at sin > 
nN Se 
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To find a we observe that this equation gives 
sin nx sin? x 
- =k 1 —_—_ —— |} - 
sin x inn 
sin? — 
n 


Letting +0 we now geta=n. Thus putting this value of «a 


in 8), and replacing 2 by =, we have finally 


sing =nsin= P(a, n) (4 
where 
sin? | makes 
Pan) =) 1— 7 | pm 1D, acy 7° 
sin? — 


We note now that as n =o, 


sin — 
nsin—-=2 =2. 
n x 
n 
Similarly 
ng 
sin? — 
. 
er ae 
sin? — 


It seems likely therefore that if we pass to the limit m= oo in 
4), we shall get 


sing = ¢P(2) (5 
where oe 
P(x) =Tl(1- : 
) 1 ( 7ant) 
The correctness of 5) is easily shown. 
Let us set 
sin? = 
L(x, n) =log P(a, n) = log| 1 -- ——™ (6 
gina 7™ 
n 


L(x) =log P(x) = 3 log (1 - =): 


a 
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We observe that 


lim P (a, 2) = lim e4*") = e4) = P(x) 
provided j 


lim D(a, n) = L(@). (i 

n=00 
We have thus only to prove 7). Let us denote the sum of the 
first m terms in 6) by L,,(2, ) and the sum of the remaining 
by LL, (@, n). Then 


Since for 0D<a< am 


| L(a, n) — L(x) |< | Lp Ce, 2) — Ln (#) | + | L(x, #)| + |Ln(2)|. (8 


Salle 
9 <OS Na 
we have 
sin? ~ a 
n An? x? 
A get) SL 
egg uf T°? 
sin? — 


us 
and hence for an m, so large that |2| 


—— <1, we have, 
my 


sin? ~ F 
n Foe 
= lye il < = log (1-755), r>m™. 
8 sin? rr 8 4 qr27 
n 
But the series 


> log (1 Eee ) 
fr ™, 


4 a2? 
is convergent. 


Hence for a sufficiently large m 


| L,, (25 m)1<5 ; |Ln(@) | <5: 


Now giving m this fixed value, obviously for all n > some v the 
first term on the right of 8) is < ¢/3, and thus 7) holds. 
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2. In algebra we learn that every polynomial 
Ay + ayx + age? + +++ + 4,2" 
can be written as a product 
Oy (% — 0% )(# — Oy) +++ (B— y)y 


where «,, @ ++: are its roots. Now 


: ine 

Bn = 5 on eee (9 
is the limit of a polynomial, viz. the first » terms of 9). It is 
natural to ask, Can we not express sin w as the limit of a product 
which vanishes at the zeros of sina? That this can be done we 


have just shown in 1. 
3. If we set 2 = 7/2 in 5), it gives, 


i mw (2r—1)(2r+1) 
eee -s, ee Sh See eee 
a a gl 27-27 
Hence 7 Q2r-IAr 


ra ere ae) 


Be Dh sho Zh Gg (Ra lG occ 
= 10 
Tr OS eae eee C 
a formula due to Wallis. 


4. From 5) we can get another expression for sin 2, viz. : 


sin 2 = all (1-2 em eee ol es 2 ql 


aL 


For the right side is convergent by 197, 2. If now we group 
the factors in pairs, we have 


(PER Yi tw year? 


This shows that the products in 5) and 11) are equal. 


5. From 5) or 11) we have vA 
sinz=lim P,(x) =lima I! 2+ 87 (12 
n=00 s=-n 89T 


where the dash indicates that s = 0 is excluded. 
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214. We now show that 


cosm=li(1— 42 _,). qd 
1 (2 n — 1)?27? 


To this end we use the relation 


sin2a2=2 sinz cosz. 


Hence 
4y2 4 g2 4 2 
123 nar? (2 m)?1? : (2 m — 1)?2r? 
ae eee re ee eS eee eee 
: * (4-35) n(1— =) 
a; nq neq? 


n(1 ae 
a (1 4 a 
II (1 = =) ~ @m— Te 
nar? 
from which 1) is immediate. 
From 1) we have, as in 213, 4, 


9 Da. 
poste [hee ee Cohan n=0,+1,+2,-. (2 
(2n—1)7 


215. From the expression of sin, cosa as infinite products, 
their periodicity is readily shown. Thus from 213, 12) 


Sin == lim 274). 


But ty 
Pern) er nt lm . —1 , asn=oo. 
Pa) ne 
Hence lim P,(@ +7) = —lim P,(2), 
or sin(x + 7) = —sing. 
Hence 


sin(a + 27) =sing 


and thus sin z admits the period 2 7. 


216. 1. Infinite Series for tan x, cosec 2, ete. 


If 0<2<r7, all the factors in the product 213, 5) are positive. 


r oo 2 
ious log Sn oe ioe (1-$) ; Vara. a 
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Similarly 214, 1) gives 
4 a 
(28 — 1)? 


q 


log cos x = Slog (1 — ) , O<¢<—- (2 
i 


2 


To get formule having a wider range we have only to square 
the products 213, 5) and 214,1). We then get 


Es 2°\2 
log Oe ace aae 1-3), (3 
valid for any x such that sin «#0; and 
jovyoost = Sloe, re 
acer og ( 2 el 


valid for any x such that cosx +0. 
If we differentiate 3), 4) we get 


cobm=i +23" 


ar ey 
tan x =23'75 Se 
1 


Nea : 


Remark. The relations 5), 6) exhibit cot z, tanz as a series of 
rational functions whose poles are precisely the poles of the given 
functions. ‘They are analogous to the representation in algebra 
of a fraction as the sum of partial fractions. 


6 


valid as in 8), 4). 


2. To get developments of sec x, cosec 2, we observe that 


cosec a= tan } x + cot 2. 


Hence 
oo ly 1 io 
COSOC ama 2) yee eee 
pec ara z oe a 
2 + 


valid for x# + sr. 
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3. To get sec x, we observe that 


vie 
cosec (z a x) = Sec Zz. 


al S us caw | 
oma 2 ( 1) 


1 i 1 1 
T= + —|;—— +,—_|+ -- 
Ta ney: EEE STE 


we see that Z’is convergent and =. Thus 


(28—1)r 


2s—1\2 ») 
= : 2 72 
(A=) e-2 


= 


SCC 2 = se eye 
1 


valid for all z such that cosxz+0. 


217. As an exercise let us show the periodicity of cot 2 from 
216, 5). We have 


cot «= lim F#,(7) = hm S 1 


x + Sir 


Ux ST. 


=00 
Me s=— 


il el oe 
e+(n4+1)r w-—nr 


Now  F,(@+7)=F,(2)+ 


Letting n = o we see that 


lim F(a + 3) =lim F,(2) 
and hence 
cot (x + 7) = cota. 
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218. Development of log sin z, tan 2, ete., in power series. 
From 216, 1) 


sin x a 
Wn a i 
log —— : = Jog ( 2 =) re 


If we give tor 


“its limiting value 1 as z+ 0, the relation 1) 
holds for |x| < 7. ‘ 


Now for |z| <a 


x ftp Me ei 
— log (1 oe = )= ao 


Thus 


provided we sum this double series by rows. But since the series 


is a positive term series, we may sum by columns, by 129, 2. 
Doing this we get 


sin x 


2 
av 
= H,—, 


= ko 
s a) 


+4- 


NR 


es x 
ED arg Sailer: wee (2 


where 


The relation 2) is valid for | @| <r. 


In a similar manner we find 


Oy ae On 
— log cosx= G, at aoe sesurrite a (3 
valid for | x | a z. Here v8 
1 ie it 
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The terms of @, are a part of H,. Obviously 
gr — 1 
—— H, 


n° 
6 
On 


C= 
These coefficients ae in 8) give 
“log cosa= (2-1) Hy, + 3-1) H+ (P-)H,G + = Cd 
valid for |2|< = If we differentiate 4) and 2), we get 
tan 2= 22-1), + 24— DH, = +2 H+ Reco 


valid for |x| < 3 : 


i x3 xe 
coba=—— 2H, 2H 2G (6 


z 
valid for 0< |x| <7. 


Comparing 5) with the development of tan x given 165, 3) 


gives 
H,= roonien =Fa5- 2 =2,- 57 fe 
The gee spel da Mt yg 

Let = fete sibs eh 


i ern Bons ° (8 


Then 5) gives 


BC Be +2 LD ie + =O RAD Bab +. (9 


valid for |x| < a The coefficients B,, B,--- are called Ber- 


bane — 


noutllian numbers. From 7) we see 
= San ee 
By =% ’ By = 35 ’ B= 45 ’ B, = 39° 
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From 6), 8) we get 
1 ee aes 
Cota — == — > = ne (10 
Be TOT IY ae 
valid for 0 << |x| <7: 


219. Recursion formula for the Bernouillian Numbers. 
If we set f(#) = tan ¢, 
we have by Taylor’s development 
Sf (@) = of' (0) + pl) + ol + 
where fee-D0) _ 3 — 1) Hn 2" — 1) a, fa 
(2n—1)! nn ny ie! 
Now by I, 408, 


f%*-2(0)— es a ee 3(0)— a i go 5(0)—---=(—1)-1.(2 


From 1), 2) we get 
2n-1692n __ pay )2n- 86 92n-2 __ 
MIE OA IP) Bale -(?"5 n *)2 (2 Le. 


9. 
n | oe 


2a \ ee (Oe 
+( 4 ) ae By a 


We have already found B,, B;, Be B,; it is now easy to find 
successively : 


867 = ih alat 
98 ’ B,, = : 


Thus to calculate B,, we have from 3) 


29(2—1) p 9-8 228-1) 1 4 9:8-T-6 228-1) 1 
5 2 a) 4 307 ie eee 3 42 
O8% 7 D804 = 150" 
oe = = 5 +9+2—1)-ha1 
Thus 
5 yA 
ata {1 — 9 + 168 — 2016 + 9799} 
5.7986 _ 6 
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The B and T Functions 


220. In Volume I we defined the B and T' functions by means 
of integrals: 


Ae ga fe 
BM M=), Gta « 
T'(«) =f etal 2 
0 


which converge only when wu, v>0. Under this condition we saw 
that “ 


Tu) T@) 
Bw, v) = =. 
| (u, v) Teo) (8 
We propose to show that [(w) can be developed in the infinite 
product ie 
i (1 a a 
Ge ieee (4 
U1 44% 


This product converges, as we saw, 197, 3, for any w¥0, —1, 
—2,--- From 201,7 and 207 it is obvious that G converges abso- 
lutely and uniformly at any point wu different from these singular 
points. Thus the expression 4) has a wider domain of definition 
than that of 2). Since G=T, as we said, for u>0, we shall ex- 
tend the definition of the I’ function in accordance with 4), for 
negative w. 

It frequently happens that a function f(x) can be represented 
by different analytic expressions whose domains of convergence 
are different. For example, we saw 218, 9), that tan 2 can be de- 
veloped in a power series 

292 
2 - 1) ian 


tan z= 


9224 1 
2 By + soe 


valid for |z|< x On the other hand, 


x ze 

Se papa hae oe } 
t I Bye Sp sin x 
an 2 = ————_,—__—_——__ = 

1 mw cosa 
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Pp yy al, 
1 (28 *) hele) 
—_— | 7#?—a 
oe 
are analytic expressions valid for every 2 for which the function 
tan z is defined. 


221. 1. Before showing that @ and I have the same values for 
u> 0, let us develop some of the properties of the product @ given 
in 220, 4). In the first place, we have, by 210: 


The function G(u) is continuous, except at the points u=0, —1, 
== Gee 
Since the factors of 4) are all positive for w>0, we see that 
G(u) ts positive for u > 9. 
2. In the vicinity of the pointxr=—m, m=O, 1, + 
Cae 
c+m 


where H(u) is continuous near this point, and does not vanish at 
this point. 


For - 
Ot 
. m 


m 


where # is the infinite product G with one factor left out. As we 
may reason on H as we did on G, we see H converges at the point 
c=—m. Hence H¥0 at this point. But H also converges uni- 
formly about this point; hence AH is continuous about it. 


222. 
G = lim 1 “(mn — 1) nn (1 
Ne RR CEETNS (w+n—1) , 


To prove this relation, let us denote the product under the limit 
sign by P,. We have 


ned Cen SIA age rams Wit ere a Loe 
De TTD a wou) = +9) (+ By (144), 
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Also 
(Ut 1) (U+2)--Cu-m—D = (n—1)1(14 4) (149)... (14 x \ 


all 


Thus P,=G,. But G,=G, hence P,, is convergent and G = 
lim P,. 


223. Euler's Constant. This is defined by the convergent series 
ey ial 1 
ez de (1 a 
2 pes ahs 


. a 
It is easy to see at once that 


il i il 7 
Be O3 H. FRO. 


STi 1b 


by 218, 7). By calculation it is found that 
C= .517215 -.- 


224. Another expression of G is 


eu 


G = —_—_—_—_—_ ) n=1, 2,--- (GI 
utI(1 + e* 
nr 


where Cis the Hulerian constant. 


For when a>0, qY = evloga, 
nce 
i wlog(a+*) 
e 
G =—Il = 
U 14% 


Now wiog (1+2)-% 


and 
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are convergent. Hence 


Angel = ee 
Nol vagy 


Ul oF [iog(ait ») -*] 


from which 1) follows at once, using 2238. 


225. Further Properties of G. 5 
i G(u+1)=uG(v). 


Let us use the product 


u 


il (n—1)! 
Bae) mu (+l) as Ce pane 1) - 


employed in 222. Then 


uP, Cu 
Pw +1) =O. 


As 


——— =u as 2 = 00 


we get 1) from 2) at once on passing to the limit. 


bo 


This follows from 1) by repeated applications. 
3. G(n)y=1-2.+-n-1L=(n—1)! 
where n is a positive integer. 


4 Gu) GA —u)= di 


Sih ww 
Hits G1 = Ww) = uG (— u) by i 
elu 
=———,_. by 224, 1). 
II (1 — ae 
u nN 
pace —Cu,Cu 
G(u) G1 —u)= ; ‘ fe ary te 
4 _& ; u 
ronan 
n ‘+s n 
al a 


G(u+ n)= uCut 1) (w+n—1)4(u). 


a 


(3 


(4 


(5 
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We now use 213, 5). 

Let us note that by virtue of 1, 2 the value of G@ is known for 
Ul w>0, when it is known in the interval (0, 1). By virtue of 
») G@ is known for u<0 when its value is known for u>0. 
Moreover the relation 5) shows the value of G is known in (4, 1) 
vhen its value is known in (0, 4). 

As a result of this we see G is known when its values in the 
nterval (0, 4 are known; or indeed in any interval of length 3. 

Gauss has given a table of log G(u) for 1<uw<1.5 calculated 
0 20 decimal places. <A four-place table is given in “ A Short 
Table of Integrals” by B. 0. Peirce, for 1<u< 2. 


5. GA) = vr. (6 
For in 5) setw=3. Then 

G24) =r. 
Hence Gia) = + V7. 
We must take the plus sign here, since G > 0 when u>0, by 221. 
6. a en fa 


where 7 is a positive integer. 


For 
(2n+1\ _ 2n—1\_2n—1 on 1) 
oP tt) — (14 ; \= : @( —*), by 1. 
Bia Py s mes 
Similarly a(= _ =) = anes a S *), etc. 
n+l) 20-1 2n—8, 2 1 g/l) 
aoe a( 2 Je 2 Pa oOAS 


226. Expressions for log G(u), and its Derivatives. 
From 224, 1) we have for u>9, 


<A fu U 
L(u) = log G (uw) = — Cu— logu + 2 {%—log (1 +%)I. @! 
Differentiating, we get 


pe Toe » {2 — z }. 2 
ee te) C 


1 (nm Utrn 
That this step is permissible follows from 155, 1. 
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We may write 2) 
A (il 1 
ee ee ee 3 
eZ TES oo} ( 


That the relations 2), 3) hold for any u# 0,.—1, — 2--- follows 
by reasoning similar to that employed in 216. In general we have 


i) 


ee eS 4 
(u+n—1)’ ( 


L® =(-1)(r—1)! > 
In particular, 


Dao 6 
bd) =(-@-)! Y4=(-y@-! H,. 


227. Development of log G(u) ina Power Series. If Taylor’s 
development is valid about the point u=1, we have 


a _1)2 
lire 4G) IUCN) TACO y= ae Day DEG 
or using 226, 5), and setting w=1+ 2, 


log G1 +2)=—-Cr+> a He. al 


n=2 


We show now this relation is valid for —4<a<1, by proving 
that 


R, == L9(1 + 62), 0<0<1 


converges to 0, as 8=00. 


Foreit 0 =< =) then 


Also if —4<av<0, 


fae —2t_}.+ 
y |n+ xl") 8 


1 1 
ull 0. 
: - Se — ae tO 


The relation 1) is really valid for —1<2< 1, but for our pur- 
pose it suffices to know that it holds in 9% = (— 4, 1). . Legendre 
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has shown how the series 1) may be made to converge more 
rapidly. We have for any z in 


log (1 + x) eC lh 
2 n 


This on adding and subtracting from 1) gives 
log @(1 + 2) = — log (1 +2) 4+ (1— e+ 3(- 1 ie 1). 
Changing here 2 into — x gives 
log GC — 2) = —log (1 —2) —(1— Ce + 3(H,- 1) 
Subtracting this from the foregoing gives 


log G(1+2)—log G1 — 2) 


= —log 7 +2 


gamtl 


20 = OE ae 5 Homi = D- 


From 225, 4 
log 4(1 + 2) + log (1 — x) = log —™” 


sin a 


This with the preceding relation gives 
log G1+2) 


be Tx 
pe 48 -1— 108 sin 70 12 cine a are 
valid in Y. 


This series converges rapidly for 0<a<4, and enables us to 
compute G(u) in the interval 1<w<3. The other values of G 
may be readily obtained as already observed. 


gemtl 


(2 


228. 1. We show now with Pringsheim* that G(w) =T(u). for 
u>0o. 


We have for 0<u<1, 
Tu + n) = [ete de 


fas 


* Math. Annalen, vol. 31, p. 455. 
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Now for any z in the interval (0, »), 
a<n" , at >ant) 
since u>0 and u—1<0. 
Also for any z in the interval (n, 0 ) 


g*< an") : ce i. 
Hence 


a 


wep e-tanda + nef. ea" Ide<T(u+n) 


n 1c 
<n f e-*y" ldx+ nif” é 2d, 
n 


“0 


Thus 
GED f"e ~Zypn— lda + *foe —zynd a 


n" 
< fre ~xan— Idx sie “fe —tynda — <fre ~zgndr, 


Let us call these integrals A, B, C respectively. 
We see at once that 


pola aan 
n n 


Also, integrating by parts, 


A (| 7+t I ’ e*a"dz = ae C. 
ne 


TO diy SC 
Thus 
EI Grad jinn 
n e 
Similarly 
P+). Gay 1m. 
nm er 
Hence 
T(u+n) 
Peat dae LD) 3S a) 
(n —_ 1) ! nv ats OnIn 0 = 6, < 1 
where 
q a ule roe nn 
"~~ et"(n—1)! ml 
Now ‘ ‘ 


n, ne nr ( n 
ealtntyt esi au Sr pn op 
Nea n! ReaTeT Ane Py ee. 
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But 


n n™ 
S + 
n+1 (n +1) + (n+ m) 
mn” m m 
>= => > OO cmrne—-’ 
Ea Dane m 
(n+1) + (m+m) (145) (142) aes) 
n n n 
Let us take 


M,>1+ , for any m 


n>m or Dy a 
nm 
Then 
m m 
pein ea ee ee 
“ (1+=) i 
m 


Since m may be taken large at pleasure, 


lim v,, = 0 
and hence 


lim’, =0. 
Thus Tr 
ee ey ey 1 
n=x (n — 1)! n* baviteae 


But from [Qu + 1)= uI'(w) we have 
RGU En) We Pa Cl te) 1 
n(n —1)! n n*(n—1)! 
also, as noo. Thus the relation 1) holds for 1<w<2, and in 
fact for any u>0. 


AS Tut+ny=u(ut1)-- wtn—)D~w), 
we have 
; u(u+1)--- (ut+n—1) 
Hanon DI Gein Pw+n) 


u(u+1) +--+ (u+tn—1) (n—1) In 
Letting n= oo, we get [(w)= G(w) for any u>0, making use 
of 1) and 222, 1). 
2. Having extended the definition of T'(w) to negative values 
of u, we may now take the relation 
Taw TO) ‘ 
B(u, v) = 2 
(= Tero ( 
as a definition of the B function. This definition will be in 
accordance with 220, 1) for u, v> 0, and will define B for negative 
u, v when the right side of 2) has a value. 


CHAPTER VIII 
AGGREGATES 
Equivalence 


229. 1. Up to the present the aggregates we have dealt with 
have been point aggregates. We now consider aggregates in 
general. Any collection of well-determined objects, distinguish- 
able one from another, and thought of as a whole, may be called 
an aggregate or set. 

Thus the class of prime numbers, the class of integrable func- 
tions, the inhabitants of the United States, are aggregates. 

Some of the definitions given for point aggregates apply obvi- 
ously to aggregates in general, and we shall therefore not repeat 
them here, as it is only necessary to replace the term point by 
object or element. 

Asin point sets, &% = 0 shall mean that 2% embraces no elements. 

Let %, B be two aggregates such that each element a of Wf is 
associated with some one element 6 of 8, and conversely. We say 
that W& is equivalent to B and write 


A~ B. 
We also say & and ¥ are in one to one correspondence or are in 


uniform correspondence. 'To indicate that a is associated with 6 
in this correspondence we write 


a~ b. 
2. FA~ Band ¥~G, thenA~ GC. 
For let a~b, b~e. Then we can set X, € in uniform corre- 
spondence by setting a~ e. 
Sanlce X= B+C4+O4+-- +8 
A=B+C+D+4+.. 


If B~ By ~ CO, +++, then U~ A. 
276 ; 
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For we can associate the elements of % with those of A by 
keeping precisely the correspondence which exists between the 
elements of $ and B, of € and @, ete. 


Example 1. De ES aon 
B=a,, ay, Ag, 
If we set a,~ n, Wand BY will stand in 1, 1 correspondence. 
Example 2. A= 12; 3,4, + 
“i 2.4, 6, 8, 


If we set n of W in correspondence with 2 n of %, % and ¥B will 
be in uniform correspondence. 

We note that 8 is a part of %; we have thus this result: An 
infinite aggregate may be put in uniform correspondence with a 
partial aggregate of itself. 

This is obviously impossible if % is finite. 


Example 3. reads a la or aces 
BH = 101, 102, 10, 104, ... 


If we set » ~ 10%, we establish a uniform correspondence be- 
tween Mand B. We note again that A ~ B although A > B. 


Example 4. Let € = {&}, where, using the triadic system, 


E=- £88, --- E,=0, 2 
denote the Cantor set of I, 272. Let us associate with € the point 
HIST PUM Oe (at 

where z, =9 when &,=0, and =1 when &, =2 and read 1) in 
the dyadic system. 

Then {x} is the interval (0,1). Thus we have established a 
uniform correspondence between & and the points of a unit interval. 

In passing let us note that if &< & and 2, a’ are the correspond- 
ing points in fz}, then a <a’. 

This example also shows that we can set in uniform correspond- 
ence a discrete aggregate with the unit interval. 

We have only to prove that € is discrete. To this end consider 
the set of intervals (’ marked heavy in the figure of I, 272. Ob- 
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viously we can select enough of these deleted intervals so that 
their lower cuntent is as near 1 as we choose. ‘Thus 


Cont C= AN 


As ContC <1, C is metric and its content is 1. Hence € is 
discrete. 


230. 1. Let X=a+A, B=B+B, where a, b are elements 
of XU, B respectively. If U~ B, then A ~ B and conversely. 


For, since %~ %, each element a of % is associated with some 
one element 6 of %, and the same holds for B. If it so happens 
that « ~ 8, the uniform correspondence of A, B is obvious. If 
on the contrary «~ 6! and 8 ~ a’, the uniform correspondence be- 
tween A, B can be established by setting a’ ~ 6’ and having the 
other elements in A, B correspond as in A~ B. 


2. We state as obvious the theorems: 
No part 8 of a finite set X can be ~ A. 
No finite part B of an infinite set A can be ~ A. 


Cardinal Numbers 


231. 1. We attach now to each aggregate % an attribute 
called its cardinal number, which is defined as follows: 

1° Equivalent aggregates have the same cardinal number. 

2° If Lis ~ to a part of B, but B is not ~ A or to any part 
of A, the cardinal number of % is less than that of $8, or the 
cardinal number of % is greater than that of &. The cardinal | 
number of %& may be denoted by the corresponding small letter 
a or by Card Y%. 

The cardinal number of an aggregate is sometimes called its 
power or potency. 

If Y@ is a finite set, let it consist of n objects or elements. 
Then its cardinal number shall be ». The catdinal number of 
a finite set is said to be finite, otherwise transfinite. It follows 
from the preceding definition that all transfinite cardinal num- 
bers are greater than any finite cardinal number. ‘ 
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2. It isa property of any two finite cardinal numbers a, 6 that 
oo C= D3 con r sb, or a <b. ia! 

This property has not yet been established for transfinite car- 
dinal numbers. There is in fact a fourth alternative relative to 
%, B, besides the three involved in 1). For until the contrary 
has been shown, there is the possibility that : 

No part of Wis ~ B, and no part of B is ~ A. 

The reader should thus guard against expressly or - tacitly 
assuming that one of the thie relations 1) must hold for any 
two cardinal numbers. 


3. We note here another difference. If %, B are finite with- 
out common element, 


Card (% + B) > Card W. (2 


Let now & denote the positive even and % the positive odd 
numbers. Obviously 


Card (2+ B) = Card A = Card B 
and the relation 2) does not hold for these transfinite numbers. 


4. We have, however, the following: 


Let XU > B, then 
Card Y > Card %. 


For obviously % is ~ to a part of YU, viz. B itself. 


5. This may be generalized as follows: 


By HeaeSere 4s fo: 
A=B+C0+D+4+:>- 
Df Card 8 < Card B , Card € < Card C, ete., 
ee Card Y < Card A. 


For from Card 8 < Card B follows that we can associate in 1, 
1 correspondence the elements of 8 with a part or whole of B. 

The same is true for ©, (; D, D 

Thus we can associate the elements of % with a part or the 
whole of A. 
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Enumerable Sets 


232. 1. An aggregate which is equivalent to the system of 
positive integers 3 or to a part of 3 is enumerable. 

Thus all finite aggregates are enumerable. The cardinal num- 
ber attached to an infinite enumerable set is &,, aleph zero. 

At times we shall also denote this cardinal by e, so that 

e=X. 
2. Hvery infinite aggregate U contains an infinite enumerable set B. 
For let a, be an element of Q and 


A= a, + %,- 
Then , is infinite; let a, be one of its elements and 
A, = a, + A,. 
Then %, is infinite, etc. 
Then 


8 = a5 As 5 see 
is a part of & and forms an infinite enumerable set. 
3. From this follows that 


&, is the least transfinite cardinal number. 


233. . The rational numbers are enumerable. 
For any rational number may be written 
ra qd 
n 
where, as usual, m is relatively prime to n. 
The equation 
[m|+|n|=p (© 
admits but a finite number of solutions for each value of 
p= 2, 3, 4, -- 
Each solution m, n of 2), these numbers being relatively prime, 
gives a rational number 1). Thus we get, e.g. 


p= 2 , creme vA 
ee 9 
p=3 , +2, +}. 
p=4 en + 4. 
p=d ’ +4, + 4 5 +3 . + %. 
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Let us now arrange these solutions in a sequence, putting those 
corresponding to p=q before those corresponding to p=q+1. 


We get 
oS 
Py as PhS (3 


which is obviously enumerable. 


234. Let the indices t,, tg, ++- 4, range over enumerable sets. Then 


Wi faskit 
7s enumerable. 


For the equation 
: a 10) YytMyte +y=Nn, 

where the v’s are positive integers, admits but a finite number 

of solutions for each n=p, p+1, p+2, p+3--- Thus the 

elements of B= fb,,.-r,} 


may be arranged in a sequence 
b, ; b, b, o0e 


by giving to m successively the values p, p + 1, --- and putting the 
elements 4,, ... “ corresponding to n= q+ 1 after those correspond- 
ing ton=q. 

Thus the set 8 is enumerable. Consider now %. Since each 
index ¢, ranges over an enumerable set, each value of ¢,, as ¢, is 
associated with some positive integer as m/ and conversely. We 
may now establish a 1, 1 correspondence between % and B by 
setting 


£ 


Ber ebm Otitis 
MMs a) bits ‘p* 


Hence % is enumerable. 


235. 1. An enumerable set of enumerable aggregates form an 
enumerable aggregate. 


For let 2, %, © -- be the original aggregates. Since they form 
an enumerable set, they can be arranged in the order 
W, o) WW, 5 A, 9 ene ad 
But each %, is enumerable; therefore its elements can be 
arranged in the order 
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a“ 


Thus the a-elements in 1) form a set 
Sn m, 0, = 1, 2, «< 
which is enumerable by 234. 
2. The real algebraic numbers form an enumerable set. 
For each algebraic number is a root of a uniquely determined 
irreducible equation of the form ‘ 
a” +a i+--+a,=0, 
the a’s being rational numbers. Thus the totality of real algebraic 
numbers may be represented by 
Ps 4a, °"* aa 
where the index 7 runs over the positive integers and a, --- a, range 
over the rational numbers. 
3. Let YX, B be two enumerable sets. Then 
Card &% = Card B=. 
Card ({ + B) =H; 
And in general if X,, U,--+ are an enumerable set of enumerable 
aggregates, Card (%,, Ay, + ) = Ny 
This follows from 1. 


236. Every isolated aggregate %, limited or not, forms an enumer- 
able set. 


For let us divide &,, into cubes of side 1. Obviously these form 
an enumerable set (,, C,:+. About each point a of Y& in any C,, 
as center we describe a cube of side o, so small that it contains no 
other point of %. This is possible since Mis isolated. There are but 


= 


a finite number of these cubes in (C, of side c=—-, v=1, 2, 3,++ 


n 


ee 


for each v. Hence, by 235, 1, 9 is enumerable. 


237. 1. Hvery aggregate of the first species YW, Limited or not, is 
enumerable. , 
For let 2{ be of order n. Then 


f= A + aw, a 
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where 2f, denotes the isolated points of % and Q{/, the proper limit- 
ing points of Qf. 
Similarly, 
Mr = Uh. + 


MN = 9h, + 


Thus, ; 
H = Hi + WM, pee YO. 


But A” is finite and A < AY, 
Thus Y being the sum of nm + 1 enumerable sets, is enumerable. 
2. If U' ts enumerable, so is A. 


For as in 1, 


A= A, + Wi 
and ese |e 


238. 1. Every infinite aggregate U contains a part B such that 
B~ A. 
For let © = (a,, a,, a3---) be an infinite enumerable set in Q, 
so that 
A= C+ F. 
Let E=a,4+ F. 


To establish a uniform correspondence between F, € let us 
associate a, in € with a,,,in #. Thus €~£. 
We now set 
B= H+F. 
Obviously 1 ~ B since #~ G, and the elements of § are common 
to & and B. 


2. IfX%~ are infinite, each contains a part X,, B, such that 
I pm. B, p) a) om W, . 


For by 1, & contains a part %, such that A~°A,. Similarly, 
% contains a part B, such that B~B,. As X~B, we have the 
theorem. 
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239. 1. A theorem of great importance in determining 
whether two aggregates are equivalent is the following. It is 
the converse of 238, 2. 


Let UX, <A, By < B. LA, ~ Band B, ~ A, 
then W~ B. 


In the correspondence %, ~ B, let %, be the elements of Y%, 
associated with B,. Then ; 


A, ~ B, ~ A 
and hence Ut ~ Ay. d 
But as W, > %,, we would infer from 1) that also 
A~ w,. 2 


As %, ~ B by hypothesis, the truth of the theorem follows at 
once from 2). 

To establish 2) we proceed thus. In the correspondence 1), let 
A, be that part of 2, which ~ %, in YW. In the correspondence 
A, ~ A, let 2, be that part of A, which ~ Y, in Y,. 

Continuing in this way, we get the indefinite sequence 


A> A > iS aS 


such that Eee ner pera 
A, ~ A, ~ A, ~-- 
Let now T= 0 oe She Caran 
D= DvA, A,, A, ---) > 0. 
Bes A= D+C6,+6,4+6,4+6,+ é) 


and similarly 


%=9+6,4+6,4+6,+ ©; + mi 


We note that we can also write 


%=9+6,4+6,4+6,4+6,+ +: (4 

Now from the manner in which the sets A,, W, +++ were obtained, 
it follows that vA 

Gi~ Gs , Gs ~ 6; ++ (5 


Thus the sets in 4) correspond uniformly to the sets directly 
above them in 8), and this establishes iL}: 


a 
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2. In connection with the foregoing proof, which is due to 


Bernstein, the reader must guard against the following error. It 
loes not in general follow from 


A= A+G, , W=Azt+G, , A~A, , A~A; 
€, ~ 
vhich is the first relation in 5). 
Example. Let X= (1, 2, 3, 4, ---). 
YW = (2,3,4,5+-) , W=—G, 4, 5, 6-.-) 
A, = (5, %, T, 8 ---). 
G,=1 G, = (8, 4). 
Now , %,, W, , W, are all enumerable sets; hence 
A~MA . 4~ A. 


But obviously €, is not equivalent to G,, since a set containing 
mnly one element cannot be put in 1 to 1 correspondence with a 
set consisting of two elements. 


shat 


Then 


240. 1. JFA>B>C, and A~G, thenA~ B. 


For by hypothesis a part of %, viz. ©, is ~Y. But a part of Y 
s ~ ¥, viz. B itself. We apply now 2389. 


2. Let «a be any cardinal number. If 
a<Card $8<a, 


ae «= Card %. 
For let Card & =a. Then from 
a<Card 8 
t follows that 2{ ~ a part or the whole of 8; while from 
Card 8 <« 


t follows that 8 is ~ a part or the whole of Y%. 


3. Any part B of an enumerable set U is enumerable. 
For if % is finite, it is enumerable. If infinite, 


Card B > Xp. 
On the other hand 


Card 8 < Card X=}. 
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4. Two infinite enumerable sets are equivalent. 

For both are equivalent to %, the set of positive integers. 

241. 1. Let © be any enumerable set in UX; set Y= E+RB. If 
B is infinite, A~ B. 

For % being infinite, contains an infinite enumerable set §. 


Let 8=F+G6. Then P 
A= C€+F+6G, 


B=F+G. 
But E+ F~F. Hence A~ B. 
2. We may state 1 thus: 
Card (QQ — €)= Card 
provided & — & ts infinite. 
3. From 1 follows at once the theorem: 


Let X be any infinite set and & an enumerable set. Then 


Card (+ ©) = Card Y&. 


Some Space Transformations 


242. 1. Let 7 be a transformation of space such that to each 
point 2 corresponds a single point x7, and conversely. 

Moreover, let x, y be any two points of space. After the trans- 
formation they go over into a7, yz. If 


Dist (2, y)= Dist(vz, yz) 
we call 7’a displacement. 
If the displacement is defined by 
t=%+a, cP Aes Lin = Lin + Un 
it is called a translation. va 


If the displacement is such that all the points of a line in space 
remain unchanged by 77 it is called a rotation whose avis is the 
fixed line. 


a 
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If ® denotes the original space, and R, the transformed space 
after displacement, we have, obviously, 


R~ Ip. 


2. Let 
Yy = ty ’ by Ym = t&,, o) t> 0. ad 


Then when 2 ranges over the m-way space X, y ranges over an 
m-way space 9). If we set «~ y as defined by 1), 


X~Y. 


oe Dist (0, y) =t Dist (0, 2). 


We call 1) a transformation of similitude. Ift>1, a figure in 
space is dilated; if t <1, it is contracted. 


3. Let @ be any point in space. About it as center, let us de- 
scribe a sphere S of radius R. Let P be any other point. On the 
join of P, Q let us take a point P’ such that 


R? 
Dist (P, Q) 


Then P’ is called the enverse of P with respect to S. This trans- 
formation of space is called inversion. Q is the center of inversion. 

Obviously points without S' go over into points within, and con- 
Bersely. As P=, P'= Q. 

The correspondence between the old and new spaces is uniform, 
except there is no point corresponding to Q. 


Dist P', Q) = 


The Cardinal ¢ 


243. 1. All or any part of space S may be put in uniform cor- 
respondence with a point set lying in a given cube C. 


For let S, denote the points within and on a unit sphere S’ about 
the origin, while G, denotes the other points of space. By an in- 
version we can transform ©, into a figure ©; lying in S. By a 
transformation of similitude we can contract G,, G; as much as we 
choose, getting G!, SG}. We may now displace these figures so 
as to bring them within C’ in such a way as to have no points in 
common, the contraction being made sufficiently great. The 
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correspondence between © and the resulting aggregate is obviously 
uniform since all the transformations employed are. 

As a result of this and 240, 1 we see that the aggregate of all 
real numbers is ~ to those lying in the interval (0, 1); for example, 
the aggregate of all points of #,, is ~ to the points in a unit cube, 
or a unit sphere, etc. 


244. 1. The points lying in the unit interval A =(0*, 1*) are 
not enumerable. 


For if they were, they could be arranged in a sequence 
Bis Ags Ago rg 
Let us express the a’s as decimals in the normal form. Then 


An = * AnyIngng ** 


Consider the decimal 
= + bjbobs 
also written in the normal form, where 
BF ay, 5 Og ay0 » DgHas5 5 
Then 6 lies in & and is yet different from any number in 1). 
2. We have CORTE View COS 1 easy thy 24 lise. 
~(a,b) , by 248, 
where a, 6 are finite or infinite. 
Thus the cardinal number of any interval, finite or infinite, 
with or without its end points is the same. 
We denote it by c and call it the cardinal number of the recti- 


linear continuum, or of the real number system XR. 
Since ® contains the rational number system R, we have 


c= Ny. 


3. The cardinal number of the irrational or of. the transcendental 
numbers in any inierval Y is also c. ; 


For the non-irrational numbers in % are the rational which are 
enumerable; and the non-transcendental numbers in % are the 
algebraic which are also enumerable. 
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4. The cardinal number of the Cantor set © of I, 272 is c. 


For each point a of © has the representation in the triadic 
system 
A=+A Ades , a2=0, 2, 

But if we read these numbers in the dyadic system, replacing 
each a, = 2 by the value 1, we get all the points in the interval 
(0,1). As there is a uniform correspondence between these two 
sets of points, the theorem is established. 


245. An en umerable set Ais not perfect, and conversely a perfect 
J 
set is not enumerable. 


For suppose the enumerable set 
sf — a5 a, eee Gi 


were perfect. In D,*(a,) lies an infinite partial set %, of A, 
since by hypothesis Wis perfect. Let a,, be the point of lowest 
index in W,. Let us take r,<7, such that D,,(a,,) lies in 
D,*(a,). In D,*(a,,) lies an infinite partial set %, of Y,. Let 
An, be the point of lowest index in Y,, ete. 

Consider now the sequence 


Gy 5 Un? 5» An, 


It converges to a point « by I, 127, 2. But @ lies in Y, since this 
is perfect. Thus @ is some point of 1), saya=a,. But this 
leads to a contradiction. For a, lies in every D,* (am,); on the 
other hand, no point in this domain has an index as low as m, 
which = 0,asn=oo. Thus & cannot be perfect. 

Conversely, suppose the perfect set % were enumerable. This 
is impossible, for we have just seen that when & is enumerable it 
cannot be perfect. 


246. Let X be the union of an enumerable set of aggregates XA, 
each having the cardinal number c. Then Card AX = c. 

For let %, denote the elements of %, not in %,, W, --- Wy. 
Ge A= 2, + B+ Bs + aad 


Let ©, denote the interval (n—1, *). Then the cardinal 
number of 6,+ @,+ -- isc. 
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But Card B, < Card 6,. 


Hence CardM<c , by 281, 5 a 


ther hand, 
On the other han Card U> Card YA, =c. @ 


From 1), 2) we have the theorem, by 240, 2. 
247. 1. As already stated, the complex a= (ay, 2, --- %,) de- 


notes a point in n-way space. Let 21, 2, --- denote an infinite 
enumerable set. We may also say that the complex 


@== (yy 25° 10 int.) 
denotes a point in 0 -way space R,,. 
2. Let U denote a point set in ®,, n finite or infinite. Then 
Card &<c. Gl 
For let us first consider the unit cube © whose codrdinates 2,, 
range over 8 =(0*,1*). Let D denote the diagonal of ©. Then 
¢= Card  < Card G. Q 
On the other hand we show Card € < c. 


For let us express each codrdinate z,, as a decimal in normal 
form. Then 


ast TEAC TE CAV oS 
Cae alntas ghaes 
Ve mt anrol Canaan tegn ts 
Let us now form the number 
Y = * %1%19%q1% 3A q9Aqg +++ 
obtained by reading the above table diagonally. Let 9) denote the 
set of y’s so obtained as the 2’s range over their values. Then 
ra; 

For the point y, for example, in which GnR9,n=1, 2,--- lies 
in B but not in Y as otherwise z,=0, Let us now set x~ y. 
Then © ~ 9) and hence 

Card © < c¢. (3 


From 2), 2) we have Card € =c. 
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Let us now complete © by adding its faces, obtaining the set C. 
By a transformation of similitude 7’ we can bring Cz within ©. 


Hence Card © > Card @. 
On the other hand, € is a part of QO, hence 
Card © < Card 0. 


Thus Card C= c. The rest of the theorem follows now easily. 


248. Let § =$f} denote the aggregate of one-valued continuous 
Functions over awunit cube © in R,. 


Then CESS 

Let C denote the rational points of ©, z.e. the points all ot 
whose coérdinates are rational. ‘Then any f is known when its 
values over ( are known. For if «@ is an irrational point of 6, 
we can approach it over a sequence of rational points a,, a, ++» = a. 
But f being continuous, f(@) =lmf(a,), and f is known at a. 
On the other hand, C’ being enumerable, we can arrange its points 
in a sequence Cees 

Let now &,, be a space of an infinite enumerable number of 
dimensions, and let y= (y,, Yq ---) denote any one of its points. 

Let f have the value n, at ¢,, the value 7, at ¢, and so on for 
the points of C. Then the complex 7, n,, --- completely deter- 
mines f in ©. But this complex also determines the point 
n= (71> 7, °*:) In KR. We now associate f with 7. Thus 


Card § < Card R =c. 


But obviously Card § > c, for among the elements of § there 
is anf which takes on any given value in the interval (0, 1), at 
a given point of ©. 


249. There exist aggregates whose cardinal number is greater 
than any given cardinal number. 


Let @= {6} be an aggregate whose cardinal number } is given. 
Let a be a symbol so related to $ that it has arbitrarily either 
the value 1 or 2 corresponding to each 6 of Y. Let %& denote the 
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aggregate formed of all possible a’s of this kind, and let a be its 
cardinal number. 

Let 8 be an arbitrary element of B. Let us associate with 8 
that a which has the value 1 for 6=8 and the value 2 for all 
other b’s. This establishes a correspondence between B and a 


part of YU. Hence 
a> b. 


Suppose a=b. Then there exists a correspondence which 
associates with each 6 some one a and conversely. This is 
impossible. 

For call a, that element of 2{ which is associated with 6. Then 
a, has the value 1 or 2 for each 8 of B. There exists, however, 
in % an element a! which for each 8 of & has just the other 
determination than the one a has. But a’ is by hypothesis 
associated with some element of %, say that 


a! = ay. 


Then for 6=8', a! must have that one of the two values 1, 2 
which a has. But it has not, hence the contradiction. 


250. The aggregate of limited integrable functions § defined over 
% = (0, 1) has a cardinal number f > c. 

For let f(7) =0 in WU except at the points © of the discrete 
Cantor set of I, 272, and 229, Ex. 4. At each point of © let f 
have the value 1 or 2 at pleasure. The aggregate © formed of 
all possible such functions has a cardinal number >, as the 
reasoning of 249 shows. But each f is continuous except in G, 
which is discrete. Hence f is integrable. But § > @. Hence 


f>c. 


Arithmetic Operations with Cardinals 


251. Addition of Cardinals. Let A, B be two-aggregates with- 
out common element, whose cardinal numbers are a, b. We define 
the sum of a and b to be 


Card (A, B)=at+b. 
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We have now the following obvious relations : 


Not n=N , na positive integer. fal 
No tN +s FNOHN , 2 terms. @ 
No FNot s+ =N) , an infinite enumerable set of terms. (2 


If the cardinal numbers of MX, B, are a, b, c, then * 
a+(b+cy=(a+b)+¢, 
a+b=b-+a. 


The first relation states that addition is associative, the second 
that it is commutative. 


252. Multiplication. 


1. Let L=fa}, 6 =fb} have the cardinal numbers a, b. The 
union of all the pairs (a, 6) forms a set called the product of XU and 
%. It is denoted by U-B. We agree that (a, 6) shall be the 
same as (6, a). Then 


1-B=B - UW. 
We define the product of a and 6 to be 
Card A- B= Card B-A=a-b=b-a. 


2. We have obviously the following formal relations as in finite 
cardinal numbers : aGeoveta sb) 


a-b=b-a, 
a(b +c) =ab + ac, 


which express respectively the associative, commutative, and dis- 
tripulative properties of cardinal numbers. 


Example 1. Let &=fa}, B= fb} denote the points on two 
indefinite right lines. Then 
X- B= {(a, b)}. 
If we take a, 6 to be the codrdinates of a point in a plane ®,, 


then U- B= R,. 


* The reader should note that here, as in the immediately following articles, c is 
simply the cardinal number of € which is any set, like A, B --- 
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Example 2. Let % = {a} denote the family of circles 
e+ yt= a. Gt 
Let @=56} denote a set of segments of length 6. We can 
interpret (a, 6) to be the points on a cylinder whose base is 1) 
and whose height is }. Then %-% is the aggregate of these 
cylinders. 
253. 1. No =Nn-NR » or ne=e. a 

For let (aa ee: 
© =(e;, & --: in inf.) 
MN C= (Gye) 4 (ys ee). 9 “Cys ee) 
(ays €y) 5 (4qs &) 5 Catgs &g) o 


Then 


=G+ G++ +6, 


The cardinal number of the set on the left is m&,, while the 
cardinal number of the set on the right is &,. 


2. ec=C. (2 


For let € = {ce} denote the points on a right line, and € = (1, 2, 
Bre): 


Then EC = {(%, ¢)} 
may be regarded as the points on a right line Z,. Obviously, 
Card §i,3 =c 
Hence 
; ec = Card @€ =c. 


254. Hzxponents. Before defining this notion let us recall a 
problem in the theory of combinations, treated in elementary 
algebra. 

Suppose that there are y compartments 


Cys Oy +++ Cys 
and that we have & classes of objects 


K;, Ky, +++ K,. 
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Let us place an object from any one of these classes in Qj, an 
object from any one of these classes in C,-+-and so on, for each 
compartment. The result is a certain distribution of the objects 
from these & classes K, among the y compartments 0. 


The number of distributions of objects from k classes among y 
compartments is ky. 


For in C; we may put an object from any one of the & classes. 
Thus (, may be filled in & ways. Similarly C, may be filled in 
k ways. Thus the compartments C,, C, may be filled in £? ways. 
Similarly C,, C,, C, may be filled in k® ways, etc. 

255. 1. The totality of distributions of objects from & classes 
kK among the y compartments C form an aggregate which may be 
denoted by Ke. 


We call it the distribution of K over C. The number of distri- 
bution of this kind may be called the cardinal number of the set, 
and we have then Gard oa! 


2. What we have here set forth for finite C and K may be ex- 
tended to any aggregates, 2% = {a}, 8 = {b} whose cardinal num- 
bers we call a, 6. Thus the totality of distributions of the a’s 
among the 0’s, or the distribution of A over B, is denoted by 


a, 
and its cardinal number is taken to be the definition of the symbol 
ab. Thus, Card fk WB = ao, 
256. Hxample 1. Let 
a” + ayer) + ANG + a,=' 0) (1 


have rational number coefficients. Each coefficient a, can range 
over the enumerable set of elements in the rational number 
system R = jr}, whose cardinal number is X). The n coefficients 
form a set & = (a, ++ a,) = {a}. To the totality of equations 1) 
corresponds a distribution of the 7’s among the a’s, or the set 

R* 


whose cardinal number is 
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we have the relation: 


for any integer n. 


On the other hand, the equations 1) may be associated with 


the complex 
(a, ate a)» 


and the totality of equations 1) is associated with 


© = f(Qy, + A )I- 


eae {CQy, %)} = fay} > fags, 

{ (ay Me, A3)} = $(Ay, My)5 + fags 4 ete. 
aut C= fay} + fag} fa. 
EOE Card € =e-e----e , m times as factor. 
But 


Card © = Card R* 


since each of these sets is associated uniformly with the equations 


Dye Chis . 
) CV == Ce ore, Nitimesias Jacun. 


257. Example 2. Any point x in m-way space ,, depends on 
m coordinates 1, Ly, +++ Lm, each of which may range over the set 
of real numbers 8, whose cardinal number isc. The m codrdi- 
nates x, +++ %» form a finite set 


Rims (Gea). 


Thus to ®,, = {x} corresponds the distribution of the numbers in 
R, among the m elements of X, or the set 


RE 
whose cardinal number is 
c™, 
As : 
Card R* = ¢ vs 
we have 
ch = ¢ for any integer m. (1 


As in Example 1 we show 


C™=C+Cee-C , mtimes as factor. 
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258. a® Fe — g Q°, el 
To prove this we have only to show that 
gBte and g® . yh 


can be put in 1-1 correspondence. But this is obvious. For 
the set on the left is the totality of all the distributions of the 
elements of % among the sets formed of B and ©. On the other 
hand, the set on the right is formed of a combination of a distri- 
bution of the elements of 9 among the %, and among the ©. But 
such a distribution may be regarded as the distribution first con- 
sidered. 


259. (ab)e = abe, ad 


We have only to show that we can put in 1-1 correspondence 
the elements of 
(X®)® and aP*. (2 


Let X= fai}, B= fb}, C= fe}. We note that AB is a union of 
distributions of the a’s among the 0’s, and that the left side of 2) 
is formed of the distributions of these sets among the e’s. These 
are obviously associated uniformly with the distributions of the 
a’s among the elements of 8- @. 


260. 1. c* = (m*)* = m= m=C a1 
where m, n are positive integers. 
For each number in the interval © = (0, 1*) can be represented 
in normal form once and once only by 
+ 44,4, +++ in the m-adic system, (2 


where the 0<a,<m. [I, 145]. 
Now the set of numbers 2) is the distribution of M¢M= 0, 1, 2, 
--m —1) over € = (4), a, 43°**), OF 
ME 


whose cardinal number is 
me. 


On the other hand, the cardinal number € is ¢. 
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Hence, Me = Cc. 
As n¢ =e, we have 1), using 1) in 257. 
2. The result obtained in 247, 2 may be stated: 


ce = ¢, ‘ (3 
3. ee = C, . (4 
For obviously ne<ee<ce, 


But by 3), ce =c and by 1) n¢=c, 
261. 1. The cardinal number t of all functions f (x, +++ %m,) which 


take on but two values in the domain of definition U, of cardinal num- 
ber a, ts 2%. 

Moreover, 2U>4. 

This follows at once from the reasoning of 249. 


2. Let f be the cardinal number of the class of all functions de- 
fined over a domain X whose cardinal number isc. Then 


f=t=2erc. él 


For the class of functions which have but two values in Y is by 
Tees 
On the other hand, obviously 


f=ce. 
But 
(ham (2) <, by 260, 1) 
= Qec, by 259, 1) 
= 2¢, by 253, 2). 
Thus, cc = 2, 
That fiec 


follows from 250, since the class of functions there considered lies 
in the class here considered. ve 


3. The cardinal number i of the class of limited integrable fune- 
tions in the interval I is =f, the cardinal number of all limited 
functions defined over I. 
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For let D be a Cantor set in % [I, 272]. Being discrete, any 
limited function defined over D is integrable. But by 229, Ex. 4, 
the points of % may be set in uniform correspondence with the 
points of D. 


4. The set of all functions 
SO=A@ +h@) + (2 


which are the sum of convergent series, and whose terms are continu- 
ous in U, has the cardinal number c. 


a 


For the set § of continuous functions in % has the cardinal 
number c by 248. These functions are to be distributed among 
the enumerable set © of terms in 2). Hence the set of these 
functions is 

as 


whose cardinal number is x 


=C. 

Remark. Not every integrable function can be represented by 
the series 2). 

For the class of integrable functions has a cardinal number > ¢, 
by 250. 

5. The cardinal number of all enumerable sets in an m-way space 
Mt 28 C. 

For it is obviously the cardinal number of the distribution of 
KR, over an enumerable set &, or 


‘ Card RE = = Cs 


Numbers of Inouville 


262. In I, 200 we have defined algebraic numbers as roots of 
equations of the type 


age" + aya" 14 -- +4, =0 ad 


where the coefficients a are integers. All other numbers in # we 
said were transcendental. We did not take up the question 
whether there are any transcendental numbers, whether in fact, 
not all numbers in are roots of equations of the type 1). 
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The first to actually show the existence of transcendental num- 
bers was Liouville. He showed how to form an infinity of such 
numbers. At present we have practical means of deciding 
whether a given number is algebraic or not. It was one of the 
signal achievements of Hermite to have shown that e = 2.71818 --- 
is transcendental. 

Shortly after Lindemann, adapting Hermite’s methods, proved 
that 7 = 8.14159 --- is also transcendental. Thereby that famous 
problem the Quadrature of the Circle was answered in the negative. 
The researches of Hermite and Lindemann enable us also to form 
an infinity of transcendental numbers. It is, however, not our pur- 
pose to give an account of these famous results. _We shall limit 
our considerations to certain numbers which we call the numbers 
of Liouville. 

In passing let us note that the existence of transcendental num- 
bers follows at once from 235, 2 and 244, 2. 

For the cardinal number of the set of real algebraic number is 
e, and that of the set of all real numbers is c, and c >e. 


263. In algebra it is shown that any algebraic number « is a 
root of an irreducible equation, 
S(@) = ae"™+a,a7™14 -- +a, =0 ‘a! 
whose coefficients are integers without common divisor. We say 
the order of « is m. 


We prove now the theorem 


Let 
a Pn 
Un 


= a, an algebraic number of order m,asn=0. Then 


> Pns Mn relatively prime, 


CaS 1 WR (2 

For let « be a root of 1). We may takéS>0 so small that 

J («)# 9 in D;*(@), and s so large that r, lies in D,(«), for n>s. 
Thus Pee eer es 

IF Cra) | = Sole FUP n dn + s+ + Amgn| 1 


m —_— ’ 
qn 


Tn 


, (3 
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for n >s, since the numerator of the middle member is an integer, 
and hence > 1. 
On the other hand, by the Law of the Mean [I, 397], 


IGF @O=Ce ~ a)" (B) 


where 8 lies in D(a). Now f(«@)=0 and f’(B)< some M. 

Hence ee) flrs 1 i 
M = Mg 

on using 8). Byt however large M is, there exists a v, such that 

gn > M, for any n>v. This in 4) gives 2). 


264. 1. The numbers 


Ea 1. 4-2 4 1 

Tico ( 
where a,<10", and not all of them vanish after a certain index, are 
transcendental. 


For if LZ is algebraic, let its order be m. Then if Z, denotes 
the sum of the first m terms of 1), there exists a v such that 


1 


a ee Lr, | > Touma 2 


forn>v. (2 


But 


ay, 1 ! 
ae {owt ne aS LQ mtn! Shee (3 


v' being taken sufficiently large. But 8) contradicts 2). 
The numbers 1) we call the numbers of Liowville. 
2. The set of Iiouville numbers has the cardinal number c. 
For all real numbers in the interval (0*, 1) can be represented 
BY gee ee a, EO 
es 102 * 108 indi. Talk 
where not all the 6’s vanish after a certain index. The numbers 


Bay by be 
a 10" st 1K be 10?! se 
can obviously be put in uniform correspondence with the set {8}. 
Thus Card {Aj}=c. But {LZ} > fat, hence Card {LZ} >c. On the 
other hand, the numbers § 2? form only a part of the numbers in 


(0*,1). Hence Card {D}< c. 


CHAPTER IX 
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Ordered Sets 


265. An aggregate % is ordered, when a, 6 being any two of 
its elements, either a precedes 8, or a succeeds }, according to some 
law; such that if a precedes 6, and 6 precedes ¢, then @ shall pre- 
cede c. The fact that a precedes b may be indicated by 


GU, 
Then fess 
states that a succeeds 6. 


Example 1. ‘The aggregates 
1, 2, 3, + 
2, 4, 6, «+ 
ys Any igs 22 
+» — 38, —2, —1, 0, 1, 2, 3, + 
2#° A_gy Ao, G15 Uy Ay, Ag, Ag, * 
are ordered. 


Example 2. The rational number system # can be ordered in 


an infinite variety of ways. For, being enumerable, they can be 


arranged in a seque 
g quence T15 Tas Tay ttt Tyoee 


Now interchange 7, with 7,. In this way we obtain an infinity 
of sequences. 


Example 3. The points of the circumference of a circle may be 
ordered in an infinite variety of ways. 

Yor example, let two of its points P,, P, make the angles a+ Oi 
a+, with a given radius, the angle @ varying from 0 to 27. 
Let P, precede P, when 6, < 6,. 

802 
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Example 4. The positive integers § may be ordered in an infi- 
nite variety of ways besides their natural order. For instance, we 
may write them in the order 


up 3, 5, ao 2, 4, 6, ies 
so that the odd numbers precede the even. Or in the order 
Ee beh ss 2. OP 8 aL es 8, Oy 9.912, one 


and soon. We may go farther and arrange them in an infinity 
of sets. Thus in the first -set put all primes; in the second set 
the products of two primes; in the third set the products of 
three primes; etc., allowing repetitions of the factors. Let any 
number in set m precede all the numbers in set n>m. The num- 
bers in each set may be arranged in order of magnitude. 


Example 5. The points of the plane §, may be ordered in an 
infinite variety of ways. Let ZL, denote the right line parallel to 
the z-axis at a distance y from this axis, taking account of the sign 
of y. We order now the points of #, by stipulating that any 
point on Z,, precedes the points on any ZL, when y'<y", while 
points on any J, shall have the order they already possess on that 
line due to their position. 


266. Similar Sets. Let 2, B be ordered and equivalent. Let 
a~ba~fB. If whena<ain XY, b<8 in B, we say A is semilar 
to B, and write ~ HB 


Thus the two ordered and equivalent aggregates are similar 
when corresponding elements in the two sets occur in the same 
relative order. 


Example 1. Let Sent 23s. 


¥S= yy Ag, Ag, *** 


In the correspondence A ~ B, let n be associated with a,. Then 
babe 


Example 2. Let ees Ded a 


B= Ay Ug +++ Ams b,, bo, b, eee 
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In the correspondence A ~ B, let a, ~7r for r= 1, 2, --- m; also 
let b,~m+n,n=1,2--- Then A ~ B. 


Example 3. Let Seah ok Bk os 


$F = by; by “0+ ly5\Ag°t* Um 


Let the correspondence between % and 8 be the same as in 
Ex. 2. Then % is not similar to 8. For 1 is the first element in 
% while its associated element a, is not first in B. 


Example 4. Let Niele CeO eee. 


Ge ra, web en 


Let a,~2n,b,~2n—1. Then &~ % but YW is not ~ S. 


267. Let A~B, SG~C. Then =. 


For letea~b,a’~b' nA~B. Letbw~e, b’~c' in B@~E. Let 
us establish a correspondence &~€ by settinga~e, a’~c'. Then 
if a <a inA,c<c'in ©. HenceAxrG. 


Hutactic Sets 


268. Let % be any ordered aggregate, and 8 a part of Y, the 
elements of 8 being kept in the same relative order as in YW. If W 
and each % both have a first element, we say that Y is well ordered, 
or eutactic. 


Example 1. A= 2, 3, +» 500 is well ordered. For it has a first 
element 2. Moreover any part of % as 6, 15, 25, 496 also has a 
first element. 


Example 2. W=12, 13, 14, --- in inf. is well ordered. For it 
has a first element 12, and any part % of {{ whose elements pre- 
serve the same relative order as in %, has a first element, viz. 
the least number in 9%. ea 

The condition that the elements of 8 should keep the same rel- 
ative order as in QM is necessary. For B= ++ 28, 26, 24, 22, 20, 
21, 23, 25, 27, .-. is a partial aggregate having no first element. 
But the elements of B do not have the order they have in QW. 
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Example 3. Let % = rational numbers in the interval (0, 1) 
arranged in their order of magnitude. Then % is ordered. It 
also has a first element, viz. 0. It is not well ordered however. 
For the partial set B consisting of the positive rational numbers of 
Y has no first element. 


Example 4. An ordered set which is not well ordered may some- 
times be made so by ordering its elements according to another 
law. 

Thus in Ex. 3, let us arrange {& in a manner similar to 233. 
Obviously %& is now well ordered. 


Exvample 5. X= ay, a, +++ by, 6, +--+ is well ordered. For a, is the 
first element of 2; and any part of Y as 


Gy, Ages 
b,, by ++ 


Gy A, °° be; oe oAc 


has a first element. 


269. 1. Every partial set B of a well-ordered aggregate A rs well 


ordered. 


For % has a first element, since it is a part of &% which is well 
ordered. If © isa part of G, it is also a part of Y&, and hence has 
a first element. 


2. If ais not the last element of a well-ordered aggregate X, there 
is an element of X immediately following a. 
For let 8 be the part of % formed of the elements after a. It 
has a first element 6 since %f is well ordered. Suppose now 
G46 0s 
Then 6 is not the first element of 8, as c< dis in B. 


3. When convenient the element immediately succeeding a may 


be denoted by : 
a+1. 


Similarly we may denote the element immediately preceding a, 


when it exists, by 
a—1l. 
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For example, let 
Of = aay +++ B iby «+ 
Then a= 'a75 4 oh Sole 
Gn— Dy, 5 On— Labi 


There is, however, no 6, — 1. 


270. 1. If X is well ordered, it is impossible to pick out an in- 


finite sequence of the type 
. Ay > A > ag > rel 
or SS = ++ Ag, Ay, ay 


is a part of 2% whose elements occur in the same relative order as 
in A, and B has no first element. 
2. A sequence as 1) may be called a decreasing sequence, while 
A < My < dg + 
may be called inereasing. 
In every infinite well ordered aggregate there exist increasing 
sequences. 

3. Let X, B, ©, ++» be a well ordered set. Let X= fa} be well 
ordered in the as, B® =$b} be well ordered in the b's, ete. The set 
Wes X, B,C =. 

is well ordered with regard to the little letters a, b «-- 


For U has a first element in the little letters, viz. the first ele- 
ment of Y&. Moreover, any part of U, as B, has a first element in 
the little letters. For if it has not, there exists in ¥% an infinite 
decreasing sequence 

gies Ceo (a S O0C 


This, however, is impossible, as such a sequence would deter- 
mine a similar sequence in U as 


Z>SSR>s> ws 
which is impossible as 11 is well ordered with regard to A, B + 


4. Let X<B<C<.. ad 
Let each element of X precede each element of QB, ete 
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Let each UX, B, ++» be well ordered. 
Let 


Then 


B=A+B, C=B+C- 
S=A+B+O+-. 


ts a well ordered set, S preserving the relative order of elements 
intact. 


For © has a first element, viz. the first element of &%. Any 
part S of © has a first element. For, if not, there exists in G 
an infinite decreasing sequence 


r>gS>pS>s: (2 


Now r les in some set of 1) as ®. Hence gq, p, -+- also lie in 
®. But in §& there is no sequence as 2). 


5. Let YU, B, ©, +.» be an ordered set of well ordered aggre- 
gates, no two of which have an element in common. The reader 
must guard against assuming that %+8+€+ ---, keeping the 
relative order intact, is necessarily well ordered. 

For let us modify Ex. 5 in 265 by taking instead of all the 
points on each L, only a well ordered set which we denote by Y,. 


Then the sum xf = Ta, 


has a definite meaning. ‘The elements of 2 we supposed arranged 
as in Ex. 5 of 265. 
Obviously Qf is not well ordered. 


Sections 


271. We now introduce a notion which in the theory of well- 
ordered sets plays a part analogous to Dedekind’s partitions in 
the theory of the real number system R. Cf. I, 128. 

Let 9 be a well ordered set. The elements preceding a given 
element a of & form a partial set called the section of WU generated 
by a. We may denote it by 

Sa, 


or by the corresponding small letter a. 
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Example 1. Let of Saoneeae 
Then 
S100 = 1, 2,--- 99 
is the section of % generated by the element 100. 


Example 2. Let 
W = ay, dg -+> by bg -+ 
Then 
Sb, = dydq +++ byb,b3b, 


is the section generated by 6,. 
Sb, = aa,-°- 
that generated by 4,, etc. 


272. 1. Hvery section of a well ordered aggregate 1s well ordered. 

For each section of & is a partial aggregate of YU, and hence 
well ordered by 269, 1. 

2. In the well ordered set MN, let a<b. Then Sa is a section 
of Sb. 

3. Let S denote the aggregate of sections of an infinite well 
ordered set X. If we order © such that Sa< Sb in S whena<b in 
YA, S ts well ordered. 


For the correspondence between % and © is uniform and similar. 


273. Let UW, B be well ordered and A~B. If aw~b, then 
Sa = SO. 


For in W let a’<a'>a. Let b'~a’ and Bb! ~a". Since 
A ~ B, we have 
bl<bl<b; 
hence the theorem. 


274. If W& is well ordered, A is not similar to any one of its 
sections. 


For if &~ Sa, to a in corresponds an element a,<a in Sa. 
. 5 ve . 
To a, in wt corresponds an element a, in Sa, ete. In this way we 
obtain an infinite decreasing sequence 
a> a>a,> tee 
which is impossible by 270, 1. 


SECTIONS 309 


275. Let X, 8 be well ordered and XA ~ B. Thento Sain Y can- 
not correspond two sections Sb, SB each ~ Sa. 


For let 6< 8, and Sa~ 8b, Sa~ SB. Then 


Sb ~ SB, by 267. @ 
But 1) contradicts 274. 


276. Let A,B be two well ordered aggregates. It is impossible 
to establish a uniform and similar correspondence between A and B 
in more than ong way. 

For say Sa ~ Sd in one correspondence, and Sa ~ S88 in an- 
other, 4, 8 being different elements of 8. Then 

Sb = SB, by 267. 

This contradicts 275. 


277. 1. We can now prove the following theorem, which is 
the converse of 278. 


Let U, B be well ordered. If to each section of UX corresponds one 
similar section of B, and conversely, then B =~ %. 

Let us first show that &~%. Since to any Sa of Y corre- 
sponds a similar section SO in B, let us set a~ 6. No other 
a'~ 6, and no other 6’ ~a, as then Sa’ ~ Sb or Sb! ~ Sa, which 
contradicts 274. Let the first element of % correspond to the 
first of 8. Thus the correspondence we have set up between 
and % is uniform and & ~ &. 

We show now that this correspondence is similar. For let 


aw~banda'’~ J’, al <a. 
Then 6! <6. Fora’ lies in Sa ~ SO and 6! ~ a! lies in SO. 
2. From 1 and 273 we have now the fundamental theorem : 


In order that two well-ordered sets A, B be similar, it is necessary 
and sufficient that to each section of X corresponds a similar section 
of B, and conversely. 


278. Let X, B be well ordered. If to each section of XN corre- 
sponds a similar section of B, but not conversely, then U rs similar to 
a section of B. 
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Let us begin by ordering the sections of % and &% as in 272, 3. 
Let B denote the aggregate of sections of 8 to which similar sec- 
tions of & do not correspond. Then B is well ordered and has a 
first section, say Sb. Let B< 6. Then to SB in S corresponds 
by hypothesis a similar section Se in Y&. On the other hand, to 
any section Sa’ of % corresponds a similar section Sb! of 8. Ob- 
viously 6'< 6. Thus to any section of Y& corresponds a similar 
section of S6 and conversely. Hence %~Sd by 277, 1. 


279. Let HX, B be well ordered. Either UX ts similar to B or one 
is similar to a section of the other. 


For either: 
1° To each section of % corresponds a similar section of 8 
and conversely ; 
or 2° To each section of one corresponds a similar section of 
the other but not conversely ; 
or 8° There is at least one section in both &% and B to which no 
similar section corresponds in the other. 


If 1° holds, &~B by 277, 1. If 2° holds, either M or B is similar 
to a section of the other. 

We conclude by showing 3° is impossible. 

For let A be the set of sections of 9% to which no similar section 
in 8 corresponds. Let B have the same meaning for 8. If we 
suppose %, & ordered as in 272, 3, A will have a first section say 
Soa, and B a first section SB. 

Let a<a. Then to Sa in A corresponds by hypothesis a sec- 
tion S6 of SG as in 278. Similarly if 4’ < B, to Sb of B corre- 
sponds a section Sa’ of Sa. But then Se ~S@ by 277, 1, and this 
contradicts the hypothesis. 


Ordinal Numbers 


280. 1. With each well ordered aggregate % we associate an 
attribute called its ordinal number, which we define as follows: 


1° If &~%, they have the same ordinal number. 
2° If %~a section of B, the ordinal number of % is Jess than 
that of %. 
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3° Ifa section of % is + %, the ordinal number of % is greater 
than that of %. 


The ordinal number of % may be denoted by 
Ord A, 


or when no ambiguity can arise, by the corresponding small letter a. 
As any two well ordered aggregates %{, 8 fall under one and only 
one of the three preceding cases, any two ordinal numbers a, 6 
satisfy one of the three following relations, and only one, viz. : 


a Oe Danse ss aD, 
and if a < 5, it follows that b> a. 


Obviously they enjoy also the following properties. 
y Fae & 2 


a=6b , b=c , thena=c. 
For if c= Ord &, the first two relations state that 
Wee, =. 


But then A~C , by 267. 
Hence 

q=c. 
ew bi 


ab. Urs ct 5. then o> ¢. 


281. 1. Let Wf be a finite aggregate, embracing say n elements. 
Then we set Ord 41. 


Thus the ordinal number of a finite aggregate has exactly similar 
properties to those of finite cardinal numbers. The ordinal num- 
ber of a finite aggregate is called finite, otherwise transfinite. 

The ordinal number belonging to the well ordered set formed 
of the positive integers eaninee aye 
we call o. 


2. The least transfinite ordinal number is w. 


For suppose «= Ord & <a, is transfinite. Then &% is ~ a 
section of §. But every section of is finite, hence the 
contradiction. 
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— 


3. The cardinal number of a set % is independent of the order 
in which the elements of & occur. This is not so in general for 
ordinal numbers. 


For example, let 9, _ Ios 3 es: 
PS NIE por OREO - 
Bae Card & = Card S = &- 
en Ord X< Ord &, 
since 9% is similar to a section of B, viz. the set of odd numbers, 


Lepbeee 


282. 1. Addition of Ordinals. Let %, B be well ordered sets 
without common elements. Let © be the aggregate formed by 
placing the elements of % after those of Y, leaving the order in % 
otherwise unchanged. Then the ordinal number of € is called the 
sum of the ordinal numbers of % and 8, or 


Ord © = Ord & + Ord Y, 


I 


or c=a-+t b. 


The extension of this definition to any set of well-ordered aggre- 
gates such that the result is well ordered is obvious. 


2. 
We note that eh ai she 


For 2% is similar to a section of ©, and B is equivalent to a part 


of @. 


. . . ’ . . ‘ 
3. The addition of ordinal numbers is associative. 


This is an immediate consequence of the definition of addition. 


4. The addition of ordinal numbers is not always commutative. 
Thus if 


% = (a,a,--- in inf.), Ord A =, 
B= (6,6, --- b,), Ord = n; 
ct C = (aya, --- 3,8, 8,), Orde =e, 
D = (6, ++ baja, «++), Ord D = d. 
Then ¥ 


€=oa+n , d=n+ oo. 
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But AU ~a section of ©, viz.: ~S8b,, while D ~W. Hence 


o<c, o=), 
or 
@+n>@ , n+o=o. 
5. Ifa>b, thence+a>c+5, anda+tc>b+e. 


For let a = Ord Y, b= Ord &, c = Ord G. 


Since a > b, we can take for 8 a section Sb of A. Thence ais 
the ordinal number of 


© + qd 
and c + 6 is the ofdinal number of 
© + S88, @ 


preserving the relative order of the elements. 


But 2) is a section of 1), and hencec +a>c+6. 
The proof of the rest of the theorem is obvious. 


283. 1. The ordinal number immediately following a isa + 1. 


For let a= Ord &. Let 8 be a set formed by adding after all 
the elements of 2% another element 6. Then 
a+1= Ord §$=b. 
Suppose now 
wat 0 ,) C= Ord. a! 
Then € is similar to a section of 8. But the greatest section 


of SB is S6=%A. Hence 
Cea, 


which contradicts 1). 


2. Leta>b. Then there is one and only one ordinal number d 


such that eee ys 


poe a=OrdX , b=Ord®. 

We may take % to be a section Sb of XU. Let D denote the set 
of elements of 9, coming after Sd. It is well ordered and has an 
ordinal number ». Then 


I = B se D 
preserving the relative order, and hence 
a=b+d. 


There is no other number, as 282, 5 shows. 
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284. 1. Multiplication of Ordinals. Let %, 8 be well-ordered 
aggregates having a, b as ordinal numbers. Let us replace each 
element of & by an aggregate ~ B. The resulting aggregate © 
we denote by B . I. 


As © is a well-ordered set by 270, 3 it has an ordinal number c. 
We define now the product b- a to bec, and write 
b-a=c. 


We say ¢ is the result of multiplying a by b, and call a, b factors. 


We write 
a-a=a , a-a-a=a® , etc. 


2. Multiplication is associative. 
This is an immediate consequence of the definition. 


3. Multiplication is not always commutative. 


For example, let 
YU = (444), 


B= (1, 2,3) ++ it ink. ). 
Bi = (610,05 ==) eed. =) 
Me hee (0 cr Ones, Rae & 
Hence Oris hoi eior oo: 
Ord (1. B)=2o=o. 
4. Ifa<b, then ca<cb. 
For € - & is a section of © - B. 


Then 


Limitary Numbers 


285. 1. Let 


Oy < My < Oy << bas vs (1 


be an infinite increasing enumeruble sequence of ordinal numbers. 
There exists a first ordinal number « yreater than CVELY Oy» 


L 
et a, = Ord Y,. ‘ 
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Since @,_;<@,, %,_) is similar to a section of %,. For simplicity 
we may take %,_, to be a section of &,. Let, therefore, 


2. ca? p) a + inn 
A= A, + B+ B+ - 


keeping the relative order of‘the elements intact. Then % is well 
ordered and has an ordinal number «. 
As any Y, is a section of Qf, 
Oneal. 


Consider now 


“« 
Moreover any number 8 <« is also < someae,,. For if 8 has 
the ordinal number 8, 8 must be similar to a section of Y%. But 
there is no last section of QI. 


2. The number a we have just determined is called the limit of 
the sequence 1). We write 


g=lim«, , 0Fe,= «a: 
We also say that « corresponds to the sequence 1). 


All numbers corresponding to infinite enumerable increasing 
sequences of ordinal numbers are called limitary. 


3. If every a, in 1) is <B,thena<B. 
For if B<«, @ is not the least ordinal number greater than 


every Gy. 


4. If B<a, Bis < some a,. 


286. In order that te eons a 


By < By <i (2 
define the same number it is necessary and sufficient that each 
number in either sequence is surpassed by a number in the other. 


For let : Bee: 


O=a , 
If no B, is greater thana,, B<a,<«, by 285, 3, and «#8. 


On the other hand, if each «,< some §8,, a<8. Similarly 
BSa. 
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287. Cantor's Principles of Generating Ordinals. We have now 
two methods of generating ordinal numbers. First, by adding 1 
to any ordinal number «. In this way we get 


a, a+1,a+2,.-- 
Secondly, by taking the limit of an infinite enumerable increas- 
ing sequence of ordinal numbers, as 
1 << by < % < eee 
Cantor calls these two methods the first and second principles 
of generating ordinal numbers. 


Starting with the ordinal number 1, we get by successive appli- 
cations of the first principle the numbers 


OP eee: 


The limit of this sequence is by 285, 1. Using the first prin- 
ciple alone, this number would not be attained; to get it requires 
the application of the second principle. Making use of the first 
principle again, we obtain 


o +1, w + 2, @ +3, + 


The second principle gives now the hmitary number o + #=o1 
by 285, 1. From this we get, using the first principle, as before, 


w2+1, @2 + 2, @2 + 3, --- 
whose limit is #3. In this way we may obtain the numbers 
am+tn , m,n finite. 
The limit of any increasing sequence of these numbers as 
® , @2 , wd , wit,- 
is @ + @ =o, by 285, 1. 
From »? we can get numbers of the type 
ol+onm+n l, m, n finite. 


Obviously we may proceed in this way indefinitely and obtain 
all numbers of the type 


n =] a 
OA) + w” a, +o” 2A, + ano + a, qd 
where a, @ «+: @, are finite ordinals, 
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But here the process does not end. For the sequence 
ac w<w<... 


has a limit which we denote by o». 
Continuing we obtain 


288. It is interesting to see how we may obtain well ordered 
sets of points whose ordinal numbers are the numbers just con- 
sidered. 

In the unit interval Y% = (0, 1), let us take the points 


iy eam tacts Cc 


These form a well ordered set whose ordinal number is ow. 
The points 1) divided 9 into a set of intervals, 


FF s) Wo o) As Sao: @ 


In m of these intervals, let us take a set similar tol). This 
gives us a set whose ordinal number is wm. 

In each interval 2), let us take a set similar to 1). This gives 
us a set whose ordinal number is w%. The points of this set 
divide % into a set of w? intervals. In each of these intervals, 
let us take a set of points similar to 1). This gives a set of 
points whose ordinal number is %, ete. 

Let us now put in %, a set of points B, whose ordinal number 
is@. In %, let us put a set %, whose ordinal number is *, and 
so on, for the other intervals of 2). 

We thus get in 9 the well ordered set 


Beat tint Ag 
whose ordinal number is the limit of 
o , ofa , w+ a+ , 
This by 286 tee the same limit as 
Og @ 4 -@" s,s. Or O*. 


With this set we may now form a set whose ordinal number is 
wo”, etc. 
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Classes of Ordinals 


289. Cantor has divided the ordinal numbers into classes. 

Class 1, denoted by Z,, embraces all finite ordinal numbers. 

Class 2, denoted by Z,, embraces all transfinite ordinal numbers 
corresponding to well ordered enumerable sets; that is, to sets 
whose cardinal number is &). For this reason we also write 


VPA Y 
It will be shown in 293, 1 that Z, isnot enumerable. Moreover 
if we set x, = Card Z, 


there is no cardinal number between &, and X, as will be shown in 
294. We are thus justified in saying that Class 8, denoted by 
Z,, or Z(X,), embraces all ordinal numbers corresponding to well 
ordered sets whose cardinal number is &,, etc. 

Let 8 = Ord $ be any ordinal number. Then all the numbers 
a <8 correspond to sections of 8. These sections form a well 
ordered set by 272, 3. Therefore if we arrange the numbers 
« < 8 in an order such that «! precedes « when Sa’ < Sa, they are 
well ordered. We shall call this the natural order. Then the 
first number in Z, is 1, the first number of Z, is. The first 
number in Z, is denoted by ©. 


290. As the numbers in Class 1 are the positive integers, they 
need no comment here. Let us therefore turn to Class 2. 
If wis in Z,, sois a+1. 


For let «= Ord Y%. Let B be the well ordered set obtained 
by placing an element 6 after all the elements of Y. Then 


“@+1= Ord %. 


But % is enumerable since 9 is. 
Hence a+ 1 lies in 2, 


291. Let tty < Oly < Oty < os 


be an enumerable infinite set of numbers in Z,. Then a=lim a, lies 
in Zy. 
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For using the notation employed in the proof of 285, 1, « is the 
ordinal number of 
A= A, + B, +B, + he 


But %,, B,, B, +++ are each enumerable. 
Hence Y& is enumerable by 235, 1, and @ lies in Zz. 


292. We prove now the converse of 290 and 291. 


Each number « in Z,, except w, is obtained by adding 1 to some 
number in Z,; on it is the limit of an infinite enumerable inereasing 
set of numbers in Z,. 


For, let «= Ord %. . Suppose first, that % has a last element, 
say a. Since Y is enumerable, so is Sa. Hence 


B=Ord- Sa 
isin Z,. Then a= +1. 
Suppose secondly, that % has no last element. All the numbers 


8<a«a in Z, belong to sections of Y. Since A is enumerable, the 
numbers 8 are enumerable. Let them be arranged in a sequence 


8; 83> Bs ++ al 
Since they have no greatest, let 8/ be the first number in it 
> 8, let Bj be the first number in it > 8], etc. We get thus the 


seq uence (speeds teg sh ee Recs (2 
whose limit is X, say. 


Then »=«. For X is>any number in 1), which embraces all 
the numbers of Z,<a. Moreover it is the least number which 
enjoys this property. 


293. 1. The numbers of Z, are not enumerable. 
For suppose they were. Let us arrange them in the sequence 
og ULSI Cat ad 
Then, as in 292, there exists in this sequence the infinite enu- 
merable sequence a, <a, <ah< on (2 


such that there are numbers in 2) greater than any given number 


int), 
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Let @,+«'. Then @ lies in Z, by 291. On the other hand, by 
285, «! is > any number in 2), and therefore > any number in 
1). But 1) embraces all the numbers of Z, by hypothesis. We 


are thus led to a contradiction. 


2. We set 8= Card Zp. 


8 


294. There is no cardinal number between &, and &). 


For let e=Card & be such a number. Then % is ~ an infinite 
partial aggregate of Z,, which without loss of generality may be 
taken to be a section of Z,. But every such section is enumer- 
able. Hence % is enumerable and a=§,, which is a’contradiction. 


295. We have just seen that the numbers in Z, are not enumer- 
able. Let us order them so that each number is less than any 
succeeding number. We shall call this the natural order. 


1. The numbers of Z, when arranged in their natural order form 
a well ordered set. 

For Z, has a first element . Moreover any partial set Z, the 
relative order being preserved, has a first element. For if it has 
not, there exists an infinite enumerable decreasing sequence 


a>Boy>-: 


This, however, is not possible. For 8, y, «++ form a part of Sa 
which is well ordered. 
There is thus one well ordered set having §, as cardinal num- 


ber. Let O= Onze 


Let now % be an enumerable well ordered set whose ordinal 
number is « The set 
Z, +, 


the elements of % coming after Z,, has the cardinal number &, by 
241, 3. It is well ordered by 270, 3. It has therefore an ordinal 
number which lies in Zy viz. A+ « by 282, 1. Rhus Z, embraces 
an infinity of numbers. 

2. The least number in Z, is Q. 


For to any number a <Q. corresponds a section Y of Z,. .Hence 
« lies in Z,. 
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296. 1. An aggregate formed of an &, set of S, sets is an &, set. 
Consider the set 


tae ' ' 1 
A= Srp Gioy Leg ie te Aya *o 
\ 1 
G11 Ua» | V8 eae oe 
ere ee aan } 
i) 
ple vee ERA TENE ah 
Ways bao» Wag Cou Wao. 4 


“ 


Here each row is an &, set. As there are an §, set of rows, A 
is an N, set of 8, sets. To show that A is an &, set, we associate 
each a, with some number in the first two number classes. 

In the first place the elements a, where « « < » may be associ- 
ated with the numbers 1, 2, 3,---< . The elements a,,, ox 
lying just inside the ow square and which are characterized 
by the condition that «=1, 2,---@; «=1,2---<o form an 
enumerable set and may therefore be associated with the ordinals 
@,@+1,--- <2. For the same reason the elements just inside 
the w + 1* square may be associated with the ordinals 2, #2 + 1, 
++» <@3. In this way we may continue. For when we have 
arrived at the «” row and column (edge of the a” square) we 
have only used up an enumerable set of numbers in the sequence 


a Zs sao (Ay oon. Ke AQ} (1 
in our process of association. There are thus still an &, set left 
in 1) to continue the process of association. 


2. Asa corollary of 1 we have: 


The ordinal numbers 
02, 03, OS, «. 
lie in Z,. 


297. 1. Let a<Beoy<- ad 


be an increasing sequence of numbers in Z, having &, as cardinal 
number and such that any section of 1) has &) as its cardinal. 
There exists a first ordinal number X in Z, greater than any number 


in 1). 
For let a = Ord , ‘B= Ords, y = Ord € «+ 
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Since a < ® we may take Y to be a section of B. Similarly 
we may suppose % is a section of &, ete. 

Let now B=A+B, Cees: 

Consider now hese ia eae ee 


keeping the relative order intact. Then @ is well ordered by 


270, 4. Let 
A= Ord &. 


Since Card {=8,, by 296, 1, A ties in Z,. 
As any %, B, --- is a section of &, 
OB <a. 


Moreover, any number « < A is also< some @, 8, y+: For if 
Mt has ordinal number p, Vt must be similar to a section of &. 
But there is no last section in &. 


2. We shall call sequences of the type 1), an &, sequence. 
The number > whose existence we have just established, we shall 
call the limit of 1). We shall also write 


“Za Pay --- =r 


to indicate that a, 8, «+: is an 8, sequence whose limit is A. 


298. 1. The preceding theorem gives us a third method of 
generating ordinal numbers. We call it the third principle. 

We have seen that the first and second principles suffice to gen- 
erate the numbers of the first two classes of ordinal numbers but 
do not suffice to generate even the first number, viz. Qin Z,. We 
prove now the following fundamental theorem : 


2. The three principles already described are necessary and suffi- 
erent to generate the numbers in Z,. 


For iet «= Ord be any number of Z,. If {& has a last element, 
reasoning similar to 292, 1 shows that 


eo=8+1. 


If % has no last element, all the numbers of Z;< «form an &) 
or 8, set. In the former case 


a=) +B, 


+S 


4 
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where @ lies in Z,. In the latter case, reasoning similar to 292, 1 
shows that we can pick out an &, increasing sequence 


B,<Bi< Bl =a 


299. 1. The numbers of Z, form a set whose cardinal number a 
ig >). 

The proof is entirely similar to 293, 1. Suppose, in fact, that 
a=N,. Let us arrange the elements of Z, in the 8, sequence 


P Hy 9 Mg rte Oy ree Wy vee ¢! 

As in 292, there exists in this sequence an &, increasing sequence 
lf / Bo alt 

Cy Oy, my ee (2 


Then a’ lies in Z, by 297, 1. On the other hand @! is greater than 
any number in 2) and hence greater than any number in 1). 
But 1) embraces all the numbers in Z, by hypothesis. We are 
thus led to a contradiction. 


9 if 
2. We set 8, = Card Z,. 


3. There is no cardinal number between &, and &,. 


For let « = Card Y be such a number. Then % is equivalent to 
a section of Z,. But every such section has the cardinal num- 
ber &,. 


300. The reasoning of the preceding paragraphs may be at 
once generalized. The ordinal numbers of Z, corresponding to 
well ordered sets of cardinal number &,_, form a well ordered set 
having a greater cardinal number @ than &,_,. Moreover there is 
no cardinal lying between &,_, and a We may therefore ap 
propriately denote « by ¥&,_,. The &,_, sequence of ordinal 


numbers 
a<Bcy- 


lying in Z, has a limit lying in Z,, and this fact embodies the 
n'” principle for generating ordinal numbers. The first ” prin- 
ciples are just adequate to generate the numbers of Z,. They do 
not suffice to generate even the first number in Z,,,. 

Finally we note that an &, set of &, sets forms an &, set. 


CHAPTER X 
POINT SETS 


Pantaxis 


301. 1. (Borel.) Let each point of the limited or unlimited set 
M lie at the center of a cube ©. Then there exists an enumerable set 
of non-overlapping cubes {ct such that each ¢ les within some &, and 
each point of XU lies in some c. If X is limited and complete, there 
is a finite set {ci having this property. 

For let D,, D,-+- be a sequence of superposed cubical divisions 
of norms+0. Any cell of D, which lies within some © and 
which contains a point of %& we call a black cell; the other cells 
of D we call white. The black cells are not further subdivided. 
The division D, divides each white cell. Any of these subdivided 
cells which lies within some © and contains a point of %& we calla 
black cell, the others are white. Continuing we get an enumer- 
able set of non-overlapping cubical cells fc}. 

Each point a of & lies within somec. For a is the center of 
some ©. But when n is taken sufficiently large, a lies in a cell of 
D,,, which cell lies within @. 

Let now UX be limited and complete. Each a lies within a cube c, 
or on the faces of a finite number of these c. With a we associ- 
ate the diagonal 6 of the smallest of these cubes. Suppose 
Mind=0 in. As % is complete, there is a point @ in % such 
that Min 6=0, in any V,(«). This is not possible, since if 7 is 
taken sufficiently small, all the points of V,, lie in a finite number 
of the cubes c. 


Thus Min 6>0. Ag the c’s do not overlap, there are but a 
finite number. vs 


2. In the foregoing theorem the points of % are not necessarily 
inner points of the cubesc. Let a be a point of %& on the face of 
one of these c. Since a lies within some 6, it is obvious that the 
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cells of some D,, sufficiently large, which surround a form a 
cube e, lying within ©. Thus the points of %& lie within an 
enumerable set of cells {ec}, each ¢ lying within some ©. The 
cells ¢ of course will in general overlap. Obviously also, if 2 is 
complete, the points of %& will lie within a finite number of 
these e’s. 


302. Jf X ts dense, YX! is perfect. 

For, in the first place, 2’ is dense. In fact, let « be a point of 
9’. Then in arfy D*(a) there are points of Y%. Let a be such a 
point. Since Y is dense, it is a limiting point of 2 and hence is a 
point of Yl’. Thus in any D*(«) there are points of 2’. 

Secondly, YU’ is complete, by I, 266. 


303. Let B be a complete partial set of the perfect aggregate A. 
Then © =%A—B is dense. 

For if © contains the isolated point ¢, all the points of % in D,*(¢) 
he in %, if 7 is taken sufficiently small. But 8 being com- 
plete, c must then lie in %. 


Remark. We take this occasion to note that a finite set is to be 
regarded as complete. 


304. 1. Jf does not embrace all R,,, it has at least one frontier 
point in N,- 

For let a be a point of %f, and 6 a point of ®, not in Y. The 
points on the join of a, 6 have codrdinates 


X=a+ (0, == (0), eI, t=, 2, ++. n. 


Let 6’ be the maximum of those 6’s such that «(@) belongs to 
Wifd<6. Then x(6') is a frontier point of 2. 


2. Let 2, B have no point incommon. If Dist Ql, B)>0, we 
say %, B are exterior to each other. 


305. 1. Let = fa} be a limited or unlimited point set in §,,. 
We say B<A is pantactic in A, when in each D;(a) there is a 
point B. 

We say % is apantactic in 2 when in each D;(a) there is a point 
« of & such that some D,(«) contains no point of B. 
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Example 1. Let & be the unit interval (0, 1), and B the ra- 
tional points in %. Then % is pantactic in W. 


Example 2. Let %& be the interval (0, 1), and B the Cantor set 
of I, 272. Then % is apantactic in A. 


2. If B<A is pantactic in A, UX contains no isolated points not 
in B. . 


For let a be a point of &% not in 8. Then by definition, in any 
D;(a) there is a point of B. Hence there are an infinity of points 
of Bin this domain. Hence a is a limiting point of YW. 


306. Let & be complete. We say 6 < Wis of the 1° category 
in XU, if B is the union of an enumerable set of apantactic sets 
in 2. 

If S is not of the 1° category, we say it is of the 2° category. 

Sets of the 1° category may be called Barre sets. 


Example. Let & be the unit interval, and 9% the rational 
points init. Then % is of the 1° category. 

For 8 being enumerable, let 8 = §b,}. But each 4, is a single 
point and is thus apantactic in Y. 

The same reasoning shows that if 8 is any enumerable set in 
A, then B is of the 1° category. 


307. 1. If B ts of the 1° category in A,X —- B= Bis > 0. 


For since 8 is of the 1° category in YW, it is the union of an 
enumerable set of apantactic sets {%,}. Then by definition there 
exist points a,, a,, ++» in Y& such that 


De (Gy) Ds Ga ea, roe @! 


where D(a,) contains no point of 8,, D(a.) no point of By, ete. 
Let 6 be the point determined by 1). Since & is complete by 
definition, 6 is a point of Q%. As it is not in any %,, it is not 
in 8. Hence B contains at least one point. 


2. Let I be the union of an enumerable set of sets {X,%, each X, 
being of the 1° category in 8B. Then Y is of the 1° category in B. 


This is obvious, since the union of an enumerable set of enu- 
merable sets is enumerable. 
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3. Let B be of the 1° category in. Then B= A—B is of the 
2° category in A. 
For otherwise 8 + B would be of the 1° category in %. But 
A— (6+ B) =9, 
and this violates 1. 
4, It is now easy to give examples of sets of the 2° category. 


For instance, the irrational points in the interval (0,1) form a 
set of the 2° category. 


308. Let % be a set of the 1° category in the cube Q. Then 
A=Q—% has the cardinal number c. 

If A has an inner point, Ds(a), for sufficiently small 6, ies in A. 
As Card Ds=c, the theorem is proved. 

Suppose that A has no inner point. Let % be the union of the 
apantactic sets %,<%A,<---inQ. Let A4,=Q—-A,. Let g, be 
the maximum of the sides of the cubes lying wholly in A,.  Ob- 
viously g, = 9, since by hypothesis A has no inner points. Let @ 
be a cube lying in A,. As g,=9, there exists an n, such that Q 
has at least two cubes lying in A,,; call them @, Y,. There ex- 
ists an N, >, such that @, Y, each have two cubes in A,,; call 


ee Cote ie FW ihoel er Wit 
or more shortly @Q,,, + 

Each of these gives rise similarly to two cubes in some A,,, 
which may be denoted by @,,,.,,.,. Where the indices as before have 
the values 0, 1. In this way we may continue getting the cubes 


Q., ’ Cae ’ Quah io 
Let « be a point lying in a sequence of these cubes. It obvi- 
ously does not lie in %, if the indices are not, after a certain stage, ; 
all 0 oralll. This point « is characterized by the sequence 


oe ae 
which may be read as a number in the dyadic system. But these 
numbers have the cardinal number c. 


309. Let X be a complete apantactic set in a cube Q. Then there 
exists an enumerable set of cubical cells $q} such that each point of 
Y lies on a face of one of these q, or is a limit point of their faces. 
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For let D, > D, > +++ be a sequence of superimposed divisions 
of 2, whose norms 6,=0. Let 


yy, yy, Aygo a 
be the cells of D, containing no point of % within them. Let 
dy, Up9s dog °° @ 


denote those cells of D, containing no point of % within them and 
not lying in a cell of 1). In this way we may get an infinite se- 
quence of cells © = {d,,,}, where for each m, the corresponding 
is finite, and m=oo. Each pointa of A liesinsomed,,,. For 
being complete, Dist (a, %)>0. As the norms 6, = 0, a must lie 
in some cell of D,, for a sufficiently large n. The truth of the 
theorem is now obvious. 


310. Let B be pantactic in UX. Then there exists an enumerable 
set © < B which is pantactie in A. 


For let D, > D,> --- be a set of superimposed cubical divisions 
of norms d,=9. In any cell of D, containing within it a point 
of %, there is at least one point of 8. If the point of Mf les on 
the face of two or more cells, the foregoing statement will hold 
for at least one of the cells. Let us now'take one of these points 
in each of these cells; this gives an enumerable set ©,. The 
same holds for the cells of D,. Let us take a point in each of 
these cells, taking when possible points of €,. Let ©, denote the 
points of this set not in €,. Continuing in this way, let 


¢= G, “f &, + +-- 
Then € is pantactic.in M, and is enumerable, since each &, is. 


« Corollary. In any set I, finite or infinite, there exists an enumer- 
able set © which is pantactic in X. 


‘For we have only to set 8 = W in the above theorem. 
e . S . 
311. 1. The points © where the continuous function f (2, +++ Lm) 
takes on a given value g in the complete set X, form a complete set. 
For let ¢, ¢,+++ be points of © which +c. We show e is a 


oint of ©. For : ‘ : 
P G=F (=f (eq) = + 
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As f is continuous, 


F (Cn) =F(C)- 


fei | aves) 
and ¢ lies in €. 
2. Let f(a, +++ &%m) be continuous in the limited or unlimited set %. 


If the value of f is known in an enumerable pantactic set © in A, 
which contains all the isolated points of X, in case there be such, the 
value of f is known at every point of %. 


For let a be a,limiting point of {& notin ©. Since € is pantactic 


in Y, there exists a sequence of points e,, e¢, ++» in © which =a. 


Since f is continuous, f(e,)=f(a). As f is known at each e,, 
it is known at a. 


3. Let F¥=S ft be the class of one-valued continuous functions 


defined over a limited point set X. Then 
f= Card § =c. 


For let #, be a space of an infinite enumerable number of 
dimensions, and let 
ia) 


denote one of its points. Let f have the value 7, at e,, the value 
é I 1 1 
No at ey +++ for the points of © defined in 2. Then the complex 
Cys M2 +++) 

completely determines f. But this complex determines also a 
point 7 in 9, whose codrdinates are n,. We now associate f with 
ee f= Card kK o=c: 

On the other hand, f>c, since in § there is the function 
SF (@1 +++ Um) =g in UA, where g is any veal number. 


312. Let 8 denote the class of complete or perfect subsets lying in 
the infinite set YU, which latter contains at least one complete set. 


ee 6 = Card B =e. 
For let a,, a,, «++ =a, all these points lying in %. Then 


a 


1 ) lg ’ 


a, Aes EA 3 by <ig<lgere (1 
But for «, we may take any number in 3, =(1, 2, 3, +--+); for 4 


we may take any number in = (4 + 1, «, + 2, +++), ete. 
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Obviously the cardinal number of the class of these sequences 


} Cae 
Dyce’ acs But CR ae. 
is a complete set in %. Hence b>c. On the other hand, b<c. 
For let ee : Q 


be a sequence of superimposed cubical division of norms = 0. 
Each D,, embraces an enumerable set of cells. Thus the set of 
divisions gives an enumerable set of cells. Each cell shall have 
assigned to it, for a given set in %, the sign + or — according as 
% is exterior to this cell or not. This determines a distribution 
of two things over an enumerable set of compartments. 

The cardinal number of the class of these distributions is 2*=c. 
But each % determines a distribution. Hence b<c. 


Transfinite Derivatives 


313. 1. We have seen, I, 266, that 
QI! 3 ») Ba eS 
Thus 3 pare 
res Do, Wa. A). qd 


Let now & be a limited point aggregate of the second species. 
It has then derivatives of every finite order. Therefore by 18, 


Do(X', ot", O"", ses) (2 


contains at least one point, and in analogy with 1), we call the 
set 2) the derivative of order w of XI, and denote it by 


Yo), 
we. 
Now we may reason on Y{° as on any point set. If it is infinite, 


it must have at least one limiting point, and may of course have 
more. In any case its derivative is denoted by 


Yor) op got, A 
The derivative of %°t? is denoted by 
J (o+2) or Qo? é ete. 


Making use of » we can now state the theorem: 


or more shortly by 
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In order that the point set U ts of the first species it is necessary 
and sufficient that 1) = 0. 


2, We have seen in 18 that %° is complete. The reasoning of 
I, 266 shows that Yer, Wer’, -.-, when they exist, are also complete. 
Then 18 shows that, ¢f e+" n= 1, 2, --- exist, 


Doo > Yor > Yor >...) (3 


exists and is complete. The set 3) is called the derivative of order 
w@ - 2 and is denoted by 
: Yo? op Mo2, 


Obviously we may continue in this way indefinitely until we 
reach a derivative of order « containing only a finite number of 
points. Then gat = 0 


That this process of derivation may never stop is illustrated by 
taking for % any limited perfect set, for then 
2S N= Sa ra rn = 


3. We may generalize as follows: Let « denote a limitary ordi: 
nal number. If each * > 0, 8 < «, we set 


qo) = Ye = Do§ aF} 


when it exists. 
4. If *> 0, while 2 +!=0, we say % is of order «. 


314. 1. Let a bea limiting point of A. Let 
as = Card V;(a). 


Obviously a is monotone decreasing with 6. Suppose that 
there exists an « anda 6, > 0, such that for all 0<8 < 6, 


a = Card V (a). 


We shall say that a is a limiting point of rank «a. 
If every a; = «, we shall say that 


Rank a > @ 
If every o; >, we shall say that 


Rank a> «. 
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2. Let % be alimited aggregate of cardinal number a. Then there 
is at least one limiting point of I, of rank «a. 

The demonstration is entirely similar to. I, 264. Let 6, > 
8, > ++ =0. Let us effect a cubical division of {of norm 6,2 ln 
at least one cell lies an aggregate %, having the cardinal num- 
ber «. Let us effect a cubical division of %, of norm 6,. In at 
least one cell lies an aggregate %, having the cardinal number «, 
etc. These cells converge to a point a, such that 

Card V,(@) = «, 
however small 6 is taken. 

3. If Card XU > e, there exists a limiting point of UL of rank >e. 

The demonstration is similar to that of 2. 

4. If there is no limiting point of UX of rank > e, Wis enumerable. 

This follews from 8. 

5. Let Card WU be >e. Let B denote the limiting points of 
whose ranks are >e. Then B is perfect. 

For obviously 8 is complete. We need therefore only to show 
that it is dense. To this end let 6 be a point of 8. About 6 let 
us describe a sequence of concentric spheres of radii 7, = 0. These 


spheres determine a sequence of spherical shells {S,,3, no two of 
which have a point incommon. If %f, denote the points of Win S,, 


we have fm VE) =U, + %y + %y + a 
Thus if each 9, were enumerable, V is enumerable and hence 
Rank 6 is not >e. Thus there is one set %,, which is not enu- 


merable, and hence by 38 there exists a point of 8 in S,,.. But then 
there are points of $8 in any V,*(6), and 0 is not isolated. 


6. A set YX which contains no dense component is enumerable. 


For suppose % were not enumerable. Let $ denote the proper 
limiting points of &. Then $ contains a point whose rank is > e. 
But the set of these points is dense. This contradicts the hy- 

° vA * 
pothesis of the theorem. : 


315. Letaliein Z,. If X= > 0, it ds complete. 
For if « is non-limitary, reasoning similar to I, 266 shows that 
%* is complete. Suppose then that « is limitary, and Q* is not 
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complete. The derivatives of & of order < « which are not com- 
plete, form a well ordered set and have therefore a first element 
4°, where 8 is necessarily a limitary number. Then 


= Dv) , y<B. 


But every point of % lies in each %y. Hence every limiting 
point of 8 is a limiting point of each {v and hence lies in 9*. 
Hence Y° is complete, which is a contradiction. 


316. Let w b6 a limitary number in Z,. If U>O0 for each 
B < a, Ws exrsts. 


For there exists an&,,, mm <n — 2, sequence 
y< db <e<cn<-- =a. cl 


Let ¢ be a point of %, da point of A, e a point of A‘, etc. 
Then the set Cadre in) 


has at least one limiting point J of rank &,,. Let e be any number 
inl). Then / is a limiting point of rank &,, of the set 


(ef). 


Thus J is a limiting point of every %®, @ < a, and hence of Y*. 


317. Let us show how we may form point sets ee order « 
is any number in Z, or Z,. 

We take the unit interval % = (0, 1) as the base of our con- 
siderations. 

In 2%, take the points 


or a re eC a 

Obviously B{ = 1, Bi’ = 0. Hence B, is of order 1. The set 
%, divides {& into a set of intervals 

Se lly eile coc (2 


In &, = (0, 3) take a set of points similar to 1) which has as 
single limiting point, the point 4. In % =G, }) take a set of 
points similar to 1) which has as single limiting point, the point 
3, etc. Let us call the resulting set of points By. 
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li 


bviousl 
O Ni B; ; 3 A 4g 6 eon =%, 5 


al 

2 
Hence GL’ = Bl = 1 and B)” = 0 
Thus B, is of order 2. 


In each of the intervals 2) we may place a set of points similar 
to ,, such that the right-hand end pdint of each interval YY, is a 
limiting point of the set. The resulting set B, is of order 3, etc. 

This shows that we may form sets of every finite order. 

Let us now place a set of order 1 in ,, a set of order 2 in %,, 
etc. The resulting set B. is of order. For 8° has no points 
in Y,, YX --: Wa-y, While the point 1 lies in every O%”. 


Thus 
(Oe 
Saeco i 
Hence 
Bor) = 0, 


and %, is of order o. 


Let us now place in each A, a set similar to B,, having the 
right-hand end point of %, as limiting point. The resulting set 
%.,, 1s of order + 1. In this way we may proceed to form sets 
of order a + 2, @ + 3, --- just as we did for orders 2, 3,--- We 
may also form now a set of order 2, as we before formed a set 
of order o. 

Thus we may form sets of order 


O°, O82) ees 5 Oo 4. Uses 


and hence of order *%, ete. 


318. 1. Let & be limited or not, and let A) denote the isolated 
points of UP. Then 


cS ei yet i Ay, cca G 
B 
For Of! == Of! + 9" A Of = Yi gy... 
Thus ; 


MM = M$ A$ oe - YD 4 Ym g 


that is, ’ is the sum of the points of QU’ not in {, of the points 
' in wt > t . 
of 2” not in '’’, ete. Uf now there are points common to every 


(n) 
of we have A! = TY af go) rey) =1, a see <<, a 
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On %* we can reason as on Y', and in general for any «<Q we 
have x = Sys) “i 6), 

a ot B<a 
which gives 1). 

2. Lf A°=0, A and YM! are enumerable. 

For not ever 

Y ¥9>0 «<Q; by 316. 

Hence there is a first «, call it y, such that AY=0. Then 1) 


reduces to 
W= sy , B=l, 2... <y. 
6 


But the summation extends over an enumerable set of terms, 
each of which is enumerable by 289. Hence 9’ is enumerable. 
But then & is also enumerable by 237, 2. 

3. Conversely, if U' is enwmerable, A° = 0. 

For if &°> 0, there is a non-enumerable set of terms in 1), if 
no Y) is perfect ; and as each term contains at least one point, 
Y’ is not enumerable. If some %‘) is perfect, 2%’ contains a per- 
fect partial set and is therefore not enumerable by 245. 

4. From 2, 3, we have: 

For X' to be enumerable, it is necessary and sufficient that there 
exists a number a in Z, or Z, such that A = 0. 

5. If U is complete, it is necessary and sufficient in order that 
be enumerable, that there exists an « in Z, or Z, such that Ar = 0. 


For x = 1 +2’, 
and the first term is enumerable. 


6. If Y’=0 for some B <Q, we say A is reducible, otherwise it 
is irreducible. 


319. If A° > 0, ct is perfect. 

By 315 it is complete. We therefore have only to show that 
its isolated points %°=0. Suppose the contrary; let a be an 
isolated point of W®. 

Let us describe a sphere S of radius r about a, containing no 
other point of 4%. Let S denote the points of Yin S. Let 


erp tg > = 0) 
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Let S,, denote a sphere about a of radius 7,. Let %,, denote the 
points of B lying between S,_,, S,,, including those points which 
may lie on S,_,. Then 
25) = Be Og By + ooo +4. 

Each %,, is enumerable. For any point of 8% is a point of 
S° =a. Hence $2 = 0 and %,, is enumerable by 318, 2. 

Thus 8 is enumerable. This, however, is impossible since 
8° =a, and is thus > 0. 


320. 1. In the relation 
oY’ = VA + ye (= ee, a) 
B 
the first term on the right is enumerable. 
For let us set B= TA”; 
B 


ilso 1 : 
also let Ro elle 


Let %, denote the points of 8 whose distance 6 from 9% satis- 


fies the relation foo 8 > Tae 


Then the distance of any point of B, from Ais >7,,,. If B, 
includes all points of 8 whose distance from A is > 7,, we have 


B= B+, +B, + Seis 
Each %, is enumerable. For if not, 6° >0. Any point of 
$° as 6 lies in 1°. Hence 
Dist (6, 2° = 0. 
On the other hand, as 6 lies in %!, its distance from 9° is 
> 7,415 Which is a contradiction. 


2. If X' is not enumerable, there exists a first number « in Z, or 
Z,, such that X* is perfect. 

This is a corollary of 1. 

3. If Mis complete and not enumerable, there exists a first number 
ain Z,+ Z, such that X* is perfect. A 


4. If Ais complete, A=E+H 
Y=E+f; 


where & rs enumerable, and B is perfect. Tf X is enumerable ~=0 
- ry p) . 
4 
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Complete Sets 


321. Let us study now some of the properties of complete point 
sets. We begin by considering limited perfect rectilinear sets. 
Let % be such a set. It has a first point a and a last point 6. It 
therefore lies in the interval J=(a, 6). If & is pantactic in any 
partial interval J= (a, 8) of J, % embraces all the points of J, 
since YI is perfect. Let us therefore suppose that % is apantactic 
in J. An example of such sets is the Cantor set of I, 272. 

Let D = §8{ be a set of intervals no two of which have a point 
incommon. Wé say D is pantactic in an interval J, when J con- 
tains no interval which does not contain some interval 6, or at 
least a part of some 6. 

It is separated when no two of its intervals have a point in 
common. 


322. 1. Every limited rectilinear apantactic perfect set X deter- 
mines an enumerable pantactic set of separated intervals D = {8}, 
whose end points alone lie in U. 


For let % he in J=(a, 8), where «, 8 are the first and last 
points of %. Let B=L—Y%. Each point 6 of B falls in some in- 
terval 6 whose end points le in %. For otherwise we could 
approach 6 as near as we chose, ranging over a set of points of Y. 
But then 0 is a point of %f, as this is perfect. Let us therefore 
take these intervals as large as possible and call them 6. 

The intervals 6 are pantactic in J, for otherwise % could not be 
apantactic. They are enumerable, for but a finite set can have 
lengths > J/n+1 and < I/n, n=1, 2+. 

It is separated, since 2 contains no isolated points. 


2. The set of intervals D= {6} just considered are said to be 
adjoint to X, or determined by A, or belonging to I. 


323. Let Wf be an apantactic limited rectilinear perfect pornt set, to 
which belongs the set of intervals D= {8{. Then X is formed of the 
end points H= {e} of these intervals, and their limiting points EK’. 


For we have just seen that the end points e belong to Y. More: 
over, 2% being perfect, #’ must be a part of Y. 


338 POINT SETS 


% contains no other points. For let a be a point of %& not in F, 
E'. Leta be another point of %. In the interval (a, #) lies an 
end point e of some interval of D. In the interval (a, e) lies an- 
other end point e,. In the interval (a, e,) lies another end point 
é, etc. The set of points e, e,, g++ =a. Hence a@ lies in #’, 
which is a contradiction. 


324. Conversely, the end points E= {et and the limiting points of 
the end points of a pantactic enumerable set of separated intervals 
D = §8: form a perfect apantactie set I. 

For in the first place, 2 is complete, since Y= (H, HH’). AW can 
contain no isolated points, since the intervals 6 are separated. 
Hence Y is perfect. It is apantactic, since otherwise {% would em- 
brace all the points of some interval, which is impossible, as D is 
pantactic. 


325. Since the adjoint set of intervals D = §6} is enumerable, it 
can be arranged in a 1, 2, 3,--- order according to size as follows. 
Let 6 be the largest interval, or if several are equally large, one 
of them. The interval 6 causes J to fall into two other intervals. 
The interval to the left of 6, call J), that to the right of 8, call TEs 
The largest interval in J), call 6), that in £, call 6,. In this way 
we may continue without end, getting a sequence of intervals 
8 8p O15 8005 Sor 8195 On ae re! 
and a similar series of intervals 


TAT eT eT is 


The lengths of the intervals in 1) form a monotone decreasing 
sequence which = 0. 


If v denote a complex of indices yx --- 

d D= {8} = [840.4 
an [au Wee veer 

326. 1. The cardinal number of every perfect limited rectilinear 
point set W is c. 


For if 2 is not apantactic, it embraces all the points of some in- 
terval, and hence Card Y=c. Let it be therefore apantactic. 
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Let D= {8,} be its adjoint set of intervals, arranged as in 325. 
Let © be the Cantor set of I, 272. Let its adjoint set of intervals 
be H= {n,}, arranged also as in 325. If we set 5,~ Ny, we have 
D~H. Hence Card % = Card G. 


But Card ©=c by 244, 4. 


2. The cardinal number of every limited rectilinear complete set 2 
as either e or c. 


For we have seen, 320, 4, that 
« %=€+, $50, 
where € is enumerable and § is perfect, 
Tie = 0, Card & =e. 
If $B>0, Card-a=¢: 
For Card Y% = Card €+ Card B=e+c=c. 


327. The cardinal number of every limited complete set U in R,, is 
either e orc. It isc, if U has a perfect component. 


The proof may be made by induction. 

For simplicity take m=2. By a transformation of space [242], 
we may bring % into a unit square S. Let us therefore suppose 
% were in S originally. Then Card U%<c by 247, 2. 

Let © be the projection of 2 on one of the sides of S, and B the 
points of 2 lying on a parallel to the other side passing through a 
point of ©. If B has a perfect component, Card 8 =c, and hence 
Card L=c. If B does not have a perfect component, the cardinal 
number of each 8 ise. Now € is complete by I, T17, 4. Hence 
if © contains a perfect component, Card €=c, otherwise Card 
@ =e. In the first case Card X%=c, in the second it is e. 


328. 1. Let 2% be a complete set lying within the cube Q. Let 
D, > Dz, > +++ denote a set of superimposed cubical divisions of Q 
of norms=0. Let d, be the set of those cubes of D, containing 
no point of %. Let d, be the set of those cubes of D, not in d,, 
which contain no point of %{. In this way we may continue. Let 
8 =d,}. Then every point of A=Q—AliesinB. For A being 
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complete, any point a of A is an inner point of A. Hence D,(a) 
lies in A, for some p sufficiently small. Hence a lies in some d,,. 
We have thus the result: 


Any limited complete set is uniquely determined by an enumerable 
set of cubes §d,}, each of which 18 exterior to tt. 
We may call $6 =$d,{ the border of U, and the cells d,, border 


cells. 4 


2. The totality of all limited perfect or complete sets has the car- 
dinal number c. 


For any limited complete set © is completely determined by its 
border jd,}. The totality of such sets has a cardinal number 
<cé=c. Hence Card {€}<c. Since among the sets © is a c-set 
of segments, Card © > c. 


329. If %, denote the isolated points of 1, and %f, its proper 
limiting points, we may write 


Y= MW, + WM. 


Similarly we have 


YM =A. +%e, 


ys => Nae, = ns etc. 
We thus have 


or = 1+ %,,+ Nae + coe Myn—-1, + Wyn. 


At the end of each step, certain points of % are sifted out. They 
may be considered as adhering loosely to %, while the part which 
remains may be regarded as cohering more closely to the set. Thus 
we may call %,»-1,, the n™ adherent, and YI,» the n™ coherent. 


If the n” coherent is 0, U is enumerable. 

If the above process does not stop after a finite number of steps, 
let W, = Dv My, Arey Wha e+e). 

If %., > 0, we call it the coherent of order w.\* 

Then obviously % = Tm, + Wo. 


We may now sift 2%, as we did QI. 
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If « is a limitary number, defined by 
001 << Oy < hg +s (48 
we set A= Dv fA} 
and call it, when it exists, the coherent of order « Thus we can 


it 
ere A= VAo + Ae ac=1,2%+-<B ¢! 
where 8 is a number in Z,. 


330. 1. When is enumerable, 
Ws Mra + Ws 2=1,2,..-8 


=3+9; ad 
where & is the sum of an enumerable set of isolated sets, and D, when 
at exists, ts dense. 

For the adherences of different orders have no point in common 
with those of any other order. They are thus distinct. Thus the 
sum { can contain but an enumerable set of adherents, for other- 
wise 2% could not be enumerable. Thus there is a first ordinal 
number 8 for which 


M8, = 0. 
As now in general 


YX e= M8, + e+, 
we have SINS = 841 = 98+? ure 


As 2%, thus contains no isolated points, it is dense, when not 0, 
by I, 270. 


2. When % is not enumerable, D>O0. For if not, Y = J, and ¥ 
is enumerable. 


331. X= A. a 
For let D be a cubical division of space. As usual let 
A » A 


denote those cells of D containing a point of Yf, 2 respectively. 
The cells of 2, not in %, will be adjacent to those of Mp, and 
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these may be consolidated with the cells of D, forming a new di- 
vision A of norm 6 which in general will not be cubical. Then 


W, = te a a". 


The last term is formed of cells that contain only a finite number 
of points of Y%. These cells may be subdivided, forming a new 
division # such that in 


the last term is < ¢/3- Nowif 6 is sufficiently small, 


UNeahiice ‘ Mi (3 


Hence from 2), 3) we have 1). 


332. Jf YX > 0, Card A =c. 


For let 8 denote the sifted set of %& [I, 712]. Then % is per- 
fect. Hence Card 8 =c, hence Card Y= c. 


333. Let X= fa, where each a is metric and not discrete. If no 
two of the a’s have more than their frontiers in common, YX ts an 
enumerable set in the as. %X may be unlimited. 


Let us first suppose that % lies in a cube Q. Let @ denote a on 
removing its proper frontier points. Then no two of the @’s have 
a point in common. Let 


Ue Dee = 0, 


where the first term 9g, = ©. There can be but a finite number of 
sets a, such that their contents lie between two successive q’s. 
For if 


O, > o., eee =U 


we have Pers oe 
Oe al a, =f se ar a, = Qs. 
But the sum on the left is =, for any n. 


As n may =oo, this makes 8 = 0, which is absurd. 
If W is not limited, we may effect a cubical division of ®,,. 
This in general will split some of the a’s into smaller sets 6. In 
each cube of this division there is but an enumerable set of the b’s 
by what has just been proved. 


a 


CHAPTER XI 
MEASURE 


Upper Measure 


334. 1. Let & be a limited point set. An enumerable set of 
metric sets D= {d,}, such that each point of % lies in some d,, is 
called an enclosure of %. If each point of lies within some d,, D 
is called an outer enclosure. The sets d, are called cells. To each 
enclosure corresponds the finite or infinite series 


> 


Sd, al 


which may or may not converge. In any case the minimum of all 
the numbers 1) is finite and <0. For let A be a cubical division 


of space, %, is obviously an enclosure and the corresponding sum 
1) is also Y,, since we have agreed to read this last symbol either 
as a point set or as its content. 


We call Mic ae 


with respect to the class of all possible enclosures D, the upper 
measure of %, and write 


= Meas % = Min Sd.. 
D 


2. The minimum of the sums 1) is the same when we restrict owr- 
selves to the class of all outer enclosures. 


For let D={d,} be any enclosure. For each d,, there exists a 


cubical division of space such that those of its cells, call them d,,. 
containing points of d, have a content differing from Gye 


A 


Obviously the cells {d,,} form an outer enclosure of %f, and 
>i Ee 2d,<25 =e 


843 
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As e is small at pleasure, Min 2d, over the class of outer en- 
closures = Min 2d, over the class of all enclosures. 

3. Two metric sets whose common points lie on their frontiers 
are called non-overlapping. ‘The enclosure D=  d, is called non- 
overlapping, when any two of its cells are non-overlapping. 

Any enclosure D may be replaced by a non-overlapping enclosure. 

For let U(d,, ds) = d,+2,, 

U(d,, dg, d,) = dy + & + és, 
U(d, d, d, d,) = d, + eg + és + e4, ete. 

Obviously each e, is metric. For uniformity let us set d, = e. 
Then # = §e,} is a non-overlapping enclosure of Y&. As 

Ee, < Ed, 
we see that the minimum of the sums 1) is the same, when we restrict 
ourselves to the class of non-overlapping enclosures. 

Obviously we may adjoin to any cell e,, any or all of its 
improper limiting points. 

4, In the enclosure #= $e,} found in 3, no two of its cells 
have a point in common. Such enclosures may be called distinct. 


335. 1. Let D= jdt, H= Se,} be two non-overlapping enclosures 
of XM. Let 
Om ==E Dv Cle.) 
Then 
Nee $0.3) t«=1, 2, eee 
7s a non-overlapping enclosure of I. 


For 6,, is metric by 22,2. Two of the 8s are obviously non- 
overlapping. Each point of & lies in some d, and in some eg, 
hence a lies in 6... 


2. We say A is the divisor of the enclosures D, E. 


336. If 1<%, X< B. ad 


For let H = {e,} be an enclosure of 8. Thosesof its cells d, con- 
taining a point of %& form an enclosure D = §d,} of Y. Now the 
class of all enclosures A = §6? of Y contains the class D as a sub- 
class. 
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As Zd,< 32, 
we have 
Min 38, < Min Sd, < Min 3a, 
A 


D E 
from which 1) follows at once. 


337. If WU is metric, 


Y=. a 
For let D be a cubical division of space such that 
“ i ae ) eae cer (2 


Let us set B=%,. Let H=fe,} be an outer enclosure of GB. 
Since B is complete, there exists a finite set of cells in # which 
contain all the points of 8 by 301. The volume of this set is 


obviously >B; hence a fortiori 


> B. 
Hence ae 
B>B. 
But <x, # 
A> B, by 336, 
= B =U) 
> W— e, by 2). (3 
Ontheother hand, = -.. 
W< A, <A+e, by 2). (4 


From 3), 4) we have 1), since ¢ is arbitrarily small. 


338. Jf Y is complete, 


For by definition ; 
2% = Min 2d,, 

with respect to all outer enclosures D={d,j{. But %& being com- 
plete, we can replace D by a finite set of cells F={f.{ lying in D, 
such that F is an enclosure of 2%. Finally the enclosure # can be 
replaced by a non-overlapping enclosure G ={g,} by 334, 3. 

Thus = ; 
5) = Min ZI 
with respect to the class of enclosures G. But this minimum 
value is also % by 2, 8. 
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339. Let the limited set U = §,,} be the union of a finite or infinite 
enumerable set of sets UX,. Then 


Y< VY,. a 
For to each %, corresponds an enclosure D, = {dn.j such that 


Sdn < I, oo =. > ves 0, arbitrarily small. 


But the cells of all the enclosures D,, also form an enclosure. 
Hence 


<>, +e. 


This gives 1), as € is small at pleasure. 


340. Let X lie in the metric set M. Let A=M-—A, be the 
complementary set. Then 


%+4>M 
For from M= A+ A, 
follows ey ee = 
MoA+ A, by 339 
But ye 


341. Jf A= B+ GC, and B, € are exterior to each other, 
Y=B+C. ‘al 


For, if any enclosure D=$d,} of %& embraces a cell containing 
a point of 8 and ©, it may be split up into two metric cells d, 
di’, each containing points of B only, or of € only. Then 


d= di + di. 
Thus we may suppose the cells of D embrace only cells 


D' =}di} containing no point of ©, and cells D!!=$d!'} con- 
taining no point of 8. Then 
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By properly choosing D, we may crowd the sum on the left 
down toward its minimum. Now the class of enclosures D! is 


included in the class of all enclosures of %, and a similar remark 
holds for D’’. 


Thus from 2) follows that 


A>B+E. 
This with 339 gives 1). 


342. JF U=B+M, M being metric, 
“ Y= B+ M. ad 


For let D be a cubical division of norm d. Let n denote points 
of Mt in the cells containing points of Front 9. Let m denote 


the other points of Mt. Then m and % are exterior to each other, 
and by 837 and 341, 


Meas (8+ m)=B+ ft. 


As A=Bt+m+n, 

Meas(B+m)<% by 336. 
ae A< B+ M+ A by 339. 
Thus 


Bt M<A<B+Ht+h. (2 
Now if d is sufficiently small, 
M—e<f 3; n<e. 
Thus 2) gives, as it < MN, 
Bi M—-<A< B+ Me, 
which gives 1), as e>0 is arbitrarily small. 


343. 1. Let YU lie in the metric set B, and also in the metric set 


G. Let Boy i ECBO Te 
Then eae ser 
For let 


G 
D=Dv(B,C) , B=D 
B=%,+D 
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$-~B=54+8,-@,+D=5-D 
€-0=5+6,-6,+D)=D-—D. 

2. If A<B, the complement of Y% with respect to B will 
frequently be denoted by the corresponding English letter. Thus 
A=CQ),; ModS 
= B — A. 


Lower Measure 


344. 1. Weare now in position to define the notion of lower 
measure. Let % lie in a metric set I. The complementary set 
A=9—M% has an upper measure A. We say now that MA 
is the lower measure of %, and write 


{= Meas A= M— A. 
By 348 this definition is independent of the set 9% chosen. 


When a = a 


we say % is measurable, and write 
1 = 1 = W. 
A set whose measure is 0 is called a null set. 
2. Let H= {e,} be an enclosure of A. 
Then = Max CM — X@,), 
with respect to the class of all enclosures FE. 


3. If €= f{e,} is an enclosure of 9, the enclosures H and € may 
obviously, without loss of generality, be restricted to metric cells 
which contain no points not in M. If this is ‘the case, and if & 
F# are each non-overlapping, we shall say they are normal enclosures. 

If ©, § are two normal enclosures of a set Y, obviously their 
divisor is also normal. 


4 
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345. 1. A> 0. 


For let & lie in the metric set MM. 


Then = 


a == A. 
But by 336, A<M, 
hence mM =A 0. 
2, . ws. 


For let 9{ lie in the metric set J. 
Then 


a 
Hence y= MN A<Y. 


346. 1. For any limited set %, 
A<A<H<¥. a 
For let D={d,} be an Benes of Y. Then 
% = Min Ed, 
D 


when D ranges over the class F' of all finite enclosures. On the 
other hand, 


X= Min Sd, 
D 


when D ranges over the class H# of all enumerable enclosures. 
But the class H includes the class F. Hence & < %. 


To show that x < I, (2 
we observe that as just shown a 
At As 
Hence, ree ie be oe 
M-A<M-A=A G 
a A+%A= M, by 16 


This with 3) gives 2). 
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2. If U is metric, it is measurable, and 


= W. 


This follows at once from 1). 


347. Let 9 be measurable and lie in the metric set IN. Then A 
is measurable, and 


1 Aree P @! 
For oe es 
A=mM oY. Q 
X=M— A =H, 


since 2 is measurable. This last gives 
— aN a 


This with 2) shows that A= A; hence A is measurable. From 
2) now follows 1). . 


348. If 1<B, then 1 < B. 


. Gae 
For as usual let A, B be the complements of 9%, 8 with respect 
to a metric set 2. Since I< YB, A> B. 
H by 336 a 
ence, by : besa 
Thus, Paty Ac ee 
M—-A<M—B, 
which gives 1). 


349. For U to be measurable, it is necessary and sufficient that 
Y+ A= M é 
where IN is any metric set > A, and A= IM — A. 
It is sufficient, for then 1) shows that 


X= MA. 
But the right side is by definition %; hence 1 = 
It is necessary as 847 shows. - 


2 


+4 
350. Let X= {a,} be the union of an enumerable set of non- 
overlapping metric sets. Then %X is measurable, and 
U = 3G,. ad 
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Let S denote the infinite series on the right of 1). As usual 
let S,, denote the sum of the first x terms. Let %, = (Qy5 +++ Gy). 
Then Y, < % and by 336, 


I, a Sos TI , for any n. (2 
Thus S is convergent and 
S< ¥ (3 
On the other hand, by 339, 
A< Ss (4 


From 8), 4) follows that 
S=%A=lim §, = lim %,. (6 


We show now that % is measurable. To this end, let I? be a 
metric set > WY, and UY, + A, = Mas usual. 


Then iS OO em 
A, +A, = Wi. (6 

But A<A, , hence A ZAG 

Thus 6) gives 


for any n. Hence 


A + lim %, <M; 
or using 5)s A+U<R 
Hence by 389, rey 


Thus by 349, %& is measurable. 


351. Let Y= B46; 
then B+ C<%. a 

For let Mt be a metric set > WY. Let A, B, C be the comple- 
ments of %, B, ©, with reference to Me. 

Let Pa 0, oy Le Tat 
be normal enclosures of B, C. Let 

de = DY (Cava); 

and D = {dy} the divisor of F, F. 
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As all the points of A are in B, and also in C, they are in both 


E and F, and hence in the cells of D, which thus forms a normal 


enclosure of A. Let 
n= CAE Ama ver) oe (dins don vee). 


Let us set es ay a Pee ae 
Then by 350, a A 
tah Yn = an 5 Tn = wa Edn 
By 347, aces A 
7 C\m = Ym + Im > Fn = tn + hy. 
Hence oS A — 
M— Le, = M— Edun = 29m 


m,n 


M — Shr =e Shy. 
Hence adding, 
(M— e,,) + (M— BA) 
=a 0 (eg, ee 


ace M = U3 Gms has Anns m,n = oh 2, we 
Thus by 339, the termin[ ]is <0. Thus 2) gives 

(M — ¥e,)+ (MN — Bf) < M— Bd, < W. 3 
But 


% = Max mM — 2@,) 
= Max(M — Sf). 
Thus 3) gives 1) at once. 


IA | 


Measurable Sets 
352. 1. Let X= B+C. Tf B, € are measurable, then A is 


measurable, and 


X= B+E a 
Be B+C<A , by 851, 
<%<B+ET , by 339 
But B= B=H P C=C=€ 
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2. LetX=B+C IFA, B are measurable, so ig € and 


co a 


C=H%-§. (2 
For let % lie in the metric set Mt. Then 
M—-A=M— (B+ C) =(M- G© — B. 
A=C0-8; 
C=%.+ A. 


Thus @ is measurable by 1. Hence € is measurable by 347, 
and 


Thus 


Hence 


= H= 84+. 


From this follows 2) at once. 


353. 1. Let W= TY, be the sum of an enumerable set of measur- 
able sets. Then Xf is measurable and 


GPS 


If {is the sum of a finite number of sets, the theorem is obvi- 
9 wad 


ously true by 352,1. In case 2% embraces an infinite number of 
sets, the reasoning of 350 may be employed. 


2. Let N= Mt be the union of an enumerable set of null sets. 
Then Nt is a null set. 


Follows at once from 1. 
3. Let X= 5H,) be the union of an enumerable set of measurable 


sets whose common points two and two, form null sets. Then A is 
measurable and 


{= SH, 
4. Let € = §e,} be a non-overlapping enclosure of I. Then € is 
measurable, and re yar 
C= De... 


5. Let @<%. Those cells of € containing a point of B may 
be denoted by Bg, and their measure will then be of course 


Be. 
If S®=A, this will be G. This notation is analogous to that 
used in volume I when treating content. 
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6. If ¥={f,} ts another non-overlapping enclosure of some set 


then 
D = Dv, §) 
7s measurable. 
For the cells of D are 
Sux = Dove, fk)- 
Thus 6, is metric, and 


Syes S524 4 


354. 1. Harnack Sets. Let % be an interval of length 7. Let 
r= Ly, + ly MS coc 


be a positive term series whose sum 7 >0 is <7. As in defining 
Cantor’s set, I, 272, let us place a black interval of length 7, in the 
middle of 4. In a similar manner let us place in each of the re- 
maining or white intervals, a black interval, whose total lengths 
=/,. Let us continue in this way; we get an enumerable set of 
black intervals %, and obviously 


ra 


B=. 


If we omit the end points from each of the black intervals we get 
a set B*, and obviously 


B* =. 
The set H = A — B* 
we call a Harnack set. This is complete by 824; and by 338, 347, 
G$=H=1-2. 


When dA = J, © is discrete, and the set reduces to a set similar 
to Cantor’s set. When »<J, we get an apantactic perfect set 
whose upper content is 7 — 7 > 0, and whose lower content is 0. 


2. Within each of the black intervals let us put a set of points 
having the end points for its first derivative. The totality of 
these points form an isolated set $ and §' =. But by 331, 


¥ = 3’. If now & is not discrete, 4 is not. We have thus the 
theorem : 


There exist isolated point sets which are not discrete. ‘ 
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3. Itis easy to extend Harnack sets to R,. For example, in %,, 
let S be the unit square. On two of its adjacent sides let us place 
congruent Harnack sets §. We now draw lines through the end 
points of the black intervals parallel to the sides. There results 
an enumerable set of black squares G = {S,3. The sides of the 
squares © and their limiting points form obviously an apantactic 
perfect set &. 

Let ai + ag+e. =m 
be a series whose sum 0 < m<1. 


We can choose § such that the square corresponding to its larg- 
est black interval has the area aj; the four squares corresponding 
to the next two largest black intervals have the total area a3, ete. 

Then 


Hence 


355. 1. If € = §e,,} is an enclosure of % such that 
Sez q < e 


it is called an e-enclosure. Let A be the complement of %f with 
respect to the metric set I. Let H = fe,} be an eenclosure of A. 
We call ©, H complementarg e-enclosures belonging to I. 


2. If & is measurable, then each pair of complementary ¢/2 
normal enclosures ©, E, whose divisor D = Dv(G, EF), is such that 
D<e, e small at pleasure. qd 


For let &, F be any pair of complementary e/2 normal enclo- 
sures. Then 


E-A<>5 THE INS 
Adding, we get 0< G48 (14+ A) <e; 
Be 0<€4+#-—M<e. (2 
But the points of Mt fall into one of three classes: 1° the points 
of D; 2° those of € not in D; 3° those of Hnot in D. Thus 
E+ H=M+D. 
This in 2) gives 1). 
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356. 1. Up to the present we have used only metric enclosures 
of a set Y. If the cells enclosing 2% are measurable, we call the 
enclosure measurable. 

Let € = fe,} be a measurable enclosure. If the points common 
to any two of its cells form a null set, we say € is non- 


overlapping. The terms distinct, normal, go over without 
change. 
2. We prove now that oa Min Sem fal 


with respect to the class of non-overlapping measurable enclosures. 


For, as in 839, there exists a metric enclosure m, = {d,,} of 
each e, such that =d,, differs from on by <¢/2": But the set 


Sm, forms a metric enclosure of %. Thus 


Med es 2(@,+£)=3e +6 
which establishes 1). 


357. Let © be a distinct measurable enclosure of A. Let f denote 
those cells containing points of the complement A. If for eache >0 


there exists an & such that f < ¢, then Y is measurable. 


For let C=e+f. Then e<Y. Hence e< A by 348. But 


Hence 


and thus 


358. 1. The divisor D of two measurable sets X, B is also meas- 
urable. 


For let ©, H be a pair of complementary ¢/4 normal enclosures 
belonging to %; let §, F be similar enclosures of B. Let 


e= D G, E ’ = D ’ ° 
ae “UG #) , f= Di, +) 


C<e/2 , F<c/2, by 355, 2. 
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Now G = Dv(G, F) is a normal metric enclosure of D. More- 
over its cells g which contain points of D and Q(®) lie among 
the cells of e, f. Hence 


q =e +f < at 3° 
Thus by 857, D is measurable. 
2. Let WX, B be measurable. 


Let D= D(A, B) -, U= Al, ). 

Then 7 Te ees. 

For U=%A+(B—D). 

Hence il = % + Meas (8 —D) 
=%+8—9. 


359. Lee A= USA} be the union of an enumerable set of 
measurable cells ; moreover let X be limited. Then A is measurable. 


Oe as B=%, » (%, %)=B, +B, 
QU, A, A) = B, + By + Bs, ete, 
then ane : ral 
For D = Dv(A,, W,) is measurable by 358. 
pet = 0 pee es Da, 
Then a,, ag are measurable by 3852, 2. 
ae 1 ol) = Diao as, 


U is measurable. As WU and %, are measurable, so is 8, In a 
similar manner we show that %,, 8, --- are measurable. As 


Y= 2H,,, 
% is measurable by 3538, 1, and the relation 1) holds by the same 
theorem. 
360. Let X,< MU, < ++ bea set of measurable aggregates whose 
union X is limited. Then X is measurable, and 


7 = lim ¥,. 
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For let aa et er OE ee 
For uniformity let us set a, =U. Then 
i= aa 
As each a, is measurable _ k 
a= 24,, 
=lim @,+ +++ +4) 
= lim 9, : 


361. Let %,, U,-+- be measurable and their union A limited. If 
D = Dv §A,} > 0, tt ts measurable. 


For let 2 lie in the metric set 2; 
let DH+D=MN , A+A,=M 
as usual. 


Now ® denoting the points common to all the Y,, no point of 
D can lie in all of the Y,,, hence it lies in some one or more of the 


A, Thus D< SA. re! 


On ale other hand, a point of {A,} lies in some A,,, hence it 
does not lie in Y,,. Hence it does not liein D. Thus it lies in 
D. Hence 5A} <D. (2 

From 1), 2) we have Dain 


As each A, is measurable, sois D. Hence © is. 


362. If U, 7%, > --- is an enumerable set of measurable aggre- 
gates, thetr divisor D is measurable, and 


= lim I, 


For as usual let D, A, be the complements of D, %,, with respect 
to some metric set MN. v8 


Then : Da TA pes AS 


Hence by 360, atest 
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2: D=M—D, 

we have S-R_Dd 
=lim(M— 4,) 

= lim I. 


363. 1. The points. 2 = (2,-+»%,) such that 
OPT oy. aes gy a Om qd 
form a standard #ectangular cell, whose edges have the lengths 
€:=b,—a, 5 + 5 Cn=by— Am 


When e, = ¢, = +++ = @m, the cell is a standard cube. A normal 
enclosure of the limited set 2, whose cells € = fe,{ are standard 
cells, is called a standard enclosure. 


2. For each e>0, there are standard e-enclosures of any limited 
set Y. 


For let € = fe,} be any 7-enclosure of Y. Then 
De, -—A<n. (2 


Each e, being metric, may be enclosed in the cells of a finite 
standard outer enclosure F,,, such that 


Boe, <2”) n=1, 2, «- 
Then § = §F,} is anenclosure of 9, and 
LF, <= (@, + 7/2") = re, +7 
<U%+2n, by 2). 
But the enclosure #' can be replaced by a non-overlapping 


standard enclosure © = §g,,?, as in 834,38. But @< pain 
Hence if 27 is taken <e, 


and @ is an e-enclosure. 


3. Let E = fen}, = {fas 
be two non-overlapping enclosures of the same or of different 
Seta. Let to UU ens fa) 
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Let Cy = Cas em, 99 Ong °°) + ems (3 
then e,, is measurable. By this process the metric or measurable 
cell e,, falls into an enumerable set of non-overlapping measur- 
able cells, as indicated in 3). If we suppose this decomposition to 
take place for each cell of ©, we shall say we have superimposed § 
on ©. ‘ 
364. (W. H. Young.) Let © be any complete set in limited Y. 
Then 
9 = Max &. (1 


For let & lie within a cube IM, and let A= M= A, C= M-C 
be as usual the complementary sets. 

Let @ = {b,} be a border set of © [828]. It is also a non- 
overlapping enclosure of (; we may suppose it is a standard en- 
closure of C. Let # be a standard e-enclosure of A. Let us 


superimpose # on %, getting a measurable enclosure A of both C 
wnd A. Then 


C= CoA. 
Hence 
Thus se 
=, by 3838 
< Meas (MM — A,) 
<M—A,, by 352,2 
<M — A. 
Hence 
C< AU, 
and thus Ae 
Max €<Y- (2 


On the other hand, it is easy to show that 
Max €>. vA (3 


57 
For let Ap be an e-outer enclosure of A, formed of standard 
non-overlapping cells all of which, after having discarded certain 
parts, lie in 2. ‘ 
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Let R=M— A, + F, (4 


where § denotes the frontier points of Ap lying in %. Obviously 
R is complete. Since each face of D is a null set, § is a null set. 
Thus each set on the right of 4) is measurable, hence 


~ — a 


R=MN- 4,45 
=H 4, 
=f—A-—é Oe Ee 
“ See 
Thus Max C>KR=KR>A-—e, 


from which follows 3), since ¢ is small at pleasure. 


365. 1. Jf YM is complete, it is measurable, and 
Tf = W. 
For by 364, 


$2 


Qt = 
On the other hand, * 


%=%, by 338. 
2. Let B be any measurable set in the limited set A. Then 


a = Max §. d 
For A> B= § 
Hence, > Max §. (2 


But the class of measurable components of % embraces the 
class of complete components G, since each € is measurable by 1. 
Thus Max $ > Max C. (3 

From 2), 3) we have 1), on using 364. 


366. Van Vleck Sets. Let © denote the unit interval (0, 1), 
whose middle point call M. Let $ denote the irrational points of 
©. Let the division D,, n =1, 2, --- divide & into equal intervals 
6, of length 1/2", 
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We throw the points $ into two classes %&f = }a}, 6 = {b} having 
the following properties : 

1° To each a corresponds a point 6 symmetrical with respect 
to M, and conversely. 

2° If a falls in the segment 6 of D,, each of the other seg- 
ments 8 of D, shall contain a point a! of % such that a’ is situated 
in 6’ as a is situated in 6. ; 

3° Each 6 of D, shall contain a point a’ of Y such that it is 
situated in 6, as any given point a of & is situated in &. 

4° ¥& shall contain a point a situated in € as any given point 
a’ of Wf is in any 6,. 

The 1° condition states that & goes over into B on rotating & 
about M. The 2° condition states that 2 falls into n=1, 2, 22, 
28, ... congruent subsets. The 8° condition states that the subset 
%,, of Win 6, goes over into Y% on stretching it in the ratio 2": 1. 
The condition 4° states that % goes over into Y, on contracting it 
in the ratio 1: 2". 

We show now that YY, and therefore 8 are not measurable. In 
the first place, we note that 


I —= B, 
by 1°. As ¥=%+4 B, if Wor B were measurable, the other would 
be, and a 
{= B=. 


Thus if we show & or S=1, neither Y nor B is measurable. 


We show this by proving that if % = «<1, then B is a measurable 


co 


set, and $=1. But when % is measurable, 8 = } as we saw, and 
we are led to a contradiction. 

Let e=e,+6¢,+--- be a positive term series whose sum e is 
small at pleasure. Let €, = fe,} be a non-overlapping e,-enclosure 


of 2, lying in €. Then 


€,= 20, =a+e =a, , Ose ea. 
Let 8, = 3—G,; then B, <9, and 


lo ro ro 


®,=€—-G,=1-a, 


te 


=1l—a—e>1—-a—e,. j 
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Each interval e, contains one or more intervals 1, 2) +++ of 
some D,, such that re z 
. Lam = en — On 3 V<o, 


where 


= So, 


may be taken small at pleasure. 

Now each »,, has a subset %,, of % entirely similar to Y. 
Hence there exists an enclosure &,,, of Y,,,, whose measure @,,, is 
such that 


or @ = 17) . 
) 
a ; 1 nm L'inm 


But ©, ={€,,,$ 1s a non-overlapping enclosure of , whose 
measure ty = Bam = NB, — 09) 
n,m 
=@—co,=r+ed , I<d<e 
if o is taken sufficiently small. 


Let B, denote the irrational points in €,—©,. It is a part of 
%, and B, has no point in common with 8,. We have 


co 


%, = €, — @, =0,—0 
=a+te,—e—e 
>a — «)— e&. 
In this way we may continue. Thus % contains the measurable 


component Te Bp) Sone 
1 2 


whose measure is 
Sd —a){ltat a+ --}—Ze, 


Sila, |. 


As ¢ is small at pleasure, B=1. 


367. (CW. H. Young.) Let 


% » Ms Ages ad 
be an infinite enumerable set of point sets whose union is limited. 
Let, >a >0,n=1,2--- Then there exists a set of points each 


of whach belongs to an infinity of the sets 1) and of lower measure = a, 
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For by 365, 2, there exists in the sets 1), measurable sets 
G, ’ C, 7 Cares (2 
each of whose measures ©, >«. Let us consider the first n of 


these sets, viz.: Saas Cec Oe wa (3 


The points common to any two of the sets 3) form a measurable 
set Dx by 358, 1. Hence the union @,, = {Dj is measurable, by 
359. The difference of one of the sets 3), as ©, and Dv(G,, €,,), 
is a measurable set c, which contains no point in common with the 
remaining sets of 3). Moreover 

In the same way we may reason with the other sets ©,, G, --- 
of 3). Thus % contains n measurable sets c,, cg +++ c, no two of 
which have a common point. 


Hence Cem es 
is a measurable set and 
A>c > n(a — G,,). 
The first and last members give 
Se = VF 1g. 
n 
Thus however small « > 0 may be, there exists a » such that 


C,, im € = Se. (4 


~_ 


Let us now group the sets 2) in sets of uw. These sets give rise 
to a sequence of measurable sets 


Gieop Gar Serene (5 


such that the points of each set in 5) belong to at least two of the 
sets 1) and such that the measure of each is > the right side of 4). 

We may now reason on the sets 5) as we did on those in 2). 
We would thus be led to a sequence of measurable sets 


€, ’ €,, 9 C3, eee A (6 
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such that the points of each set in 6) lie in at least two of the sets 
5), and hence in at least 2? of the sets 1), and such that their 


measures are. € € 
>(4 = 5)( za Se Valery 


In this way we may continue indefinitely. Let now %, be the 
union of all the points of 9, common to at least two of the sets 1). 
Let B, be the union of the points of 9% common to at least 2? of 
the sets 1), etc. In this way we get the sequence 


B, i, > BG) 


each of which contains a measurable set whose measure is 
>A — e)a. 
We have now only to apply 25 and 364, 


368. As corollaries of 367 we have: 


1. Let Q,, Qy +++ be an infinite envmerable set of non-overlapping 
cubes whose union is limited. Let each Q,>a>0. Then there 
exists a set of points 9 whose cardinal number ts c, lying in an infin- 
ity of the Q, and such that 0 > a. 


2. (Arzeld.) Let y,, yg +++ =. On each line y,, there exists an 
enumerable set of intervals of length 6,. Should the number of inter- 
vals v, on the lines y,, be finite, let v,=0. In any case 6,>a>09, 
n=1, 2, ++. and the projections of these intervals lie in (= (a, 6). 
Then there exists at least one point x = & in A, such that the ordinate 
through & is cut by an infinity of these intervals. 


Associate Sets 


369. il, Let €, > & > €3 wisi = 0. qd 
Let ©, be a standard e,-enclosure of Y,. If the cells of ©,,, hie in 
€,. we write (tae (2 


and call 2) a standard sequence of enclosures belonging to 1). 
Obviously such sequences exist. The set 
A, = Dv §E,,} 
is called an outer associated set of &. Obviously 


p1NeSe ie 
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2. Each outer associated set X, is measurable, and 


1 = i ae G,. @! 
For each ©, is measurable; hence 2%, is measurable by 362, and 
Y, = lim &, 
lim (2 + €,); <6< ¢, 
= 1, asve, = 0; 


370. 1. Let A be the complement of % with respect to some 
cube Q containing Y%. Let A, be an outer associated set of A. 
Then 


Y= Q-A, 
is called an inner associated set of A. Obviously 
WY, < A. 


2. The inner associated set XI, is measurable, and 
= A: 


For A, is measurable by 369, 2. Hence %=OQ—A, is meas- 
urable. But 


by 369, 2. Hence 


Separated Sets 


371. Let %, 8 be two limited point sets. If there exist 
measurable enclosures 6, § of %f, B such that O= Dv(G, F) isa 
null set, we say %, B are separated. 

If we superimpose § on G, we get an enclosure of € =(QI, $) 
such that those cells containing points of both Y, 8 form a null 
set, since these cells are precisely D. We shall call such an en- 
closure of € a null enclosure. 

Let 1 = {%,}; we shall call this a separated division of YX into 
the subsets %f,, if each pair %,,, M2, is separated. We shall also 
say the WY, are separated. ‘ 
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372. For %, B to be separated, it is necessary and sufficient that 
D= D(A, B.) 


ts a null set. 


It is sufficient. For let 
C=Q,3) , 4=9+4, B= D+. 
€=(a, b, D) 


is a measurable enclosure of ©, consisting of three measurable 
cells. Of these only D contains points of both %f, B. But by 
hypothesis D is a null set. Hence , 8 are separated. 

It is necessary. For let Yt be a null distinct enclosure of G, 
such that those of its cells N, containing points of Y, B form a 
null set. Let us superimpose Jt on the enclosure € above, get- 
ting an enclosure § of Y. 

The cells of § arising from a contain no point of 8; similarly 
the cells arising from b contain no point of &. On the other 
hand, the cells arising from ©, split up into three classes 


Da. ’ Dz ) Da : 


The first contains no point of B, the second no point of QF, the 
cells of the last contain both points of YB. As Di ,< MN, 


Then 


Dy, ia 0. qd 
On the other hand, 
Y=at+D7%A; 
uote 6+ D.+ Dy >H 
Thus es @ 
by 1). Also : = 


This with 2) gives 
Hence §. (3 
But Deo, a 

This with 3) gives D, = 0. 


In a similar manner we find that D, =(. Hence ®D is a null 
get by 8). 
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373. 1. If , B are separated, then D = Dv (A, B) is a null set. 
For D, = Dv(I,, B,) is a null set by 872. But D< O,. 


2. Let AX, B be the Van Vleck sets in 366. We saw there that 
H=-8=1. Then by 369, 2, 9, = §, =1. The divisor of %,, %, is 
not a null set. Hence by 372, %, B are not separated. Thus the 
condition that D be a null set is necessary, but not sufficient. 


374. 1. Let {%,t, {B,} be separated divisions of %. Let 
6, = Dv (,, B.)- Then iC} ts a separated division of U also. 


We have to show there exists a null enclosure of any two of the 
sets €.., Gan» Now ©,, lies in Y, and %,; also G,,, lies in %,, Bn- 
By hypothesis there exists a null enclosure € of Y,, 2; and a null 
enclosure § of B,, B,. Then © = Dv(G, §) is a null enclosure of 
Y., UW, and of B,, B,. Thus those cells of G, call them G,, con- 
taining points of both %,, %,, form a null set; and those of its cells 
G,, containing points of both B,, B, also form a null set. 

Let G={g} denote the cells of © that contain points of both 
Ces Gun» Then a cell g contains points of 2. U1, 8. B, Thus g 
lies in ©, or G. Thus in either case G is a null set. Hences€,,} 
form a separated division of Q. 


2. Let D be a separated division of % into the cells d,, d, ++ 
Let # be another separated division of % into the cells e,, e, ++ 
We have seen that F =} f,,} where f,,= Dv(d,, e,) is also a sepa- 


rated division of 2. We shall say that Fis obtained by superim- 
posing # on D or Don F, and write F= D+ H= E+ D. 


3. Let # be a separated division of the separated component B 
of YU, while D is a separated division of Y&. If d,is a cell of D, e, 
a cell of #, and d,.= Dv(d,, e,), then 


a, — (Gre di. vee) + }.. 
Thus superposing # on D causes each cell d, to fall into sepa- 
rated cells d,, d,,--- 6. The union of all these cells, arising from 


different d,, gives a separated division of 9 which we also denote 
by D + E. ta 


375. Let {%,} be a separated division of A. Let B < A, and let 
%,, denote the points of Bin X,. Then §B,} is a separated division 
of B. ‘ 
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For let D be a null enclosure of Y,,, %,. Let D,, denote the 
cells of D containing points of both Y%,,, X%,. Let © denote the 
cells of D containing points of B; let ©, denote the cells con- 
taining points of both %,, %,. Then 


Cr = Da: 


As ©, is a null set, so is G,. 


376. 1. Let Y= (%, ©) be a separated division of A. Then 
5 Y= B+C. a! 


For let ¢, >«, > ++: =0. There exist e,-measurable enclosures 
of %, B, €; call them respectively A,, B,, C,. Then €,=A,+ 
B,,+ C, is an e,-enclosure of %f, 8, € simultaneously. 

Since %, € are separated, there exist enclosures B, C of B, € 
such that those cells of D= B+ C containing points of both B 
and © form a null set. Let us now superpose D on &, getting 
an e,-enclosure H,,= Se, of WY, 6, © simultaneously. Let e, 
denote the cells of #, containing points of 8 alone; e,, those 
cells containing only points of ©; and e, those cells containing 
points of both 8, ©. Then 


oe, — See ae Leon of See. (2 


As 2e,,= 0, we see that as n = «, 
Se,=A , L,+B , L,, +6. 
Hence passing to the limit n = , in 2) we get 1). 
2. Let X= {%,} be a separated division of limited A. Then 


1 = TH,. qa 


= 


For in the first place, the series 
B= 8, (2 
is convergent. In fact let %, = (B,, B, --- B,)- 
Then Y%, < A, and hence I, = ye 
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On the other hand, by 1 
%,=8,+ -+8,=B,, 
the sum of the first » terms of the series 2). Thus 


Boat 


and hence B is convergent by 80,4. Thus 
B<Y. 


On the other hand, by 339, 
B> 4. 


The last two relations give 1). 


CHAPTER XII 
LEBESGUE INTEGRALS 
General Theory 


377. In the foregoing chapters we have developed a theory of 
integration which rests on the notion of content. In this chapter 
we propose to develop a theory of integration due to Lebesgue, 
which rests on the notion of measure. The presentation here 
given differs considerably from that of Lebesgue. As the reader 
will see, the theory of Lebesgue integrals as here presented differs 
from that of the theory of ordinary integrals only in employing 
an infinite number of cells instead of a finite number. 


378. In the following we shall suppose the field of integration 
% to be limited, as also the integrand Q& lies in ®,, and for brevity 
we set f(r) = f(a, +++ %m)- Let us effect a separated division of 
% into cells 6,, 6,---. If each cell 6, lies in a cube of side d, we 
shall say D is a separated division of norm d. 

As before, let 


M.=Maxf , m=Minf , o=Oscf=M.—m, in6,. 
Then S, = =M 68, : Sp = =ms,, 

the summation extending over all the cells of %, are called the 
upper and lower sums of f over U with respect to D. 


The sum Ghee 6 


is called the oscillatory sum with respect to D. 


379. If m= Min f, M= Max f in XY, then 


mI < Sp < Sp < MM. 


a m<m,<M,<M. 


371 
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Hence Sms. < m5 < SM) < 2M, 
ous m5, < Sp <8p< M38,. 
But si ny I, 

by 376, 2. 


380. 1. Since f is limited in YW, , 
MaxS, , Min Sp 


with respect to the class of all separated divisions D of , are 
finite. We call them respectively the lower and upper Lebesgue 
integrals of f over the field f, and write 


[f= Max So ; [ f= Min S- 
ae 2 = wt 


In order to distinguish these new integrals from the old ones, 
we have slightly modified the old symbol (i to resemble somewhat 


script L, or if , in honor of the author of these integrals. 


If [ fe i y 
~~ W 
we say f is L-integrable over YX, and denote the common value by 
{pe 
w 


which we call the Z-integral. 


The integrals treated of in Vol. I we will call R-integrals, 7.e. 
integrals in the sense of Riemann. 


2. Let f be limited over the null set I. Then f is L-integrable in 
Y, and 
if FeO 
: Wt 
This is obvious from 379. 
381. Let YU be metric or complete. Then 


Ihe east aaa 
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For let d,, d,--- be an unmixed metric or complete division of 
Y of norm d. Let each cell d, be split up into the separated cells 
dis ) dia ths 


Then since d, is complete or metric, 


=d = >i 


Hence using the customary notation, 


mdi. < 1%, Bi, <M, d, <M, rs 


lK tK — 
Thus summing.over «, 


md, < Ema, <= Ma, < Md,. 


Summing over ¢ gives 
md, = TM. = EC = =Md,. 
Thus by definition, 


Letting now d = 0, we get 1). 
2. Let X be metric or complete. If f is R-integrable in A, it is 


L-integrable and 
Sf=[F @ 
a x 


3. In case that Y is not metric or complete, the relations 1), 2) 
may not hold. 


Example 1. Let %denote the rational points in the interval 


(OSL): 

Let Bis 

f=1, for z=—, n even 
n 
= 2, when n is odd. 
Then a 
Sf iv; pak 2; 

while 


7S 


since Wis a null set. Thus -s does not hold. 
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Example 2. Let f=1 at the rational points & in (0,1). Then 


jen [f=9 and [F< {iF GB 


Let g=—1in%. Then 


[g=9 - Sg=-1 » and fa < |g (4 


Thus in 8) the Z-integral is less than the £-integral, while in 
4) it is greater. 
Example 8. Let f=1 at the irrational points Y% in (0, 1). 


Then 
[f= Sf 


although %f is neither metric nor complete. 
382. Let D, A be separated divisions of A. Let 
H=D+A= fe} é 
Se = Sp; Ss 
Sr = Sp, Sy. 


Then 


For any cell d, of D splits up into d 
A, and = 


d,,*:; on superimposing 


a 


cz sae a 
But = : = 
MG = M, ux? 
and = = 
MA = mM, tx 
Thus 


_ 383. 1. Extremal Sequences. There exists a sequence of sepa- 
rated divisions 


De Dae De. el 
each D,,, being obtained from D, by superposition, such that 
§, 25,2 fF, (2 
W 
Se Spe ene wa: 
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For let ¢ >@ >-+» =0. For each ¢,, there exists a division 
E,, such that 


0< 8, ~ fice 
= D2 f 


— ep nret PHD Dy... 


and for uniformity set Hy, = Di Then. by 382, 


Hence : 
0<8,,— | tee 
W 
Letting n = 0 we get 2). 
Thus there exists a sequence {D/,} of the type 1) for 2), and a 


sequence {D!} of the same type for 3). Let now D, = Di, + D". 
Obviously 2), 3) hold simultaneously for the sequence § D, }. 


2. The sequence 1) is called an extremal sequence. 


3. Let {D,} be an extremal sequence, and EH any separated divt- 
sion of AM. Let H,=D, +H. Then H,, #, os ts an extremal 


sequence also. 


384. Let f be L-integrable in A. Then for any extremal sequence 
1D}, 


[faim ved, a 
») 4 N=co 
where d, are the cells of D,, and &, any point of I in d,. 

oi m, <f(E) <M. 

Hence S, 237 a< 


Passing to the limit we get 1). 


385. 1. Let m= Min f, M= Max fine. Then 
mi < [$< mi. 
I 


This follows at once from 379 and 38838, 1. 
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2. Let F = Max |f| in U, then 
| ib | < PY. 
wt 


This follows from 1. 


386. In order that f be L-integrable in %, tt is necessary that, for 
each extremal sequence }D,,}, 


lim OQ» f= 0; 


N=CO 


and it is sufficient tf there exists a sequence of superimposed separated 
divisions SE, such that 
Inn an pel @ eae § ¢ =a 
n* 
N= 


It is necessary. For 


[= lim Sp, | ==) Sp, - 
II . wt 


As f is L-integrable, 


ne le | = lim (Sp, — Sp.) = lim Q, f. 
A Sa e 


It is sufficient. For 


Sr, = S Sr, » 
o cat 


Both {Sp 3, iS, } are limited monotone sequences. Their 
limits therefore exist. Hence 


= . see, . oO = . 
0 = lim QO, = lim Sz, — lim Sz, . 


Jeu 
387. In order that f be L-integrable, it is necessary and sufficient 
that for each e>0, there exists a separated division D of %, for 
which Onn er al 


It is necessary. For by 386, there exists an extremal sequence 
{D,,t, such that 


Thus 


0< Q, f<e , for any n > some m. 
Thus we may take D,, for D. 
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It is sufficient. For let ¢,>e,>-+- +0. Let §D,} be an 
extremal sequence for which 
0S OD F< & 


Bet A; = D,, A,=A,4+ D,, As=A,+ BD, - Then {An is a 
set of superimposed separated divisions, and obviously 


0X, F< e, = 9. 
Hence f is L-integrable by 386. 
388. In order that f be L-integrable, it is necessary and sufficient 
that, for each pair of positive numbers w, o there exists a separated 
division D of A, such that if n, ng, +++ are those cells in which 


Osc f > @, then 
=n, <o. (1 


It is necessary. For by 887 there exists a separated division 
D = §6} for which 7 
0,f = 205, < ec. (2 


If 0,, 0, --» denote the cells of D in which Oscf < @, 
Of = 05, + 209, > o7,. (3 
This in 2) gives 1). 


It is sufficient. For taking e >0 small at pleasure, let us then 
take 


, (4 
where 21. = Osc f in Y. 
From 1), 3), and 4) we have, since ow, < Q, 
0) f < TOF, + Do,8, < oD + 08, < oO + of =e. 
We now apply 387. 


389. 1. Jf f is L-integrable in A, it 18 in B< A. 
For let §D,{ be an extremal sequence of f relative to Y. Then 
by 386, 
0),f = 0. a 
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But the sequence {D,} defines a sequence of superposed sepa- 
rated divisions of 8, which we denote by {#,}. Obviously 


O2,F < Af 
Hence by 1), 
9 Oz, S = 0, 
and f is L-integrable in B by 386. 
2. If f is L-integrable in A, so rs | f |. 
The proof is analogous to I, 507, using an extremal sequence 


for f. 


390. 1. Let {W,} be a separated division of % into a finite or in- 
finite number of subsets. Let f be limited in. Then 


fale a 


For let us 1° suppose that the subsets YI, --- YU, are finite in num- 
ber. Let $D,} be an extremal sequence of f relative to , and 
§ Dan} an extremal sequence relative to Y,,. Let 


E, = Di + Dint hens + D,n- 


Then {#,} is an extremal sequence of f relative to %, and also 
relative to each Y,,. 


Now me se a 
Sy, 2, = Sx, E, + ae a5 Sa, Ey 


Letting n =o, we get 1), for this case. 


Let now r be infinite. We have 


X= SY,,. (2 

a B.=(-%,) » 6=%-B,. 

Then %,, ©, form a separated division of 9, and 
X= B,+G,. “a 


If v is taken large enough, 2) shows that 


Ci<p > "zy , M=Max|f| in W. 
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Viele 


ry 7e 
= fees + — a; (3 
~~, OH Mn 


Thus by case 1°, 


where by 385, 2 ‘ 
le |< ME,.<e , ne th 


Thus 1) follows from 8) in this case. 


2. Let {%,} bea separated division of I. Then 


Lao =? ba 


of f is L-integrable in A, or if it is in each U,, and limited in A. 


391. 1. Let f= y in U except at the points of a null set N. 


Then [s-[s fl 


For let W=B+NR. Then 
Lr a= fey. (2 
Similarly fs =i[2 (3 
wt = B 


But f=gin B. Thus2), 3) give 1). 


302. lL. Tfe> 0; ose ibe 


fee: fo=e[s [rae fr 


The proof is similar to 8, 3, using extremal sequences. 
2. If f is L-integrable in %, so is ef, and 


where c ts a constant, 
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393. 1. Let F(a)=f,\(~) +--+ + fax), each f, being limited 


in XM. Then < st os 
3 | A< | P23] os d 
1L A =a t 1 I 


For let {D,,} be an extremal sequence common to F, f\,-+-f,- In 


each cell 
Any p) digg oe 


of D, we have 


> Min f,, < Min F< Max F#< > Max /f,. 


Multiplying by dae summing over s and then letting n=, 
gives 1). 
2. If f(x), +++ f,(x) are each L-integrable in A, so ts 


B= efit ++ +enfns 


and 
[Paaf A+ ci +e [ fo 
pf of bf 


394. 1. foroefir fa E [r+ 9”). 


For using the notation of 893, 
Min (f+ g) < Minf+ Max g < Max(f+g) 
in each cell d,, of D,,. 


2. Ifg is L-integrable in A, 


[oto [r+ fo 


Reasoning similar to 3, 4, using extremal sequences, 


S ferme py fe 
i i= if. V< iho- 0: . 
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[ o-ns | ed (-< | poole 
ow oy ») ~~ YU ~ 
4. If f, g are L-integrable in YU, so is f — g, and 


[iron Le Ly 


395. If f, g are L-integrable in W, so is fg. 


For 


etc. 


Also their quotient f/g is L-integrable provided it is limited in Y. 


The proof of the first part of the theorem is analogous to I, 
505, using extremal sequences common to both f and g. The 
proof of the second half is obvious and is left to the reader. 


396. 1. Let f, g be limited in A, and f < g, except possibly in a 
null set N. Then 
Stele a 


Let us suppose first that f < g everywhere in Qf. 

Let {D,} be an extremal sequence common to both f and g. 
Then Si. Pee Sif 

Letting n = 0, we get 1). 

We consider now the general case. Let Y=OS+MN. Then 


si ie 


But in 8, f<g without exception. We may therefore use the 
result of case 1°. 


2. Let f>O0inA. Then 


Ming: [F< [ f-g<Maxg- fF 


J: Ming < fg <f Max g. 


since 


For 
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397. The relations of 4 also hold for L-integrals, viz. ¢ 


ae a 
eae | S 
- [isis prs pise fe 
-firis fess C 


The proof is analogous to that employed for the R-integrals, 
using extremal sequences. 


398. Let A=(B,, €,) be a separated division for each u=0. 
Let ©,=0. Then 
iin ond, ui: 


aes 
~~ 2 ow Ou Cy, 

But by 386, 2, the last integral = 0, since C, = 0, and since f is 
limited. 


For by 390, 1, 


399. Let f be limited and continuous in YU, except possibly at the 
points of a null set N. Then fis L-integrable in Y. 


Let us first take 2 =0. Then f is continuous in Y%. Let YF lie 
in a standard cube Q. If Ose f is not < ¢ in Y, let us divide Q 
into 2" cubes. If in one of these cubes 


Ose f <, ai! 


let us call it a Wack cube. A cube in which 1) does not hold we 
will call white. Each white cube we now divide in 2” cubes. 
These we call black or white according as 1) holds for them or 
does not. In this way we continue until we téach a stage where 
all cubes are black, or if not we continue indefinitely. In the 
latter case, we get an infinite enumerable set of cubes 


fis Vas 43 °° ; ; (2 
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Each point a of & lies in at least one cube 2). For since f is 
continuous at z= a, 


If(@)—F(a)|<e/2 , vin Vi(a). 

Thus when the process of division has been carried so far that 
the diagonals of the corresponding cubes are <6, the inequality 
1) holds for a cube containing a. This. cube is a black cube. 

Thus, in either case, each point of % lies in a black cube. 

Now the cubes 2) effect a separated division D of %, and in 
each of its cells 1) holds. Hence f is Z-integrable in Y. 


Let us now suppose N>0. We set 
A= C+ MN. 


Then f is Z-integrable in € by case 1°. It is L-integrable in 9 
by 880, 2. Then it is Z-integrable in & by 3990, 1. 


2. If f is L-integrable in %, we cannot say that the points of 
discontinuity of f form a null set. 


Example. Let f=1 at the irrational points §, in Y= (0, 1); 
= 0 at the other points 9, in Y. 


Then each point of %f is a point of discontinuity. But here 


Iba oll se 


since # isa null set. Thus fis L-integrable. 


400. If f(x, +++ %m) has limited variation in A, it is L-integrable. 


For let D be a cubical division of space of normd. Then by I, 
709, there exists a fixed number V, such that 


Sod"™1< V 


for any D. Let , o be any pair of positive numbers. We take 


d h that 
suc a ees a 


Let d! denote those cells in which Ose f>, and let the number 
of these cells be v. Let 7, denote the points of Yin dj. Then 


vod™1< Sod" 1< V. 
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Hence Ye a 
Ss ad”) & 
‘was Sie<vdn< lt , by 2), 
od™ 1 


Hence f is Z-integrable by 388. 


401. Let d=, in A < B; 
= 0, in A= B— YA. 


[r- [9 | d 


of 1°, b is L-integrable in B; or 2°, fis L-integrable in A, and A, A 
are separated parts of B. 


Then 


On the 1° hypothesis let {€,} be an extremal sequence of ¢. 
Let the cells of ©, be e,, e,--- They effect a separated division 
of % into cells d,, d, --- Let m,, M, be the extremes of f in d, and 
n,, NV, the extremes of ¢ ine, Then for those cells containing at 
least a point of , 

ne <md,< Md, < Nz, (2 


is obviously true when e,=d,.. Letd,<e. Ifm,<0, 


Ne, <md, since m, = 7,. (3 
If m, > 0, n, = 0, and 8) holds. 
If M. <0, Md,<NzZ, since W=0. (4 


If M, > 0, 4) still holds, since M= J. 


Thus 2) holds in all these cases. Summing 2) gives 
je 
Eng, < | F< =Ne, 
B ix 8 


. . . . . S, . 
for the division &,, since in a cell e of &, containing no point of YF 
g=0. Letting s+, we get 1), since the end members 


= |? 
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On the 2° hypothesis, 


(od ial eae 


since ¢ being = 0 in A, is L-integrable, and we can apply 390. 


we call fa null function in Y. 


402. 1. If 


2. Iff = 0 is a null function in A, the points B where f > 0 form 
a null set. 


For let Y= 3+ $Y, so that f= 0 in 3. 


By 401, | ne ifre lhe e 


Let ¢, >e@ >--=0. Let $B, denote the points of $ where 


f2é;. Then 
[2[=4 by 1). 
xy n 


Each §,, is a null set. For 


us Bn = 0. 
= Bn 
Hence $,, = 0. 
Then BP={[Pi=O,4+ + °° 


« 


where 1=, Q,= B, — B1 Q,= Bs— Qs 906 


As each Q, is a null set, $ is a null set. 


Integrand Sets 


403. Let & be a limited point set lying in an m-way space f,,. 
Let f(z, +++ Z,) be a limited function defined over 4. Any 
point of 2 may be represented by 


@ = (1 +++ Ay). 
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The point ET = (dy +++ An 2m4y) 


lies in an m + 1 way space R,,,- The set of points {x} in which 
Tm ranges from —o to +o is called an ordinate through a. If 


Zm41 is restricted by eee 
we shall call the ordinate a positive ordinate of length 1; if it is re- 
stricted by SL aes 


it is a negative ordinate. ‘The set of ordinates through all the 
points a of %, each having a length = f(a), and taken positively 
or negatively, as f(a) is Z 0, form a point set $ in 2x, which 
we call an integrand set. The points of 4 for which z,,, has a 
fixed value z,,,, =¢ form a section of 3, and is denoted by $(c) or 


DVextes 


404. Let A= fa} be a limited point set in R,,. Through each 
point a, let us erect a positive ordinate of constant length l, getting a 
set, iN Rnry- Then 5-2. a 

For let €, > €, > --- form a standard sequence of enclosures of 
©, such that é, LS @ 


Let us project each section of ©, corresponding to a given value 
Of Zn4, On Ry, and let UW, be their divisor. Then A, >%. Thus 


O< W<%I<G,. 
Letting n = o, and using 2), we get 
O=%-1. 


To prove the rest of 1), let O be the complement of © with re- 
spect to some standard cube Q in Rutz, Of base Y in R,,- 
Then, as just shown, 


O=1A » where A= Q— XW. 
Hence © 
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405. Let f > 0 be L-integrable in X. Then 


[f=5 ‘a 


where ¥ is the integrand set corresponding to f. 


For let {6,3 be a separated division D of %. On each cell 8 
erect a cylinder ©, of height M@,= Max fin 8... Then by 404,. 


G; = 5M. 
Let € = §€ i; the €, are separated. Hence, ¢>0 being small 
at pleasure, “ 


3<€=36 = 25M < [ste 
for a properly chosen D. Thus : 
S< | F @ 
Similarly we find % 
[ fs @ 
From 2), 3) follows 1). a 


406. Let f>0 be L-integrable over the measurable field A. Then 
the corresponding integrand set X is measurable, and 


$= | fF a 


§< [pf 
3) § 


For by 2) in 405, 


Using the notation of 405, let c, be a cylinder erected on 6, of 
height m, = Min fin 6,. Let c= $c,}. Thenc<Q, and hence 


be. @ 
But 2% being measurable, each c, is measurable, by 404. Hence 
cis by 859. Thus 2) gives 


ca (3 
Now for a properly chosen D, 


= + Fos me 
2 
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[<* e: 
ow 2 


as € is arbitrarily small. From 2), 3), 4) 


fs<gs3<['s | 


Hence 


from which follows 1). 


Measurable Functions 
407. Let f(a, +++ 2m) be limited in the limited measurable set 2. 
Let %, denote the points of %& at which 
NES [ee 


If each Y%,, is measurable, we say f is measurable in I. 
We should bear in mind that when f is measurable in YY, neces- 
sarily 9 itself is measurable, by hypothesis. 


408. 1. If fis measurable in U, the points © of WU, at which f = C, 
form a measurable set. 


For let %,, denote the points where 
aa Cts Of = C+ e., 
Qe = eee = (0. 


Then by hypothesis, 9%, is measurable. But €= Dv§Y,}. 
Hence © is measurable by 361. 


where 


2. If f is measurable in X, the set of points where 
N<f<mh 

as measurable, and conversely. 

Follows from 1, and 407. 

3. If the points A, in X where f>X form a measurable set for 
each 2X, f is measurable in YI. 

a : * . +A 

For %,, having the same meaning as in 407, 

Nau = Mf, a 1 


Each set on the right being measurable, so is %,,. 
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409. 1. If fis measurable in YU, it is L-integrable. 


For setting m= Min f, M= Max f in , let us effect a division 
D of the interval § =(m, MW) of norm d, by interpolating a finite 


number of points 
My, < My < Mg < ++ 


Let us call the resulting segments, as well as their lengths, 
d,, da, dy +++ 
Let %f, denote the points of % in which 
Mi J Mm, 5 tel, 2 39m, =m. 
We now form the sums 


Sp= =m, 5 8p = UMA. 


er< [ f<t. Gl 
ww 
Butea 


LDS y= my - Modo + .. — ‘mI, a mo + vee} 

= I, Cm, —m)+ (me —m,)+ + 

< diy + Uy + 

< dy 

ees ds @ 
We may now apply 3887. 
2. If f is measurable in A 


uf f= lim 3m,_,I, = lim Sm J, 3 
Bf 


Obviously 


using the notation in 1. 
This follows from 1), 2) in 1. 


3. The relation 3) is taken by Lebesgue as definition of his 
integrals. His theory is restricted to measurable fields and to 
measurable functions. For Lebesgue’s own development of his 
theory the reader is referred to his paper, Intégrale, Longueur, 
Aire, Annali di Mat., Ser. 3, vol. 7 (1902); and to his book, 
Lecons sur UIntégration. Paris, 1904. He may also consult the 
excellent account of it in Hobson’s book, The Theory of Functions 
of a Real Variable. Cambridge, England, 1907. 
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Semi-Divisors and Quasi-Divisors 
410. 1. The convergence of infinite series leads to the two 
following classes of point sets. 
Met FHS m= ht hawt Fh, a 
1 n+l 
each f, being defined in Y%. 


Let us take « > 0 small at pleasure, ‘and then fix it. 
Let us denote by 2%, the points of % at which 


—e< F(«) <e. (2 

Of course %,, may not exist. We are thus led in general to the 
sets  Parapee Pe trp apc £3 
The complementary set A,=%&%—%, will denote the points 
mere | F(x) |>e. (4 
If now F is convergent at x, there exists a vy such that this point 
lies in of hE eae (5 


The totality of the points of convergence forms a set which has 
this property: corresponding to each of its points 2, there exists 
av such that z lies in the set 5). A set having this property is 
called the semi-divisor of the sets 3), and is denoted by 

Sdv {9,3. 

Suppose now, on the other hand, that 1) does not converge at 
the point z in Y&. Then there exists an infinite set of indices 
Ny Ny Kos =e OD, 

| Pe) | >e. 

Thus, the point @ lies in an infinity of the sets 

Ay cn Agant tae (6 

The totality of points such that each lies in an infinity of the 

sets 6) is called the quasi-divisor of 6) and is dénoted by 


Qdv {A,}. 


such that 


Obviously, 
Sdv {$+ Qdv {A,} = %. . ci 
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We may generalize these remarks at once. Since F(x) is 


nothing but 
lim F,(2), 


we can apply these notions to the case that the functions f,(a, +++ 2) 
are defined in 9, and that 


lim f,= ¢. 


2. We may go still farther and proceed in the following abstract 
manner. 
The divisor D:of the point sets 


FF 5 I, ee ei 
is the set of points lying in all the sets 1). 


The totality of points each of which lies in an infinity of the sets 
1) is called the quasi-divisor and is denoted by 


Qdv §2,2. (2 


The totality of points a, to each of which correspond an index m,, 
such that a lies in 


ae Pa a coe 
forms a set called the semi-divisor of 1), and is denoted by 
Sdv {,,3. G) 
If we denote 2), 3) by OQ and © respectively, we have, obviously, 
DESO: ! 
3. In the special case that %f, >, >--- we have 
Q=S=D. ( 


For denoting the complementary sets by the corresponding 
Roman letters, we have 


But Q has precisely the same expression. 
Thus Q = 9, and hence by 4), 6=®. 
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4. Let U,+A,=8, n=1, 2,%--- Then 
Qdv {1} + Sdv {A,} =B. 
For each point 6 of % lies 
either 1° only in a finite number of Y,, or in none at all, 
or 2° in an infinite number of Q,. 
In the 1° case, 6 does not lie in %,, %,,,-+-; hence it lies in 
A,, A, +" In the 2° case 6 lies obviously in Qdv {4,§. 
5. If %,, U, ++ are measurable, and their union is limited, 


O=Qdv {[A%,? , G=—_Sdv jA,} 
are measurable. 


For let D, = Dv Qn. Uni, °°) Then 6=%%),}- 


But © is measurable, as each 9, is. Thus Sdv §A,} is measur- 
able, and hence © is by 4. 


6. Let Q = Qdv {%,5, each YW, being measurable, and their union 
limited. If there are an infinity of the %,, say 
va fae HRC) rent eae C0 


whose measure is > «a, then 


vo 


o) (V8 (6 
For let G, = QU, M4. °°)» then B, >a. 
Let B= Dvi Bi. As SB, >S,4;, 


om 


% = lim $%, >a (7 
by 362. As QO >8% we have 6) at once, from 7). 


Timit Functions 


411. Let . 
5 lim f(a, nisi t, sak i) — (a, aS ol 


t=F 


as x ranges over X, 7 finite or infinite. Let f be measurable in X 
and numerically <M, for each t near tr. Then his measurable in 
YW also. 


To prove this we show that the points 8 of 9% where 


A< <p qd 
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form a measurable set for each X, pm. Hor simplicity let 7 be finite. 
Let t, ++» =7; also let e,>e,>---=0. Let ©,,, denote the 
points of Y& where 
N— ea << Sf (a, t)<M+E,- (2 
Then for each point 2 of B, there is an s) such that 2) holds for 
any t,,iis>s,. Let ©,= Sdy :C,,¢. Then 8<€,- But the G,, 
being measurable, €, is by 410, 5. Finally 8 = Dv §€,}, and hence 
$8 is measurable. 
412. Let ,. # 
é lim f(y +++ Ls ty = t )=b(a, eee Lys )s 
for x in A, and r finite or infinite. Let t', t!’ »..=7. Let each 


F=f (a, t) be measurable, and numerically <M. Let b=fet+Ge- 
Let , denote the points where 


| Js | > €. 
Then for each e>9, lim G, = 0 qd 


For by 411, ¢ is measurable, hence g, is measurable in Y, hence 
@, is measurable. 
Suppose now that 1) does not hold. Then 


lim G, =1>0. 


$=00 
Then there are an infinity of the G,, as G,, G,,--- whose 
measures are >A>0. Then by 410, 6, the measure of 


G= Qdv {G,} 
is >. But this is not so, since f, = ¢, at each point of Y. 


413. iL. Let lim f(2, Roi pe ty rare {= p(x, eee Din) 
t=T 


for x in U, and 7 finite or infinite. 
a He eee a 


Tf each f, =f (a, t%) is measurable, and numerically < M in % for 
each sequence 1), then 


[gin [fe t). (2 
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For set Gre frae 
and let lg|<N , s=1,2-- 


Then as in 412, ¢ and g, are measurable in Y. Then by 409, 
they are L- bteseables and 


[= fatto (3 


Let G, denote the points of Y, at which 
|go| Ze 
and let $,+B,=A. Then %,, B, are measurable, since g, is. 


Thus by 390, 
foal. a+ [ge 
1 Bs B, 
Hence 
iL 
2 


< VS, + eB, s V8, + el. 
By 412, 8,=0. Thus 


lim [9.=0. 
sa »)§ 


Hence passing to the limit in 3), we get 2), for the sequence 
1). Since we can do this for every sequence of points t which 
=T, the relation 2) holds. 


Deeleet 


7 i) en C2 "+ Lm) 


converge in UI. Lf each term f, is measurable, and each | F, |< M, 
then F is L-integrable, and 


[Fat 


Iterated Integrals 
414. In Vol. I, 732, seq. we have seen that the relation, 


erates , 


holds when f is R-integrable in the metric field Y. This result 
was extended to tterable fields in 14 of the present volumé. We 
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wish now to generalize still further to the case that f is L-inte- 
grable in the measurable field %. The method employed is due to 
Dr. W. A. Wilson,* and is essentially simpler than that employed 
by Lebesgue. 


1. Let x =(2,---2,) denote a point in s-way space R,, s=m-+n. 
If we denote the first m codrdinates by 2, «++ v,,, and the remaining 
coordinates by y, +++ Yn, we have 
[= (2 Semtlnnend Vere Yn) 
y= (7, see Lm (0) 0) ee 0) 


range over an m-way space f,,, when z ranges over f,. We call 
x the projection of z on R 


The points 


Pe 

Let z range over a point set %& lying in &,, then 2 will range 
over a set B in R,,, called the projection of XA on ®,,. The points 
of & whose projection is 2 is called the section of A corresponding 
tox. We may denote it by 


(xv), or more shortly by @. 
t= 3-C 


to denote that % is conceived of as formed of the sections G, cor- 
responding to the different points of its projection B. 


We write 


2. Let Q denote a standard cube containing YI, let q denote its 
projection on ®,,. Then @<q. Suppose each section Aw) is 
measurable. It will be convenient to let I(x) denote a function 
of x defined over q such that 


(2) = Meas U(x) = ¢ when z lies in %, 
al) when a les in q— %. 


This function therefore is equal to the measure of the section of 
% corresponding to the point x, when such a section exists; and 
when not, the function = 0. 

When each section %(2) is not measurable, we can introduce 
the functions 


A(x) p) Ua) 0 


* Dr. Wilson’s results were obtained in August, 1909, and were presented by me 
in the course of an address which I had the honor to give at the Second Decennial 
Celebration of Clark University, September, 1909, 
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Here the first = € when a section exists, otherwise it = 0, in q. 
A similar definition holds for the other function. 


3. Let us note that the sections 
OC) eka), 


where ,, U, are the outer and inner associated sets belonging to A, 
are always measurable. 


For &,= DviG,}, where each ©, is a standard enclosure, each 
of whose cells e,,, is rectangular. But the sections e,,(#) are 
also rectangular. Hence 


U(x) = Dv { Cam) fs 


being the divisor of measurable sets, is measurable. 


415. Let X, be an outer associated set of XU, both lying in the stand- 
ard cube Q. Then U(x) is L-integrable in q, and 


a = if Gi,(x). a 


kor let {€,{ be a sequence of standard enclosures of %{, and 
Wien Co. Then 


€, = Liam @ 
any E(x) = Zeam(2). (3 


Now eam being a standard cell, é,,,(2) has a constant value > 0 
for all 2 contained in the projection of e,,,onq. It is thus con- 
tinuous in q except for a discrete set. It thus has an R-integral, 


and 
ean = J éam(2). 
Gras i cate) 


2 | Tém(2), _ by 418, 2, 
q ™ 


by 8). ; 


This in 2) gives 
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Qn the other hand, E(x) is a measurable function by 411. Also 


= I, = lim €, 
= lim “E@ 
q 


= [tim E(x), by 413, 1. (5 
q 


%.(x) = lim &,(2). 
Thus this in 5) gives 1). 


Now 


416. Let U lie in the standard cube OQ. Let %. be an inner asso- 
vated set. Then 1.x) is L-integrable in q, and 
Y= | I,(2). 
q 
5D) = I, + A,. 
9.(2) = Q(x) — A,(2). 
Hence I(x) is Z-integrable in q, and 


[io =[8@ - [A@ 


= S — A, 3 by 415, 
=%=% by 370, 2. 


For 
Thus 


417. Let measurable Y lie in the standard cube Q. 
Then 


= [ A(z). qd 
ie 
For W(x) < A(x) < A(z). 
Hence = (= ig ry 
X= f % < | %@< | % = %, @ 
= q @) (ts ) q @ 


using 396, 1, and 415, 416. From 2) we conclude 1) at once. 


418. Let L=B-C be measurable. Then € are L-integrable in 
B, and i= 6. 
B= 
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398 
For by 417, o [ x 
q~ ) 


= Ce 
B= 
by 401. 
419. IfAX=B-C ts measurable, the points of B at which € is not 


measurable form a null set Nt. 
if = ii C= i . 


For by 418, 
B 
Hence he (ca 6) 
B — 
Thus , HE 16 
402, 2, points where ¢>0 form a 


is a null function in %, and by 
null set. 
Let } denote the points of B 
Then 


420. Let Y=B-C be measurable. 


for which the corresponding sections © are measurable. 


B=b4+ N, 


For by 419, 
Hence by 418, 


and Jt is a null set. 
9 = i| c= i Caa] 6 
B 6 MN 
i) 
If the integrand set 3, corresponding to f 


421. Let f>0 in U. 
be measurable, then f is L-integrable in MX, and 


s= | 
wt 
For the points of § lying in an m+ 1 wat‘ space R,,, may be 
@=(Yy +++ Ym 2), 
Thus 


denoted by 
where y=(¥,°"' Ym) ranges over &,,, in which Y& lies. 
To each point y 


may be regarded as the projection of § on Ry. 
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of & corresponds a section Y(y), which for brevity may be denoted 
by &. Thus we may write 


FH=A- RK. 
As & is nothing but an ordinate through y of length f(y), we 


have by 419, 2 ee 2 
3=/ 8= | F 
») & yA 


422. Let f be L-integrable over the measurable field Y= B-EC. 
Let b denote those points of B, for which f is L-integrable over the 
corresponding sections ©. Then 


Me aele : 


Moreover N = B — b is a null set. 
Let us 1° suppose f >0. Then by 406, 3 is measurable and 
c= | f @ 
of 
Let 8 denote the points of 8 for which $(z) is measurable. 
Then by 420, 
§ = ie §(2). GB 
B 
By 419, the points 
B= B-—Z (4 


form a null set. 


On the other hand, $(2) is the integrand set of f, for &%(x) = ©. 
Hence by 421, for any z in 8, 


S@= | F ( 


and B<b. (6 
From 2), 3), 5) we have 


From 6) we have 


N=B-b<B—-f=F, 
a null set by 4). Let us set 
b=8+n. 
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Then t lying in the null set , is a null set. Hence 


eal ede 


This with 7) gives 1). 


Let f be now unrestricted as to sign. We take (> 0, such 
that the auxiliary function 


g=f+ O20, int 


Then f, g are simultaneously Z-integrabie over any section @. 
Thus by case 1° 


fore = ff ore. | (8 


[r+ on [st fom [r+ of (9 


[ot Oy= [+ O€. (10 


Now 


By 418, C is L-integrable in 8, and hence in b. . Thus 


fforonf [t+ fé (nl 


As 6 differs from % by a null set, 


[&= [8=% (12 
ah B 


by 418. From 8), 9), 10), 11), 12) we have‘l). 


423. If fis L-integrable over the measurable set I = B- C, then 


{he ILI : 
de ie ¢ 


As 8 —b=M is a null set, 


tls 


For by 422, 
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may be added to the right side of 2) without altering its value. 


ee 


424. 1. (W. A. Wilson.) If f(x,+++ am) ts L-integrable in 


measurable A, fis measurable in YA. 


Let us first suppose that f > 0. We begin by showing that the 
set of points %, of YW at which f>, is measurable. Then by 
408, 3, f is measurable in Y. 

Now f being Z-integrable in 9, its integrand set & is measur- 
able by 406. Let 9, be the section of § corresponding to 2,,,= 2. 
Then the projection of 3, on R,, is Wy. Since Y is measurable, the 
sections 3, are measurable, except at most over a null set Z of 
values of X, by 419. Thus there exists a sequence 


Ay < Agee =A 


none of whose terms liesin L. Hence each 9), is measurable, and 
hence %,,, is also. 
As %,., < %,, each point of %, lies in 


D= DviX,}, qd 
so that 1, <2. (2 
On the other hand, each point d of D lies in %,. For if not, 
7 (a)<X. 
There thus exists an s such that 
S(d) <r, <>. (3 


But then d does not lie in %,,, for otherwise f(d) > 2,, which 
contradicts 3). But not lying in %,,, d cannot lie in D, and this 
contradicts our hypothesis. Thus 


D<%A. (4 
D = Y,. 


But then from 1), 2%, is measurable. 


From 2), 4) we have 


Let the sign of f be now unrestricted. 
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Since f is limited, we may choose the constant C, such that 
g=f(@)+ C= 0, in Y. 


Then g is Z-integrable, and hence, by case 1°, g is measurable. 
Hence f, differing only by a constant from g, is also measurable. 


2. Let X be measurable. If f is L-integrable in Y, it is measur- 
able in UX, and conversely. ‘ 


This follows from 1 and 409, 1. 


3. From 2 and 409, 3, we have at once the theorem: 


When the field of integration is measurable, an L-integrable fune- 
tion is integrable in Lebesyue’s sense, and conversely ; moreover, both 
have the same value. 


Remark. In the theory which has been developed in the fore- 
going pages, the reader will note that neither the field of integra- 
tion nor the integrand needs to be measurable. This is not so in 
Lebesgue’s theory. In removing this restriction, we have been 
able to develop a theory entirely analogous to Riemann’s theory of - 
integration, and to extend this to a theory of upper and lower in- 
tegration. We have thus a perfect counterpart of the theory 
developed in Chapter XIII of vol. I. 


4. Let U be metric or complete. IPf f (2, +++%,) ts limited and 
R-integrable, it is a measurable function in A. 


For by 381, 2, it is Z-integrable. Also since & is metric or 
complete, 2 is measurable. We now apply 1. 
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Upper and Lower Integrals 


425. 1. We propose now to consider the case that the integrand 
JS (a +++ @m) is not limited in the limited field of integration Q. In 
chapter II we have treated this case for R-iitegrals. To extend 
the definitions and theorems there given to ZL-integrals, we have 
in general only to replace metric or complete sets by measurable 
sets; discrete sets by null sets; unmixed sets by separated sets ; 
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finite divisions by separated divisions; sequences of superposed 
cubical divisions by extremal sequences; etc. 

As in 28 we may define an improper Z-integral in any of the 
three ways there given, making such changes as just indicated. 
In the following we shall employ only the 3° Type of definition. 
To be explicit we define as follows : 

Let f (a, +++ %,) be defined for each point of the limited set 2. 
Let %.¢ denote the points of % at. which 


aa a< f(a, fio ways 8 Q, B Be 0. qd 
The limits 


‘. 7 
dite oe ne ie ff (2 
a, B=00 ~ Hap a, B=o Map 


in case they exist, we call the lower and upper (improper) L-in- 
tegrals, and denote them by 


tale 


In case the two limits 2) exist and are equal, we denote their 


iE 
i b) 


and say f is (improperly) L-integrable in U, ete. 


2. In order to use the demonstrations of Chapter II without too 
much trouble, we introduce the term separated function. A fune- 
tion f is such a function when the fields Mg defined by 1) are 
separated parts of 2. 

We have defined measurable functions in 407 in the case that 
f is limited in Y%. We may extend it to unlimited functions by 
requiring that the fields %., are measurable however large «, 8 are 
taken. 

This being so, we see that measurable functions are special cases 
of separated functions. 

In case the field 9 of integration is measurable, %., is a meas- 
urable part of YU, if it is a separated part. From this follows the 
important result: 


If f is a separated function in the measurable field %, it is L-in- 
tegrable in each Nag: 
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From this follows also the theorem: 


Let f be a separated function in the measurable field I. If either 
the lower or upper integral of f over I is convergent, f is L-integrable 


in A, and 
[. jana 
x 


a, B==2 Aap 


426. To illustrate how the theorems on improper #-integrals 
give rise to analogous theorems on improper L-integrals, which 
may be demonstrated along the same lines as used in Chapter II, 
let us consider the analogue of 88, 2, viz.: 


Tf f is a separated function such that | Ff converges, so do d| as 
yt mf 


Let {#,} be an extremal sequence common to both 


aie Sr 


Let e denote the cells of #,, containing a point of $,; e! those 
cells containing a point of PB, ; 6 those cells containing a point of 
Ye but none of Pz. Then 


sli = lim {2MJ-e+2M)}-e'+=Mj. 8}. 
ep es 


In this manner we may continue using the proof of 88, and so 
establish our theorem. 


427. As another illustration let us prove the theorem analogous 
to 46, viz.: 

Let Uy, Ay, --- U, form a separated division of AM. If f is a 
separated function im %U, then 


[taf sent fr 
saa Ny Un 
provided the integral on the left exists, or all the integrals on the 


right exist. 
For let %,,48 denote the points of Y.. in Y,, , Then by 390, 1, 


lay 7a a 
f. = || + eee -f | é 
Wap Li ap ~An, a8 


In this way we continue with the reasoning of 46. 


a 
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428. In this way we can proceed with the other theorems; in 
each case the requisite modification is quite obvious, by a con- 
sideration of the demonstration of the corresponding theorem in 
f-integrals given in Chapter II. 

This is also true when we come to treat of cterated integrals 
along the lines of 70-78. We have seen, in 425, 2, that if % is 
measurable, upper and lower integrals of separated functions do 
not exist as such; they reduce to L-integrals. We may still 
have a theory analogous to iterated A-integrals, by extending the 
notion of iterable fields, using the notion of upper measure. To 
this end we define: 

A limited point set at Y= B- C is submeasurable with respect 
to 8, when 


We do not care to urge this point at present, but prefer to pass 
on at once to the much more interesting case of L-integrals over 
measurable fields. 


I-Integrals 


429. These we may define for our purpose as follows: 
Let f(x, +++ &) be defined over the limited measurable set . 
As usual let %,,. denote the points of 2 at which 


—a<f<B, a, 8 2.0. 


Let each %,, be measurable, and let f have a proper L-integral 
in each Y.,. Then the improper integral of f over Y is 


i sie hae ad 
pf ay B=0 Wag 


when this limit exists. We shall also say that the integral on 
the left of 1) is convergent. 

On this hypothesis, the reader will note at once that the dem- 
onstrations of Chapter II admit ready adaptation; in fact some 
of the theorems require no demonstration, as they follow easily 
from results already obtained. 
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430. Let us group together for reference the following theo- 
rems, analogous to those on improper #-integrals. 


1. Uff is (improperly) L-integrable in A, tt is in any measurable 
part of U. 


2. If g,h denote as usual the non-negative functions associated 


with f, then . 
W pt ot 
ie dp ip f is convergent, so 18 [, | f |, and conversely. 
») A w 
4. When convergent, 
Wee 
pt ow 
Sp JER if Ff is convergent, then 
ow 


e>0, ao >9, ft|<s 
| 8 


for any measurable B < A, such that B<o. 


: (2 


6. Let U=(U,, A, --- W,) be a separated division of A, each A, 
being measurable. Then 


i naeaies ‘ 


provided the integral on the left exists, or all the integrals on the 
right exist. 


7. Let 1= {U3 be a separated division of A, into an enumerable 
infinite set of measurable sets X,. Then 


ot ae: is e! 


provided the integral on the left exists. 


8. Tf f<g in X, except possibly at a null set, then 


Lise 6 


when convergent, 
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431. 1. To show how simple the proofs run in the present 
case, let us consider, in the first place, the theorem analogous to 
88, 2, viz. : 


If | JF converges, so do ih F and ip si 
| ty MN 


The rather difficult proof of 38, 2 can be replaced by the follow- 
ing simpler one. Since 


Nap = Be + Na ei 


a 


is a separated division of Y%.,, we have 


fb be 
Wap Be Na 
fob Le 
Wag Be Na 
Hence 
ihe ile : es fp 


But the left side is <.e, fora sufficiently large «, and 8, B’> 


some 8). This shows that fe is convergent. Similarly we show 
z 
the other integral converges. 


2. This form of proof could not be used in 88, 2, since 1) in 
general is not an unmixed division of Wag. 


3. In a similar manner we may establish the theorem analo- 
gous to 89, viz. : 


If [ fand | f converge 30 does [ f 
¥ MN a 


4. Let us look at the demonstration of the theorem analogous 


to 43, 1, Viz. : 
fen by + LiL 
2 po 2 MN 


provided the integral on either side of these equations converges. 
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Let us prove the first relation. Let 8, denote the points of Wf 
at which f< 8B. Then 
Bz = MN AF Be 


is a separated division of %,, and hence 


“Leen ben be 
Np Be Be me 


5. It is now obvious that the analogue of 44, 1 is the relation 1) 
in 430. 


6. The analogue of 46 is the relation 3) in 480. Its demon- 
stration is precisely similar to that in 46. 
7. We now establish 430, 7. Let 
B= Qi, %- An) 
Then A=B, + B,, 
is a separated division of %, and we may take m so large that 


B,, <o, an arbitrarily smal! positive number. Hence by 480, 5, 
we may take m so large that 


<<eG; 


Thus {f= fr me 


=| fro Fte , |dl<e. 
Mt, 


Mm 
From this our theorem follows at once. 


Iterated Integrals 


432. 1. Let us see how the reasoning of Chapter II may be 
extended to this case. We will of course suppose that the field 
of integration %=%B-C€ is measurable. Then by 419, the points 
of B for which the sections are not measurable form a null set. 
Since the integral of any function over a null set is zero, we may 
therefore in our reasoning suppose that every € is measurable. 

Since Yf is measurable, there exists a sequence of complete com- 

Fs . A 
ponents A,,= B,,C,, in Wf, such that the measure of A = {A,,} is QW. 
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, 
Since A,, is complete, its projection B,, is complete, by I, 717, 4. 
The points of B,, for which the corresponding sections C,, are not 
measurable form a null set v,,. Hence the union $»,,?} is a null 
set. Thus we may suppose, without loss of generality in our 
demonstrations, that % is such that every section in each A,, is 
measurable. ; 


Now from 5 ! 
i- [€—0- [ €-, 
B B & 


we see that those points of 8 where € > Cform a null set. We 
may therefore suppose that Cae everywhere. Then €—Cisa 
null set at each point ; we may thus adjoin them to C. Thus we 
may suppose that € = Cat each point of B, and that 8 = B is the 
union of an enumerable set of complete sets B,,. 

As we shall suppose that 


is convergent, let 


Let us look at the sets %,,, 8s,, which we shall denote by %,. 
These are measurable by 429. Moreover, the reasoning of 72, 2 
shows that without loss of generality we may suppose that % is 
such that 8, =%. We may also suppose that each ©, is measur- 
able, as above. 


2. Let us finally consider the integrals 


{h f. qd 


These may not exist at every point of %, because f does not 
admit a proper or an improper integral at this point. It will 
suffice for our purpose to suppose that 1) does not exist at a null 
set in 8. Then without loss of generality we may suppose in our 
demonstrations that 1) converges at each point of &. 

On these assumptions let us see how the theorems 73, 74, Th, 
and 76 are to be modified, in order that the proofs there given 
may be adapted to the present case. 
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433. 1 The first of these may be replaced by this : 
Let B,,, denote the points of 8 at which C, >a. Then 


lim B,. eA 
For by 419, ae 
i= | ¢, 
Bs 


as by hypothesis the sections © are measurable. Moreover, by 


hypothesis 
C=C, +c, 


is a separated division of ©, each set on the right being measur- 
able. Thus the proof in 73 applies at once. 


2. The theorem of 74 becomes: 


Let the integrals 
iL ie eae ew 
is 


be limited in the complete set B. Let ©, denote the points of B at 


which ~ 
i 


r 


f<e. 


Then = 
lim &, = %. 


n= 


The proof is analogous to that in 74. Instead of a cubical 
division of the space #,, we use a standard enclosure. The sets 
%, are now measurable, and thus 


b= Dv} B,} 
is measurable. Thus 6,=6. The rest of the proof is as in 74. 


3. The theorem of 75 becomes: 


Tice) 


Let the integral 
IL Ng 


be limited in complete 8. Then 


tim [ [ f=0. ; 
n= xB - ‘oi 
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The proof is entirely similar to that in 75, except that we use 
extremal sequences, instead of cubical divisions. 


4. Asa corollary of 3 we have 


Let the integral 
¢ Cc a 


be limited and L-integrable in B. Let © =5B,,} the union of an 
enumerable set of complete sets. Then 


‘ lim [ [f= 
as, B Cy 


For if 8, =(B,, B,--- Bn), and 8=%, + D,, we have 


Ia db datas 


But for m sufficiently large, $,, is small at pleasure. Hence 


Ueda 


We have now only to apply 3. 


434. 1. We are now in position to prove the analogue of 
AGe Viz ¢ 
Let Y= B- € be measurable. Let [ f be convergent. Let the 
pI 


integrals ib Ff converge in B, except possibly at a null set. Then 
c 


provided the integral on the right is convergent. 


We follow along the line of proof in 76, and begin by taking 
f=0in AY. By 428, we have 


ale dee 


hence 
Hf f=lim f. (2 
w n 


n=00 B ¢ 


412 IMPROPER L-INTEGRALS 


Now ec > 0 being small at pleasure, 


set ff f< fe ie , for G>some G,, 
Sle ilerale 
Siete 


Since we have seen that we may regard % as the union of an 
enumerable set of complete sets, we see that the last term on the 
right = 0, as m = «, by 433, 4. ‘Thus 


seb GB 


by 2). On the other hand, 


Iieikis 
Hence if aie. if: f = f if 4 


From 3) and 4) we have 1), when f = 0. 
The general case is now obviously true. For 
A= P+ MN, 


where f > 0 in $, and <0 in. Here $ and M are measurable. 
We have therefore only to use 1) for each of these fields and add 
the results. 


2. The theorem 1 states that if 


ge Iles 


hoth converge, they are equal. Hobson* in a remarkable paper on 
Lebesgue Integrals has shown that it is only necessary to assume 
the convergence of the first integral ; the convergence of the second 
follows then as a necessary consequence. 


* Proceedings of the London Mathematical Society, Ser. 2, vol. 8 (1909), 
p. 31. 
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435. We close this chapter by proving a theorem due io 
Lebesgue, which is of fundamental importance in the theory of 
Fourier’s Series. 

Let f (x) be properly or improperly L-integrable in the interval 
W=(a<b). Then 


lim J; =lim if \f(e+8)—f(2)|de 
5=0 5=0 a S 


=lim [ |as|de=o, PP EUSA A (al 


« 6=0 


For in the first place, 
B B b 
Ts ["S@+d|de+ [\flde<2f fla. 
Next we note that 


IF €+9)-f@|—-lg@+9—g@)| 
<|(f@+8)—-9@+ 8)-(f@—I@)|- 
Hence 


[lAflae— ["aglaes ["1acr—olae, 


or ipa peciha @ 
From 2), 3) we have 
6 
Tp<T,+2 | \f—g\de. (4 
Let now g=f for val = G, 


=0  for|f|>@. 
ce ee TS I,42 ["\f—g\dz 


SJ, + €, 
where e’ is small at pleasure, for G sufficiently large. Thus the 
theorem is established, if we prove it for a limited function, 


| 9(@)| < &. 
Let us therefore effect a division of the interval T=(— G, @), 
of norm d, by interpolating the points 


nC, alg or eG, 
causing I’ to fall into the intervals 


Aly DP Of} Ce 
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Let Am = Cm for those values of 2 for which g() falls in the in- 
terval y,, and =0 elsewhere in Y%. Then 


J,< 2,42 “(g—Zh)az 


<TH, +204 
<td, +e’, e‘ small at pleasure, 
for d sufficiently small. 


Thus we have reduced the demonstration of our theorem to a 
function A(v) which takes on but two values in Y, say 0 and y. 


Let € be a o/4 enclosure of the points where h= y, while § may 
denote a finite number of intervals of € such that § — € < a/4. 

Let 6=y in G and elsewhere =0; let ~=y in §, and else- 
where =0. Thus using 4), 


B 
Tiss ap [4-4 
o 
Se 5) Y 
since h=¢ in (a, 8), except at points of measure < o/4. Similarly 
Jy Iy+ Sy. 


for o sufficiently small. 


Thus the demonstration is reduced to proving it for a w which 
is continuous, except at a finite number of points. But for such a 
function, it is obviously true. 


436, 1. Let 


CHAPTER” XIII 
FOURIER’S SERIES 


Preliminary Remarks 


us suppose that the limited function f(a) can be 


developed into a series of the type 


F(@) = ay) + a, cos x + a, cos 2% 4 dg COSB a + + 


+ b,sina + 6,sin2x%+6,sindx+ + Cr 


which is valid in the interval Y=(—7, 7). If it is also known 
that this series can be integrated termwise, the coefficients a,, b, 
can be found at once as follows. By hypothesis 


ie Sdz=a, "dtc a [- cos dx + «+ 


+ nf” sin zdx + ++ 


As the terms on the right all vanish except the first, we have 


A => a Sdz. (2' 


2a —T 


Let us now multiply 1) by cos nz and integrate. 


us 
[© cos nadz = a | cos nadx + a, ] Cos x Cos naxdx + ++ 
-7 -1 -7 


Now 


us 
+6,f SiN © COS NX + ++ 
Lp 


v 
[208 me cos nade = 0 > M#N, 


vT 
iL cos* nadx = m, 
-—T 


Tv 
[ sin mx cosnx=0. 
—T 
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Thus all the terms on the right of the last series vanish except 
the one containing a,. Hence 


On = = ff (x)cos nadx. 2" 
TT oly -T 
Finally multiplying 1) by sin mz, integrating, and using the 
relations = 
iE sinmasinnadr=0 , men, 
i sin? nadz = mr, 
we get 1(7 
6, = if Ff (#) sin nada. Ce 
Tow 


Thus under our present hypothesis, 


Sag ["FWdut 2S cos na [" Fw) cos nudu 
2 7 3 pr al —7 
+ i S sin nz "f(w) sin nudu. (3 
a Sl = ius 


The series on the right is known as Fourier’s series; the coefti- 
cients 2) are called Fourter’s coefficients or constants. When the 
relation 3) holds for a set of points 8, we say f(x) can be de- 
veloped in a Fourier’s series in %, or Fourier’s development is valid 
in B. 

2. Fourier thought that every continuous function in % could 
be developed into a trigonometric series of the type 3). The 
demonstration he gave is not rigorous. Later Dirichlet showed 
that such a development is possible, provided the continuous 
function has only a finite number of oscillations in Y%. The func- 
tion still regarded as limited may also have a finite number of 
discontinuities of the first kind, t.e. where 


» f@+%) , f@—-0) x (4 
exist, but one at least is + f(a). 
At such a point a, Fourier’s series converges to 


2 {f(at+0)+f(a—0)}. 
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Jordan has extended Dirichlet’s results to functions having 
limited variation in Y%f. Thus Fourier’s development is valid in 
certain cases when f has an infinite number of oscillations or 
points of discontinuity. Fourier’s development is also valid in 
certain cases when f is not limited in %, as we shall see in the 
following sections. , 

We have supposed that f(x). is given in the interval 
%=(—7, 7). This restriction was made only for convenience. 
For if f(x) is given in the interval %=(a < 6), we have only to 
change the variable by means of the relation 
_7(2v—-a-b) 

a b—a : 


U 


Then when 2 ranges over 3, w will range over Y. 


Suppose f is an even function in %; its development in Fourier’s 
series will contain only cosine terms. For 


SRERES S(a, cos nz + 6, sin nz), 
0 


Ff C(— #) = (a, cos nx— 6, sin nz). 
0 
Adding and remembering that f(z) =f(— x) in Y, we get 
SF (©) = 32a, cos na, SF even. 
0 
Similarly if f is odd, its development in Fourier’s series will 
contain only sine terms; 
F()=426, sin na,  fodd. 
i 
Let us note that if f(z) is given only in 8 =(0, 7), and has 


limited variation in 8, we may develop f either as a sine or a 
cosine series in 8. For let 


CLs Ce)) 5 2 any 
=f (=a) 5. @ in C50) 
Then g is an even function in % and has limited variation. 
Using Jordan’s result, we see g can be developed in a cosine 


series valid in %. Hence f can be developed in a cosine series 
valid in @ 
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In a similar manner, let 
h@=f @)_ G2 .1nSs | 
=—f(—27) , —wsr< 0. 


Then / is an odd function in %&, and Fourier’s development 
contains only sine terms. 

Unless f(0)=0, the Fourier series will not converge to f(0) 
but to 0, on account of the discontinuity at z=0. The same is 
true for z=7. 

If f can be developed in Fourier’s series valid in &%=(— 7, 7), 
the series 8) will converge for all z, since its terms admit the 
period 27. Thus 8) will represent f(x) in Y%, but will not 
represent it unless f also admits the period 27. The series 3) 
defines a periodic function admitting 2 7 as a period. 


EXAMPLES 


437. We give now some examples. They may be verified by 
the reader under the assumption made in 436. Their justifica- 
tion will be given later 


Example 1. S@)=2e , for —rs2s7. 
Then 
=o { Se eee =2_...}. 
— 3 


If we set x= a we get Leibnitz’s formula, 


Example 2. l@=c , 0<27=7 
=—-2@ , —mw<xr<0. 
Then 
_™  4{cosz, cos3z2 , cos dz 
AD kes Siete eel 
If we set z= 0, we get 


Ty lee lee 
g-ptatat™ | 
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Example 8. Fea. 2), 0s eon 
= 0 > c= 0, 7 
= — 1 9 Bees {Jue <a! 1) 0. 


Then 
“~ -41 sin 2 (sin Se, sin O27 cag 
f(a) =*{ fied eae ea 
Example 4. f(e)=2 ; 0<e<5 


By defining f as an odd function, it can be developed in a sine 
series, valid in (0, 7). We find 


a ising, Bie Pe sine ©. |e 
f(e) == {Se Sn Sey noe ..| 
Example 5. . Fie aa 1 0<2<5 


By defining f as an even function, we get a development in 


cosines, 
cosz cos8z, cos da 
COSEe ae ee ee 


4 
f@) al 1 3 5 
valid in (0, 7). 
Example 6. Ff@)=4Gr—2) 4 V<2S7r. 
By defining f as an odd function we get a development in 


sines, f 
f(#)=sinx+4sin 22+} sin 34+- 


valid in (— 1, 1). 


Example 7. Let f(x) =F ; 0<2<F 
Me 
soe Ey 
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Developing f as a sine series, we get 


sin ae sin 82 


SF (2) =sin 244 Bb, acral A ESA 


4 

valid in (0, 7). 

Example 8. f@=+e , in(—7, x). 

We find . 

2 sinh a (1 1 
jae y= Bent oH; fa Sega 22 i 32 008 8a+ 
i sin 2 a 
Ea i 5a Sin e+ i 5 Sin 32 


valid for —7wW< “<7. 


Example 9. We find 
Orit: i COs & a at 


2p? p2—1 p2— 2 =p? — 82 


—w<rcnr , w#1, 2, 3%. 


cos pe = —— sin wp 
‘ 
valid for 


Let us set x = 7, and replace w by x; we get 


T 1 il 1 il 
Senos hori aay eee eee 


a decomposition of cot wx into partial fractions, a result already 
found in 216. 


Example 10. We find 
“1 2cos2x2 2cos4x2 2cos6a2 } 
>] 


ee 


valid for 0 <u< m7. 


Summation of Fourier’s Series 


438. In order to justify the development of f(2) in Fourier’s 
series #, we will actually sum the F series and show that it con- 
verges to f(z) in certain cases. To this end let us suppose that 
J (@) is given in the interval &%=(— 7, 7), and ‘let us extend f by 
giving it the period 27. Moreover, at the points of discontinuity 
of the first kind, let us suppose 


F(@) =2{ Ff @+0 +f @—0)}. , 
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Then the function 


(uy) =fWw+2u)+ fa —2v) -2f(@) 
is continuous at w= 0, and has the value 0, at points of continuity, 
and at points of discontinuity of 1° kind of f. Finally let us sup- 
pose that f is (properly or improperly) Z-integrable in %{; this 
last condition being necessary, in order to make the Fourier co- 
efficients a,, 6, have a sense. 


px F= F(x) =}a,+ a, cosx +a, cos2u4 + 
“i +b, sina +b, sin2a¢ +--+ ad 
=sa)+ = (a, cos nx + 6, sin nz), 


where we will now write 


il c+QT 
d,=— | f(@) cos nxedx, (2! 
1 c+20 ~ " 
6, =—]| f(s) sin nade. (2 
Thc 


Since f (z) is periodic, the coefficients a,, 6, have the same value 
however ¢c is chosen. If we make c= — 7, these integrals reduce 
to those given in 436. 

We may write 


= = [ fea {a+ = (cos nx cos nt + sin nz sin nt)} 


_ fe > cosn(t — x)t f (t)dt. (3 
Thus ‘ Hes a [Pe Fae 
where P,=4+ S cos m(t — x). (4 
Provided sin A(t Lee aed), (5 
we may write 
i 


i in d(t—2) +22 sin }(t — 2x) cos m(t—2 
im a ae Eye Us eT Grae A a 


~ 2 sin ane 


m1 @—2)}] 
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ae p. —sinQn+1)(t—2) 6 
é Qsind(t¢—z) 


if 5) holds. Let us see what happens when 5) does not hold. 
In this case 4(¢— 2) is a multiple of 7. As both ¢ and a le in 
(ce, e+ 27), this is only possible for three singular values : 


t=@ 3: t=co, c=e+2r SS t=c+27, ct=e. 


For these singular values 4) gives 


_2n4+1 
P= a ce 


a“ 


As P,, is a continuous function of ¢, 2, the expression on the 
right of 6) must converge to the value 7) as x, ¢ converge to these 
singular values. We will therefore assign to the expression on 
the right of 6) the value 7), for the above singular values. Then 


in all cases ; 
Tobe 2sin 4(¢ — 2) 


Let us set 


Then 


2n+1l=yv , t—rv=u. 
3(c—2) +r 7 
P=*[ Fide oat) ee hae 
Tob} (c—2) sin w 


Let us choose ¢ so that 


then 


Replacing u by — u in the first integral on the right, it becomes 


[fe- 2 yg OR 
in % 


iS) 


Thus we get 
2 ¥ Nas 
F,=+ fot 2u+fle—2uy mau. (8 


sin w& 


Let us now introduce the term — 2 f(x) under the sign of inte- 
gration in order to replace the brace by ¢(w). To this end let us 
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give x an arbitrary but fixed value and consider the Fourier’s 
series for the function 


g(t) =f), a constant. 
If we denote the Fourier series corresponding to the g function 
by G=h9) +9, cost +g, cos2t+ + 
+hysint+h,sin2t¢+ -- 
1 (eet2m 
n==[ S@adt=2f@), 
n= fe) ili heck ntdt = 0, 


h,= LO (sin ntdt = 0. 
T c 


Thus the sum of the first »+1 terms of the Fourier series 
belonging to g(t) reduces to 


G,=f@). c 
But this sum is also given by 8), if we replace 


F@t+2u)t+f(@e—2u) 


we have 


m g(@t+2u)t+g9(@—2u)=2f(), 
since g is a constant. We get thus 
pe aah oF Fe Ge a. (10 
TL sin wu 


Let us therefore subtract f(z) from both sides of 8), using 9), 
10). We get 


Fa) ~f$@) = 1 ["1f@+2w) +f@-20) - 2F@)) Ma 
Bee D(a) = w{ F(x) —f(@)}, qu 


we have A Be 

ee, pS ascahet, (YF 12 
Dyla) = | “(ud ( 
We have thus the theorem : 


For the Fourier Series to converge to f(x) at the point a, tt is 
necessary and sufficient that D,(x) =0, aan =o. 
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Validity of Fourier’s Development * 


439. The integral on the right side of 438, 12), on which the 
validity of Fourier’s development at the Pong x depends, is a 
special case of the integral 


J, =|, g(u)sinnudu. , B=(a< bd). ci 
B 


In fact J, goes over into D,, if we set 


I= g 9 a=), b= 


7 
sin wu 2 


To evaluate J, let us break B up into the intervals 
9 
B,=(«, a +2) ; 8, =(a+%, 0427)... 8 =(a4rZ, 0). 
\ n n n n 


These intervals are equal except the last, which is shorter than 
the others unless 6 — a is a multiple of 7/n. We have thus 


J,=f +f] +-- i) : 
Bo By Br 


1 
v=u+— 
n 


If we set 


we see that while v ranges over %,,, u ranges over %,,_,. This 
substitution enables us to replace the integrals over B,, by those 
over B,,_;, since 


ie g() sin nvdy = ihe a(u + =) sin nudu. 
Bo. 1 « 


Hence grouping the integrals in pairs, we get 


YP les g (%) sin nudu + yf {9 (u) —g (« ae =} sin nudu 
n 


ie . 
4+ | g(t) sin nudu, 
8’ 


Bo, 1 


* The presentation given in 489-448 is due in the main to Lebesgue. Cf. his 
classic paper, Mathematische Annalen, vol. 61 (1905), p. 251. Also his Begons sur 
les Séries Trigonométriques, Paris, 1906. 
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where B! is B, or B,_; + %,, depending on the parity of ry. Now 


ite 
| Si hoe {9 (%4) = au =e 2 sin nudu | 
= %bes |g(u + Oi | 


el 


; oe 
Se ( 


B51 


gu + —g )=9 lau. (3 


(aca C4 


Thus J, = 0, if the three integrals 2), 8), 4) = 0. Moreover, 
if these three integrals are uniformly evanescent with respect to 
some point set € < %, J, is also uniformly evanescent in ©. In 
particular we note the theorem 


J, = 0, if g is L-integrable in B. 


We are now in a position to draw some important conclusions 
with respect to Fourier’s series. 


440. 1. Let f(x) be L-integrable in (ce, e+2). Then the 


Fourier constants a,, 6, = 9, as 2 = o. 


For A= Eee "f (x) cos nxdx 
. 


is a special case of the J, integral. As fis L-integrable, we need 
only apply the theorem at the close of the last article. Similar 
reasoning applies to 6,. 


2. For a given value of x in Y = (— 1, 1) let 
o(u) = $2, a 


sin u 


7 


be L-integrable in 8 = (0, 5) Then Fourier’s development is valid 


at the point L. 


426 FOURIER’S SERIES 


For by 438, Fourier’s series = f(x) at the point z, if D,(~) = 0. 
But D, is a special case of J, for which the g function is in- 
tegrable. We thus need only apply 489. 

3. For a given x in UX = (—7, 7m), let 


Vb) =e) 2 
u 
be L-integrable in B = (0, *). Then Fourier’s development is valid 
at the point x. 


For let §>0, then 


[vies [° 


5 
<A +n) [ixecolar 

0 
=( , 4s 6=0 .. by hypothesis. 


#00] < (BODIO+D ay 


sin & 


4. Fora givenxim A= (—7, 7), let 


be L-integrable in A. Then Fourier’s development is valid at the 
point x. 


F 
on 1G) = ee 


= 2[o(2u)+o(—2u)). 


Thus x is L-integrable in (0, z), as it is the difference of two 
integrable functions. 


441. (Lebesgue). For a given x in Y=(— 7, 7) let 


1° limn {i \p(u)| du = 0; 
n= 0 
v8 


2° tim [“Wyeu+ 3) — yeu) | du = 0 


for some n such that - 
0 <= é < n < 2° a 
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Then Fourier's development is valid at the point x. 


For as we have seen, 


[Dai < [ER sin om 
S1n U 


(u At 7) a v0] du 


2 
du + | a7 


i 
al 


. ae. ¢ <o Wr 4 
where £8, is a ceftain number which = 3° as N = 00. 


p(w) sin vu 
sin u 


du< D'+D"+D!", 


Let us first consider D'. Since 0<u<™, we have 0<vu<m. 
Vv 


Hence 


ae ee 
(een : 
—e(1- 2) 1 eae 
ears ee oa: 
Pa ae 


<v, provided s >t. 


But this is indeed so. For 


EATS Sy [eae Ee 
1 4 eal 
Hence s>a(1—7)>1>1 , if p>d. 
Thus Dies |p| du = 0, by hypothesis. 
0 


We now turn to D'’. We have 


2 2 
D'= [ =(+f Pie ag re 
™ 7 ” v 2 
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Now fj being Z-integrable, 
¥(u +7) —¥ao| 


is Z-integrable in (», 3) . Thus 


us 


2 
lim [ = (), 
n=n i] 


But by condition 2°, 


lim = 0. 
Thus lim D!’ = 0. 
3=0 


Finally we consider D'. But the integrand is an integrable 


function in (2, zy. Thus it=0 as n=2. 
e 
442. 1. The validity of Fourier’s development at the point x de- 
pends only on the nature of f in a vicinity of x, of norm & as small as 
we please. 
For the conditions of the theorem in 441 depend only on the 
value of f in such a vicinity. 


2. Let us call a point 2 at which the function 


ou) =f(#+2u)+f(a—2u) —2 f(x) 
is continuous at w= 0, and has the value 0, a regular point. 


In 438, we saw that if 2 is a point of discontinuity of the first 
kind for f(x), then x is a regular point. 


3. Fourter’s development is valid at a regular point x, provided 
for some n 


lim [| eQu+ 8) — Cu) | du= 0 V<ban ee 
= 8 2 


aS 


For at a regular point xz, ¢(w) is continuous at «= 0, and = 0 
forw=0. Now 


lim = [1dCO|du=|G@)|=0. 
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ICE: 


= m|$(0)|=0. 


Hence condition 1° of 441 is satisfied. 


rT 


Ens a [19Co|au=m- 


S/al4 


Limited Variation 


443. 1. Before going farther we must introduce a few notions 
relative to the variation of a function f(a) defined over an interval 
W=(a<b). Let us effect a division D of %f into subintervals, 


by interpolating a finite number of points a,<a,<-.» The sum 
=| F(a) — fan) | @ 

is called the variation of f in A for the division D. If 
Max V, (2 


is finite with respect to the class of all finite divisions of 9, we say 
F has finite variation in I. When 2) is finite, we denote its value by 


at fe Ol aly, 00) a, 
and call it the variation of f in W. 


We shall show in 6 that finite variation means the same thing 
as limited variation introduced in I, 509. We use the term finite 
variation in sections 1 to 4 only for clearness. 


2. A most important property of functions having finite vari- 
ation is brought cut by the following geometric consideration. 

Let us take two monotone increasing curves A, B such that one 
of them crosses the other a finite or infinite number of times. If 
f(x), g(“) are the continuous functions having these curves as 
graphs, it is obvious that 


d(x) =f(@) -—9@) 
is a continuous function which changes its sign, when the curves 
A, B cross each other. Thus we can construct functions in infinite 
variety, which oscillate infinitely often in a given interval, and 
which are the difference of two monotone increasing functions. 
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For simplicity we have taken the curves A, B continuous. A 
moment’s reflection will show that this is not necessary. 

Since d(x) is the difference of two monotone increasing functions, 
its variation is obviously finite. Jordan has proved the following 
fundamental theorem. 


3. If f(x) has finite variation in the interval U=(a < b), there 
exists an infinity of limited monotone increasing functions g(@), AC) 


such that Peay tes fal 
For let D be a finite division of 2%. Let 


P,=sum of terms { f(an41) —f(4m)} Which are > 0, 
a Np =. ° . . . . . . . . . . . . < 0. 


thet V2 Ga) ha ey. CG 
Also 


{f(a) —F(a)§ + {fF (a,) PCa)s + + +1F(@) —F(an)} =Po— Np. 


On the left the sum is telescopic, hence 


SO) —f(a)= Pp— Np. G 
From 2), 3) we have 
Vp =2 Ppt f(a)—f(b)= 2 No +f) -F@). (4 
Let now Maxed SSM at aay 


with respect to the class of finite divisions D. 


We call them the positive and negative variation of f(x) in Y. 
Then 4) shows that 


V=2P+f(a)—f(b) , V=2N+f@)-f@. 6 


Adding these, we get Vie Poon. (6 
From 5) we have 


FO) —flaj=P— N. te (7 


Instead of the interval %=(a < 6), let us take the interval 
(a < x), where x lies in %. Replacing 6 by z in 7), we have 


F(@) =f(a) + P@) — N(@). (8 
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Obviously P(x), M(x) are monotone increasing functions. 
Let “(a@) be a monotone increasing function in &. If we set 


I@=F(@) + PO) + HM) 
h(x) = N(x)+ w(), 


we get 1) from 8) at once. 


(9 


4. From 8) we have 
If@) | <1F@)|+ P@+¥@ 
SU @+ VO. (10 
5. We can now show that when f(x) has finite variation in the 
interval I =(a < 6) zt has limited variation and conversely. 
For if f has finite variation in Y we can set 
f@)=6@)—- vO), 


where ¢, Y are monotone increasing in Y%. Then if W is divided 
into the intervals 6,, 6, --- we have 


Osc f < Oscd+Oscyp , ind. 
OscpG=Agd , Osea Ay ;' ind 


t 


But 


since these functions are monotone. Hence summing over all the 
intervals 6,, FOn p= Sag SAy: 
< {6(4) - I+ iVO)—-¥@} 
< some M, for any division. 
Hence f has limited variation. 
If f has limited variation in A, 
WAT Osc) 750 sinro. 
=| Af| < = Osc f < some M. 


Hence f has finite variation. 


Hence 


6. If f(x) has limited variation in the interval Y, its points of 
continuity form a pantactic set in I. 


This follows from 5, and I, 508. 
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T. Leta<b<c; then if f has finite variation in (a, e), 
Vand Viel = Vaca: ql 
where Vz,, means the variation of f in the interval (a, b), ete. 
ay V.,f = Max Vpf 


with respect to the class of all finite divisions D of (a,¢). The 
divisions D fall into two classes : 

1° those divisions # containing the point 8, 

2° the divisions # which do not. 

Let A be a division obtained by interpolating one or more 
points in the interval. Obviously 


Vif > Vof. 
Let now G@ be obtained from a division # by adding the point 
ta Vief=Vrf. 
Hence 


Max V;> Max Vy. 
E P 


Hence to find V,,f, we may consider only the class #. Let 
now F, be a division of (a, 6), and F, a division of (4, ¢). Then 
FE, + H, isa division of class #. Conversely each division of class 
E gives a division of (a, 6), (6, ¢). Now 


Vf = Vat i Vr S. 


From this 11) follows at once. 


444. We establish now a few simple relations concerning the 
variation of two functions in an interval 2 =(a< 6d). 


‘ Vif+e= Vo. a 
2|(fat+O-CAt+¢)| = 2 | far -Als 


where for brevity we set 


For 


Se = f(a,)- - 
2. ¥e 
VCef)=| 61 V9 @ 
< El ar—Fl=lelE fF 
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3. Let f, g be monotone increasing functions in A. Then 
Vif+g= Vf+ Vo. (3 
= | (hia FI — CA +9) |= 2 | Aa PF + Qi -— 9) | 
= 2 en —f, | ap = ere —g.\. 


4. For any two functions f, g having limited variation, 


For 


Vif+g9)<VF+ Vg. (4 
5. Let f, f, haye limited variation in A= (a, 6). 
Si a=|fCa)| 41 =|f,C)|- 
ries VCS) <(at Vi) (ay + VAD: (6 
For by 443, 8) we have | 
f=P—-N+A , fp=P,—-N,4+4,, 
A=f(a) , A,=f,(a). 


where 
Thus 
Sfj,=PP,—PN,+PA,-NP,+NN,-—NA,+AP,—AN,+ AA. 
Hence by 2, 4, 
Vif, < VPP, + VPN,+ VPA,+ > 
<V(PP,+PM 4°") , by 8 
<PP,+ PN, + Pa,+-- 
<(P+ N+ a)(P, +N, + a). 


But Vf=P+wN , hence, etc. 


445. Fourter’s development is valid at the regular point x, if there 
exists a0 < Sa such that in (0, €) the variation Vu) of we) 
in any (u, €) ts limited, and such that uV(u)= 0, w= 9. 

By 442, we have only to show that 


Wa [yout 8) — Cw) | de 0<8<9 <7 


is evanescent with 6. 
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Let us first suppose that (wu) is monotone in some (0, §), say 


monotone increasing. Similar reasoning will apply, if it is mono- 
tone decreasing. Then, taking 0<7+6< 


v= [pent dy—vonidu= [yu t Bdu— [yond 
In the second integral from the end, set v= u + 6. 


” n+ 
Then fr Wu + 8)du = pv v)dv. 
3 28 


Hence, 


v= fy cdu— [yudu 


sila el ae 
Thus IYO 1S [Ply laet [|| dua vy, + %. 


We will consider the integrals on the right separately. Let 
gm = Max | $ |, in (6, 28). 


Th 
* %,<["! Il du<¢q [ 


iS sin w 


Now sinu=u—alv , 0<o' <i. 
Hence, 1 1 
meee tcp , |o|<some M, 
sinu 
Thus, du 
Wy < bn hee —+ M[- udu | 


< $n{log 2+ M' 8} 
30 , agsdae0 , since p(w) = 0, 
as z is a regular point. 
We turn now to V,. In (», 7 +8), 8, 7 sufficiently small, 
sinw>u—tu> ni — 7). ‘ 
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Thus, if ¢, = Max | | in (y, 7+ 8), 


p mas Por) = 
NP ee ee, i = 0 
2nd — alk Olan) 


with 6. 
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Thus, when y is monotone in some (0, £), Fourier’s develop- 
ment is valid. But obviously when ¥ is monotone, the condition 
that wV(w)= 0 is satisfied. Our theorem is thus established in 


this case. 


Let us now consider the case that the variation V(u) of yp is 


limited in (w, €). 
From 4438, 10), we have 


Ivu) |< | vO) | + Vw). 


As before we have 


IYI<[Pleldet [1p lau = 4%. 


By hypothesis there exists for each e > 0, a 6, >0, such that 


uV(uy<e , forany 0<u<6. 


Hence, i 
Vi i, 0 <= Oy; 
Uu 


Thus, 


<l¥Olste[S 


V< iL Pane) due ip VGadu 


Let us turn now to V,. Since V(u) is the sum of two limited 


monotone decreasing functions P, Vin (u, ¢), it is integrable. 


Thus, 


Vy <|H(S)| if du + if (udu < 84 | 4(S)| + Vn} 


is evanescent with 6. 
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446. 1. Fourier’s development is valid at the regular point a, if 
o(u) has limited variation in some interval (0 < GOsgee Gee 3 
For let 0<u<y<6, then 


Vie = JV, hess a “yy. , 
Now y=o(u) > 


sin w u 


1 
Henee Vn <iVab +19) I { Vo + a}: 


sinuw siny 
But sin w being monotone, 
Le fea ae 
U : . ° 
sinu sinw siny 


Thus 
Vivo +19) | _ 
Vir < = sin U 
Similarly, pene Vib + | oO) | _ 
yr sin 
Now 


Oe ee 


sin w 


The theorem now follows by 445. For we may take y so small 
that € 
eres 1 
Thus for any u<y, 


On the other hand, 9 being sufficiently large, and y chosen as 
in 1) and then fixed, 


Vom. 
Thus 
uVi<- 
for uw<some 6!. Hence ea 
U Vue <e, 


for 0<uw< some 6. 


(Jordan.) Fourier’s development ts valid at the regular point 
2, a (x) has limited variation in some domain of x. 


OTHER CRITERIA 437 
Bor Gu) =I f@t2w—fw}t (f@—2u)—F(u)} 


has limited variation also. 


3. Fourier’s development is valid at every point of X%=(0, 27), 
of f is limited and has only a finite number of oscillations in A. 


Other Criteria 


447. Let X= [\x(utd)—x(w) du, x= P©, 


W= [ytd ylw)idu , 0<8<n<3- 
If X=0 as §=0, 80 does V, and conversely. 


For x(u+ 8)— X(u) = Wut pee) — Wu) sin w 
u+o U 
= fru t 8)— H(u)} ny) y 
where ‘ : 
as sin(wu+6) _ sin x} : 
pay(u) {Seuss _sinw 
Obviously X and WV are simultaneously evanescent with 6, 
provided 
R= ["\p|=0 , asd=0. 
8 
Let 
Za ves 

(u) 7 

ao p=Vv(u) {Zu + 8)— Z(u)} 
=oy(uya'(v) , u<v<uts. 
N 
ow “ ; 
y1—-—+-..-J—o 1l—-=—4... 
Z(v)= DEON nes Parte een) Bae Mel a eee 
v2 y2 

=— 4v =f aly ye + 

Thus 


|Z'(v) |< Mv<M.-2u. 
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Hence 
Jp |< Mit 25) 9)m. 


As |$1<If@+2w + f@-2y 4214 @h 
R<2am {16 Lei pata) 
C) 
448. (Lipschite-Dini.) At the regular point x, Fourier’s devel- 


opment is valid, if for each ¢ > 0, there exists u 8, > 0, such that for 
each 0<8< 6, 


Pe OM ee pm ee 
For z 

J yu) ie (POO S= tO | Ete 

]x(u+ 8) —x(u) | =| PEED PCD 4 | Fh ow) 


< Put 8) = ow) | 5 9 8CO |, 
U U 


Now 2 being a regular point, there exists an 7’ such that 
| P(u) | <e«, for uw in any (6, 7’). 


Thus taking Rese! 
0° ’ 


" du "du 
= yee Gi ee ey. 
[ixcet -— xu) | eral - +63 = 


_los 7 — log & a ze t ) 


| log 6 | 6 
< 2e, for any 6< 7. 
Thus X= 0, as Od = 0. 


Uniqueness of Fourier’s Development 
449. Suppose f(a) can be developed in Fourier’s series 
S(t) =4a),+ 3(a,cos nx + b,sin nx), CG 
1 


1 


1 7 Or 
a, = =[ f() cosnadz , b,= - Ff (x) sin nadz, (2 
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valid in %=(—7,7). Weask can f(x) be developed in a simi- 


lar series f = ; 
Ff (@) =4 4) + =a) cos nx + b/ sin nx), (3 
1 


also valid in %, where the coeflicients are not Fourier’s coefficients, 
at least not all of them. 
Suppose this were true. Subtracting 1), 3) we get 


0=1(a,—a))+2$(a, — af) cos nx + (6, — 6!) sin nx} = 0, 
~ Cy) + X{e, cos nz +d, sin nx} = 0, in %. (4 
Thus it would be possible for a trigonometric series of the type 
4) to vanish without all the coefficients c,,, d,, vanishing. 
For a power series 
Pot pre t+ py? + + (5 


to vanish in an interval about the origin, however small, we know 
that all the coefficients p,, in 5) must = 0. 

We propose to show now that a similar theorem holds for a 
trigonometric series. In fact we shall prove the fundamental 


Theorem 1. Suppose it is known that the series 4) converges to 0 
for all the points of X =(—7, 7), except at a reducible set KR. 
Then the coefficients c,, d, are all 0, and the series 4) = 0 at all the 
points of YU. 


From this we deduce at once as corollaries: 
Theorem 2. Let R be a reducible set in. Let the series 


&% + > ft, cos nx + 8, sin nx} (6 
1 


converge in X, except possibly at the points R. Then 6) defines a 
Function F(x) in Y—R. 

Tf the serves a) + Zfal cos nz + Bi sin nx} 
converges to F(x) in U— KR, tts coefficients are respectively equal to 
those in 6). 


Theorem 8. If f(x) admits a development in Fourier’s series for 
the set A — RK, any other development of f (x) of the type 6), valid in 
A— RK cs necessarily Fourier’s series, t.e. the coefficients om, Bm have 
the values given in 2). 
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In order to establish the fundamental theorem, we shall make 
use of some results due to Riemann, G. Cantor, Harnack and 
Schwarz as extended by later writers. Before doing this let us 
prove the easy 


Theorem 4. If f(x) admits a development in Fourier’s series 
which is uniformly convergent in X= (— 7, 1), it admits no other 
development of the type 3), which is also uniformly convergent in . 


For then the corresponding series 4) is uniformly convergent 
in YY, and may be integrated termwise. Thus making use of the 
method employed in 436, we see that all the coefficients in 4) 
vanish. 


450. 1. Before attempting to prove the fundamental theorem 
which states that the coefficients a,, 6, are 0, we will first show 
that the coefficients of any trigonometric series which converges 
in YI, except possibly at a point set of a certain type, must be such 
that they =0, as n=oo. We have already seen, in 440, 1, that 
this is indeed so in the case of Fourier’s series, whether it con- 
verges or not. It is not the case with every trigonometric series 
as the following example shows, viz. : 


2) 


2 sin n! 2. ad 
1 
Wh mir Reged : : 1th : 
en x= -— all the terms, beginning with the r!", vanish, 
te 


and hence 1) is convergent at such points. Thus 1) is conver- 
gent at a pantactic set of points. In this series the coefficients a, 
of the cosine terms are all 0, while the coefficients of the sine 
terms 6,, are 0 orl. Thus 6, does not =0, as n=. 


2. Before enunciating the theorem on the convergence of the 
coefficients of a trigonometric series to 0, we need the notion of 
divergence of a series dae to Harnack. 

Let A=a,+4,+ are (2 


be a series of real terms. Let Ins G, be the minimum and maxi- 
4 
mum of all the terms ™ 


Ans ’ A,42 Si oie 
where as usual A, is the sum of the first 2 terms of 2). Obviously 
In SS Gia b) G,, = Gass ; 
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Thus the two sequences {g,}, {G,} are monotone, and if limited, 
their terms converge to fixed values. Let us say 


we7 i, G, =a 
The difference 
r.=G-g 


is called the divergence of the series 2), 


3. For the series 2) to converge tt is necessary and sufficient that 
ats divergence b= 0. 
For if A is convergent, 


—e+A<4,,,< Ate , p=l, 2+ 
Thus —e+A<g,<G,<Ate. 
Thus the limits G, g exist, and 
G—g<2e ; or G=g, 
as e > 0 is small at pleasure. 


Suppose now )=0. Then by hypothesis, G, g exist and are 
equal. There exists, therefore, an n, such that 


IG-—€<In<Gn<Gt+e 
or Gn—Gn <2. 
Thus [Ajsp—4,[< 2 , p=1,2-- 


ard A is convergent. 


451. Let the series 
= (a, cos nx + 6, sin nx) 
0 
be such that for each 8 > 0, there exists a subinterval of 
{= (— 7, 7) 


at each point of which its divergence <8. Then a,, 6, = 0, a8 
if =| CO}, 


For, as in 450, there exists for each x an m,, such that 


5 6 
|a, cos na + 6, sin na | <5 » nom, qd 
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for any point z in some interval & of Y. Thus if 4 is an inner 
point of B, e=6+ 8 will le in %, if @ lies in some interval 
B=(p,q). Now 
a, cosn(b + 8)+ 6,sinn(6 + B) 

= (a, cos nb + 6, sin nb) cos nB — (a, sin nb — 6, cos nb) sin nB. 
a,cosn(6—fB)+6,sinn(6—B) , 

= (a, cos nb + b, sin nb) cos n8 + (a, sin nb — 6, cos nd) sin nB. 


Adding and subtracting these equations, and using 1) we have 

| (a, cos nb + 6, sin nb) cos nB | < 

Ss 

| (a, sin nb — 6, cos nb) sin nB | < 7 
for alln>m,. Let us multiply the first of these inequalities by 
cos nb sin nB, and the second by sin nd cos nB, and add. We get 
(0 BIW 20)94)\ <o.0, ogee gee ye (2 


Again if we multiply the first inequality by sin nd sin nf, and 
the second by cos nb cos nf, and subtract, we get 


(0, SIGS p10 Brg ier tee (3 
From 2), 3), we can infer that for any e> 0 
lage 5 |b, )—e om > s0me m, (4 
or what is the same, that a,,, 6, = 0. 


For suppose that the first inequality of 4) did not hold. Then 
there exists a sequence 
Ny Ny (5 
such that on setting 
la, [=8+6, , e—d6=8 
we will have 
CP oe (6 
If this be so, we can show that there exists a sequence 
Vy <— Vy <eee = CO 
in 5), such that for some @’ in. B, 
| a, sin v8" | > 8, : (7 
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which contradicts 2). To this end we note that y)>0 may be 
chosen so small that for any r and any | y| <¥%, 


| a, | cosy > (8 + 8’) cos yp > 8. (8 
Let us take the integer v, so that 
Ppgetgesnteiill © 
poe a 


Th 2 
4 —(%4(q — p) — 2%) = 2 


“ 


Thus at least one odd integer -lies in the interval determined by 
the two numbers 


2 2 
Goa +%) > = — %)- 
Let m, be such an integer. Then 


= (py, + %)Sm< 2 (qu, - Yo): (10 


If we set 


1 1 
c= me - 10) oR TN Am + 1») qi 
we see that the interval B 1=r q,) lies in B. _ The length of 
B, is 2y/vy. Then for any @ in B,, 


B= m+ > Iil<%- 


Thus by 8), 
| a,, sin v8 | =| a,,| cosy, > 5. (12 


But we may reason on B, as we have on B. We determine », 
by 9), replacing p, g by p,, q,- We determine the odd integer m, 
by 10), replacing p, q, », by py, G5 ¥%- The relation 11) deter- 
mines the new interval B, =(p,, q,), on replacing m,, v, by mg, v2. 
The length of B, is 2y,)/v,, and B, lies in B,. For this relation 
of v,, and for any 8 in B, we have, similar to 12), 


| a,, Sin 8 | > 6. 


In this way we may continue indefinitely. The intervals 
B, > B,> ++ = toa point A’, and obviously for this @’, the rela- 
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tion 7) holds for any z. In a similar manner we see that if 6, does 
not = 0, the relation 3) cannot hold. 


452. As corollaries of the last theorem we have: 


1. Let the series 


= (uy cos nx + 6, sin nx) cz 


be such that for each > 0, the points in XL =(—7, 1) at which 
the divergence of 1) is >6, form an apantactic set in A. Then 
A,, 0, = 0, a8 N=. 


2. Let the series 1) converge in A, except possibly at the points of 
a reducible set R. Then a,, 6, =9. 


For ® being reducible [318, 6], there exists in Y% an interval B 
in which 1) converges at every point. We now apply 461. 


EE: Le) = 2 (My cos nx + 6, sin nx) 

at the points of % =(— 7, 7), where the series is convergent. At the 
other points of U, let F(x) have an arbitrarily assigned value, lying 
between the two Limits of indetermination g, G of the series. If F is 
R-integrable in A, the coefficients a,, 6, = 0. 


For there exists a division of YM, such that the sum of those in- 
tervals in which Ose F >@ is <o. There is therefore an interval 
¥ in which Ose F&<o. If & is an inner interval of 3%, the di- 
vergence of the above series is < » at each point of &. We now 
apply 451. 


454. Riemann’s Theorem. 


Let F(a) =44,+ =(a, cos nx + 6, sin nz)= ZA, converge at 


each point of I=(—7, 1), except possibly at the points of a redu- 
etble set R. The series obtained by integrating this series termwise, 
we denote by vA 


Ge) = i Ayu? — > 1 cos nx + 6, sin nv) =5 2 = > A, 
Leis 1 


a 


Then G is continuous in Y. 
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Let Ou) = 4G@+ 2u) + G(w#— 2u) — 2 G2). 
Then at each point of B= A-— NR, 


u=0 


lim SCO = F@ eS 


and at each point of Y, ’ 
hm ee 0: 
u=0 U 


For, in the first place, since 9 is a reducible set, a,, b, = 0. 


445 


cl 


(2 


(3 


The 


series G is therefore uniformly convergent in %f, and is thus a 


continuous function. 
Let us now compute &. We have 


a, cosn(a + 2u)+ a, cos n(x — 2u)— 2a, cos nx 
= 2a, cos nz (cos 2 nu — 1) 


= — 4a, cos nz sin? nu. 


eee b,sinn(a@+2u) +6, sinn(w~2u) — 26, sin ne 
= 26, sin nz(cos 2 nu — 1) 
=— 46, sin nz sin? nu. 

Thus 


BOE a (Som nae 


4 x2 0 nu 


if we agree to give the coefficient of A) the value 1. 


Let us 


give x an arbitrary but fixed value in 8. Then for each e>0, 


there exists an m such that 


Ay tA, te + Apr =F(@) +e » |eal<e n>m. 


Thus As == Efi = ne 


Hence 


2 
a 25e were (ute) eis wt) 


=F(o)+ 3 (2 57- & al 
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The index m being determined as above, let us take wu such that 
wc , so that mc; 
m u 


and break S into three parts 


™ K oe 
See nee > See 
1 m+1 : «kt+] 


where « is the greatest integer < 7/u, and then consider each sum 


separately, as wu = 0. 
Obviously lina S,=x, 0. 


u=0 


As to the second sum, the number of its terms increases indefin- 
itely as u = 0. 
For any wu, 


| Sy |< eZ {+} 
m+] 
, [= met | 4 E “| 
mu _ KU 


sin mu |2 
< € | ———— <1, 
mu 


since each term in the brace is positive. In fact 


sin v 
v 


is a decreasing function of v as v ranges from 0 to 7, and 
m<Ku<mr , n=mm4+i,--«. 


Finally we consider S;. We may write the general term as 


follows : 
3 (Ee (n— oad o E (n— sey" 
i (n—1)u nu J 
sien (= (n — we) =|s mu _ #h 
nu nu 
Now ...2 : : : 
sin’ (nm — 1)u—sin?nu _ —sin (2 —1)usinu I< 1 
ney? neu? <I nu 
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Thus es) 1 
les (aaa 3}+s es 
Ath ae 
~~ e2y2 Kw 
: dx 1 
since ee 
a < {S= K 
But e>7-1 , ormu>w—u. 
Fe u 
Thus 
il i 
< Se eae 
(SES es cen 
Hence S= S,+ S8,+ 8; = 0,asu=0, 


which proves the limit 2), on using 4). 


To prove the limit 3), we have 


Du) _ ¢ wA, (2 am Ba 
0 


NU 


Let us give wa definite value and break 7’ into three sums.. 


where m is chosen so that 


[A,[=@ , w> m3 


where J is the greatest integer such that 


Au <1; 
and © 
T, = 2. 
Atl 
Obviously for some ©, 
| T,| <ul. 
Also | T,|<eur<e, 


ree (= my esl 
nu 
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As to the last sum, 


Thus 


455. Schwarz-Liiroth Theorem. 
In % =(a < b) let the continuous function f(a) be such that 


Se) ee ee as u = 0, qd 


uv 


except possibly at an enumerable set in YU. At the points &, let 
WS (£, 1%) = 0 as u = 0. (2 
Then f is « linear function in %. 


Let us first suppose with Schwarz that € = 0. We introduce 
the auxiliary function, 


g(#) = nL (a) — fo — a)(@ — b), 
L(x) = f(@) —f(@) — ;— FO) - FOS 


; 
a 


where 


n = + 1, and ¢ is an arbitrary constant. 
The function g(x) is continuous in YW, and g(a)=g(6)=0. 


Moreover g(x + uw) + g(e@— w) — 29 (2) ink 
u 


as u = 0. 


Thus for all 0<uw< some 6, 
G=g(e+u)tg(a—u)—2g(2)>0. (3 
From this follows that g(7)<0 in Y. For if g(x)>0, at any 
point in %, it takes on its maximum value at some point € within Y. 
PS WELW = HO<0 » WE-w—9()<0, 


+S 
for 0<u<6, & being sufficiently small. Adding these two in- 
equalities gives G@<0, which contradicts 3). Thus g <0 in W. 


Let us now suppose 1 + 0 for some x in YM. We take c so small 


hat : 
bat sgng = sgn yl = nsen L. 
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But 7 is at pleasure +1, hence the supposition that 2+0 is 
not admissible. Hence Z=0 in Y, or 


f@)=f@-F—ANLO)-I@} C 
is indeed a linear function. 


Let us now suppose with Liiroth that €>0. We introduce the 
auxiliary continuous function. ’ 


h(v)= L(x) + ec(a—a)*? , e>0. 
LEM Wa, Sn Sab ae 
Suppose at some inner point & of 
Lcé)> 0. (5 
This leads to a contradiction, as we proceed to show. For then 
h(E) — h(b) = L(E) + of (E — a)? —(@ — a)4>0, 
provided ra Le) 
COE) (a)? 


We shall take ¢ so that this inequality is satisfied, 7.e. ¢ lies in 
the interval € =(0*, C*). Thus 


h(E) > h(b)> h(a). 


Hence h(z) takes on its maximum value at some inner point e 
of Y. Hence for 6>0 sufficiently small, 


h(etuy—h(ey<0 , hCe—uy—h(e)<0 , V<u<d 


Hence 


SC. 


He, v= RO t+ Me WE) <0. a 


Now if cisa point of %f— G, 
lim H(e, u)=2e>0. 
u=0 


But this contradicts 7), which requires that 
lim H(e, u)< 0. 
u=0 
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Hence e is a point of €. Hence by 2), 


h(e + ujy—h(e) , Ae—u)—h) - 9 neo: 
u u 


By 6), both terms have the same sign. Hence each term = 0. 
Thus for u>90 : 


0 = tim Met = AO) — jin FOWL) LOL) 
u i 


u=0 +U 
+ 2c(e—a). 
fi@=4 aie) to e(e—a@). (8 


Hence 

Thus to each ¢ in the interval ©, corresponds an e in &, at which 
point the derivative of f(x) exists and has the value given on the 
right of 8). On the other hand, two different ¢’s, say ¢ and ec’, in 
© cannot correspond to the same e in &. 

For then 8) shows that 

e(e—a)=c'(e—a), 
pit e>a, cd=e. 

Thus there is a uniform correspondence between € whose cardi- 
nal number is c, and © whose cardinal number is e, which is absurd. 
Thus the supposition 5) is impossible. In a similar manner, the 
assumption that Z < 0 at some point in Y, leads to a contradiction. 
Hence L = 0 in Y, and 4) again holds, which proves the theorem. 


456. Cantor's Theorem. Let 
da)+ =(a, cos nz + 6, sin nx) Ci 
converge to 0 in Y=(—1, 7), except possibly at a reducible set R, 


where nothing is asserted regarding its convergence. Then tt con- 
verges to ) at every point in X, and all its coefficients 


yy A, Ag +++ by, bg, bg +++ = Qu 


For by 452, 2, a,,6,+0. Then Riemann’s function 


f@me= ta ?- > (ay cos nx + 6, sin nx) 
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satisfies the conditions of the Schwarz-Liiroth theorem, 455, since 9 
is enumerable. Thus f(x) is a linear function of 2 in Qf, and has 
the form a+ 82x. Hence 


a+ Bx—fage?=— ya cos nx +6, sin nv). (2 
i 


The right side admits the period 27, and is therefore periodic. 

Its period must be 0. For if # >0, the left side has this 
period, which is absurd. Hence w= 0, and the left side reduces 
to a constant, which gives @=0,a,=0. But in Y—R, the right 
side of 1) has the sum 0. Hence «=0. Thus the right side of 
2) vanishes in Y. As it converges uniformly in {{, we may deter- 
mine its coefficients as in 436. This gives 


a=) ’ b,=0 5 gal, 2 ... 


CHAPTER XIV 


4 


DISCONTINUOUS FUNCTIONS 


Properties of Continuous Functions 


457. 1. In Chapter VII of Volume I we have discussed some 
of the elementary properties of continuous and discontinuous 
functions. In the present chapter further developments will be 
given, paying particular attention to discontinuous functions. 
Here the results of Baire* are of foremost importance.  Le- 
besgue ¢ has shown how some of these may be obtained by sim- 
pler considerations, and we have accordingly adopted them. 

2. Let us begin by observing that the definition of a continu- 
ous function given in I, 339, may be extended to sets having iso- 
lated points, if we use I, 339, 2 as definition. 

Let therefore f(x, --- %,) be defined over Y, being either limited 
or unlimited. Let abe any point of %. If for each e > 0, there 
exists a 6 > 0, such that 


If) —f(a)|<« for any z in V3(a), 


we say f is continuous at a. 


By the definition it follows at once that f is continuous at each 
isolated point of Y%. Moreover, when a is a proper limiting point 
of 2%, the definition here given coincides with that given in I, 339. 
If fis continuous at each point of Ff, we say it is continwous in YU. 
The definition of discontinuity given in I, 347, shall still hold, 
except that we must regard isolated points as points of con- 
tinnity. vA 


* “ Sur les Functions de Variables réeles,’’ Annali di Mat., Ser. 3, vol. § 
(1899). 
Also his Legons sur les Functions Discontinues. Paris, 1905. 
t Bulletin de la Société Mathématique de France, vol. 32 (1904), p. 229, 
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3. The reader will observe that the theorems I, 350 to 354 
inclusive, are valid not only for limited perfect domains, but also 
for limited complete sets. 


458. 1. Iff (a, ++: %m) ts continuous in the limited set A, and its 
values are known at the points of B < YU, then f is known at all 
points of Bl lying in A. ‘ 

For let 6,, b2, 0, --- be points of %, whose limiting point 6 lies 
in 2%. Then 

lim f(0,) = (2). 
“ n= 

2. If f is known for a dense set Bin A, and is continuous in A, 
F is known throughout %. 

For Bl > YL. 

3. If f(@, +++ %m) ts continuous in the complete set YW, the points 
Bin A where f= ec, a constant, form a complete set. If W is an 
interval, there is a first and a last point of B. 


For f=e at r= «a,, a, + which =a; we have therefore 


F(a) = lim f(a) = ¢. 


459. The points of continuity © of f(ay--+ tm) m A lie in a 
deleted enclosure ®. If Mis complete, R = C. 


For let e¢, >«, >--- = 0. For each e,, and for each point of 
continuity c in Yf, there exists a cube OQ whose center is ¢, such that 


Ose f < €,, in Q. 

Thus the points of continuity of f lie in an enumerable non- 
overlapping set of complete metric cells, in each of which 
Osc f <e,. Let OQ, be the inner points of this enclosure. Then 
each point of the deleted enclosure 

& = Dv {9,5 
which lies in % is a point of continuity of f. For such a point ¢ 
lies within each ,,. 

ee Ose f < ¢, in W.(e); 


for 6 > 0 sufficiently small and n sufficiently great. 
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Oscillation 
460. Let, _ Osc f (41+: %m) in Vs(a). 


This is a monotone decreasing function of 6. Hence if , is 


finite, for some 6 > 0, 
o = lima; 


6=0 ¢ 


exists. We call o the oscillation of f at x = a, and write 


@o = Osc 7, 


xz=a 


Should w; = + 00, however small 6 > 0 is taken, we say a = + 0. 
When » = 0, f is continuous at 2 = a, if a isa point in the domain 
of definition of f, When » > 0, fis discontinuous at this point. 
It is a measure of the discontinuity of f at x = a; we write 


w = Disc f(a, +++ Zp). 
461. 1. Let 
ad = Dise f(a, +--+ tm), @ = Dise g (2, -++ %m)5 


atx=a. Then 
|\d-—e|<Dise(ftg)<d+t+e. 


For in V;(a), 

| Ose f — Ose g| < Ose( f + 9) < Ose f + Ose g. 
2. If f is continuous at x = a, while Dise g = d, then 

Dise (f+Qy=d. 
For f being continuous at a, Disc f = 0. 
ERE Disc g < Dise(f +g) < Disceg = d. 
3. Lf e is a constant, 
Dise (ef) =|¢|Disef , ata=a. 
Ose (of) = |e} Oscf 4 in any” V5(a). 
4. When the limits 
Ve 0a ee 0) 


For 
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exist and at least one of them is different from f(x), the point x 
is a discontinuity of the first kind, as we have already said. 
When at least one of the above limits does not exist, the point x 
is a point of discontinuity of the second kind. 


462. 1. The points of infinite discontinuity & of f, defined over 
a limited set A, form a complete set. 


For let ¢,, 4+» be points of 3, having & as limiting point. 
Then in any (4) there are an infinity of the points «, and hence 
in any V(k), Ose f=+o. The point k does not of course 
need to lie in Y. 


2. We cannot say, however, that the points of discontinuity of 
a function form a complete set as is shown by the following 


Example. In %= (0, 1), let f(v) =z when 2 is irrational, and 
= 0 when wis rational. Then each point of % is a point of dis- 
continuity except the point x=0. Hence the points of disconti- 
nuity of f do not form a complete set. 


3. Let f be limited or unlimited in the limited complete set %. 
The points R of XM at which Osc f > k form a complete set. 


For let a,, a ,--. be points of ® which=a. However small 
6 >0 is taken, there are an infinity of the a, lying in Vs(a). But 
at any one of these points, Ose f >. Hence Ose f >k in Vs (a), 
and thus a lies in &. 


4. Let f(a, +++ &,) be limited and R integrable in the limited set %. 
The points R at which Ose f => k form a discrete set. 


For let D be a rectangular division of space. Let us suppose 
&> > some constant ¢ > 0, however D is chosen. In each cell & 


of D, 
Osc f > k. 


Hence the sum of the cells in which the oscillation is > k can- 
not be made small at pleasure, since this sum is >. But this 
contradicts I, 700, 5. 


5. Let f(a, -++ Xm) be limited in the complete set AX. If the points 
R in U at which Osc f = k form a discrete set, for each k, then f is 
R-integrable in %. 
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For about each point of % — & as center, we can describe a cube 
€ of varying size, such that Ose f<2kin ©. Let D be a cubical 
division of space of norm d. We may take d so small that 
Rp» = =d, isas small as we please. The points of % le now within 
the cubes © and the set formed of the cubes d,. By Borel’s 
theorem there are a finite number of cubes, say 


Ue oy ub ee 


such that all the points of f lie within these 7’s. If we prolong 
the faces of these n’s, we effect a rectangular division such that 
the sum of those cells in which the oscillation is > 2% is as small 
as we choose, since this sum is obviously <,. Hence by I, 700, 
5, f is R-integrable. 


6. Let f (a, +++ &m) be limited in M; let its points of discontinuity 
in Ube D. If f is R-integrable, D is a null set. If Wis complete 
and D is a null set, f is R-integrable. 


Let f be R-integrable. Then D is a null set. For let e,>¢, 
>-+.=0. Let , denote the points at which Osc f>e,. Then 
D = {D,}. But since fis R-integrable, each D, is discrete by 4. 
Hence ® is a null set. 

Let & be complete and Da null set. Then each D, is complete 
by 8. Hence by 865, 5, =,. As = 0, we see D, is discrete. 
Hence by 5, f is R-integrable. 

If Y is not complete, f does not need to be R-integrable when 
®D is a null set. 

Example. Let %,= {2} > na=1,2--3; m< Q. 


On 


Let y= Wt, + se 


; 1 m 
Let F(@) = Oa 5 atz= on vA 


=1 isto 


Then each point of Mis a point of discontinuity, and % = 9. 
But %,, YW are null sets, hence 9% is a null set. 
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On the other hand, 


Set ifn 


and f is not R-integrable in YI. 


Pointwise and Total Discontinuity 


463. Let f(a, +--+ 2) be defined over 2. If each point of Wis a. 
point of discontinuity, we say f is totally discontinuous in Y. 

We say f is pointwise discontinuous in Y, if f is not continuous 
in %= fa}, but has in any V(a) a point of continuity. If f is 
continuous or pointwise discontinuous, we may say it is at most 
powntwise discontinuous. 


Example 1. A function f(a, +++ z,) having only a finite number 
of points of discontinuity in %f is pointwise discontinuous in 2. 


Example 2. Let 
F@)=O> >for irrational z in W= ¢€0; 1) 


Siege tor pe 
n n 
=1 , forzv=0, 1. 

Obviously f is continuous at each irrational 2, and discontinuous 
at the other points of %f. Hence f is pointwise discontinuous 
in Y. 

Example 8. Let DS be a Harnack set in the unit interval 
%= (0,1). In the associate set of intervals, end points included, 
let f(~@)=1. At the other points of WY, let f=0. As D is 
apantactic in YU, f is pointwise discontinuous. 


Example 4. In Ex. 3, let D=€+ 4%, where € is the set of end 
points of the associate set of intervals. Let f=1/n at the end 
points of these intervals belonging to the n™ stage. Let f=0 in 
®. Here f is defined only over D. The points § are points of 
continuity in. Hence f is pointwise discontinuous in 9. 


Example 5. Wet f(x) be Dirichlet’s function, z.e. f= 0, for the 
irrational points ¥ in &=(0, 1), and = 1 for the rational points, 
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As each point of %f is a point of discontinuity, f is totally discon- 
tinuous in YY. Let us remove the rational points in &; the deleted 
domain is §. In this domain f is continuous. Thus on removing 
certain points, a discontinuous function becomes a continuous 
function in the remaining point set. 

This is not always the case. For if in Ex. 4 we remove the 
points §, retaining only the points &, we get a function which is 
totally discontinuous in ©, whereas before f was only pointwise 
discontinuous. 


464. 1. If f(x, +++ a) is totally discontinuous in the infinite com- 
plete set U, then the points d,, where 


Disc f aor 7 (a> 0, 
form an infinite set, if w is taken sufficiently small. 


For suppose >, were finite however small @ is taken. Let 
@,>@,>++=0. Let D,, Dz, --- be a sequence of superposed 
cubical divisions of space of norms d,=0. We shall only con- 
sider cells containing points of Y. Then if d, is taken sufficiently 
small, D, contains a cell 6,, containing an infinite number of 
points of Y, but no point at which Discf>o,. If d, is taken 
sufficiently small, D, contains a cell 6,<6,, containing no point 
at which Disc f >,. In this way we get a sequence of cells, 


He Ce. ses 


which = a point p. As % is complete, p lies in YA. But f is 
obviously continuous at p. Hence f is not totally discontinuous 


in Y. 


2. If YW is not complete, d, does not need to be infinite for 
any o>). 


Example. Let Y= bai ,n=1,2,--- and m odd and <2". At 
™ let f= a 


a oa Then each point of Wis a point of discontinuity. 
But , is finite, however small @ > 0 is taken. 


3. We cannot say fis not pointwise discontinuous in complete 
, when b, is infinite, : 
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Example. At the points {*} =9t, let f=0; at the other 
n 


points of Y=(0, 1), let f=1. 

Obviously f is pointwise discontinuous in YY. But d, is an 
infinite set for o< 1, as in this case it is formed of 9, and the 
point 0. 


Examples of Discontinuous Functions 


465. In volume I, 330 seg. and 348 seg., we have given ex- 
amples of discontinuous functions. We shall now consider a few 
more. 


Example 1. Riemann’s Function. 


Let (@) be the difference between x and the nearest integer ; 
and when 2 has the form n+ 4, let (2)=0. Obviously (x) has 
the period 1. 

It can be represented by Fourier’s series thus: 


a a fal 
7 ili 2 33 


Riemann’ s function is now 


2 


F(a) = > 2. (2 


1 
This series is obviously uniformly convergent in Y= (— 00, 00). 
Since (x) has the period 1 and is continuous within (—4, 4), 


we see that (nx) has the period Lu) and is continuous within 
n 


(- _ 5): The points of discontinuity of (mz) are thus 
2n 2n 
(1. 8 | 


C.= | sae 


ay ae), 


Pre Sil) Base ae 


Let €={G,{. Then at any z not in G, each term of 2) is a con- 
tinuous function of z Hence #’(2x) is continuous at this point. 

On the other hand, /# is discontinuous at any point e of © For 
F being uniformly convergent, 


Rlim F(x) = ER lim (uz) G3 
Llim F(x) = = tim C2), (4 
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We show now that 8) has the value 


F(e)- —_ ape a for eee att e reales (5 
and 4) the value 
ae 
F(e+—; Tene (6 
Hence ph: 
DE aa a 
To this end let us see when two of the numbers 
as ae and i + ss MEN 
2m m Wi Th 
are equal. If equal, we have 
Ripe || ss 23+ iy (8 
m n 


Thus if we take 2s+1 relatively prime to n, no two of the num- 
bers in ©, are equal. Let us do this foreach n. Then no two of 
the numbers in € are equal. 


eg ! ; : 
Let now z=e= a. +--+ Then (mz) is continuous at this point, 
nn 
unless 8) holds; 7@.e. unless mis a multiple of n, say m=In. In 


this case, 8) gives 
2r+1l=1(2s+1). 
Thus 7 must be odd; 7=1, 8,5... In this case (mz) = 0 at e, 
while & lim (mz)=—4. When m is not an odd multiple of n, 


obviously : Flim (mx) = (me). 


Thus when m= ln, J odd, 


When m is not a multiple of n, 


Jes slraway Se (mr) _ (mer), 


a=e mM m? a 
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Hence 
Rlim F(x) = F(e)— eelpt nts oe | 
=F(e)— a a by ate. 


This establishes 5). Similarly we prove 6). Thus F(z) is 
discontinuous at each point of € As 


“a 


FOS D4 


F is limited. As the points © form an enumerable set, F is 
#-ntegrable in any finite interval. 


466. Hzxample 2. Let f(#)=0 at the points of a Cantor set 
C=m-a,a,++»; m=0, or a positive or negative integer, and the 
as=0 or 2. Let f(v)=1 elsewhere. Since f(z) admits the 


period 1, f(3 nx) admits the period 53" Let C, be the points of 
n 


C which fall in &=(0,1). Let D, be the corresponding set of 
intervals. Let C,= C,+T,, where T, is obtained by putting a 
C, set in each interval of D,. Let D, be the intervals correspond- 
ing to (,. Let C,;= C,+T, where I’, is obtained by putting a C, 
set in each interval of D,, etc. 


The zeros of f (8 nz) are obviously the points of C,. Let 
1 
F=> Gf G22) = Sf,(2). 


The zeros of F are the points of C={C,}. Since each C, is a null 
set, € is also a null set. Let d=%&%—C€. The points A, € are 
each pantactic in %. Obviously # converges uniformly in YQ, 
since 0<f(8 nz) <1. Since f,(x) is continuous at each point a 
of A, Fis continuous at a, and 


F(a)=- ntatgeto = H. 
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We show now that F is discontinuous at each point of ©. For 
let e,, be an end point of one of the intervals of D,,,, but not of 
D,,. Then 


film =a > Ful em = Sy 


Sint pm) = 0 > p= 1, D oso 
Hence F (em) = Hy, = ey 


As the points A are pantactic in YU, there exists a sequence in 
A which =e. For this sequence F= H. Hence 


Disc F= H— H,, = H,. 


tC 


Similarly, if 7, is not an end point of the intervals D,,,,, but a 
limiting point of such end points, 


Disc = H,,,. 


tin 


The function Fis A-integrable in %f since its points of discon- 
tinuity © form a null set. 


467. Let €= Lea be an enumerable set of points lying in the 
limited or unlimited set X, which les in R,,. For any x in N and 
any e, in &, letx—e,liein B. Let g(a, +++ &) be limited in B and 
continuous, except at «= 0, where 

Dis¢ g(z) = b, 
Let C= e,,...,, converge absolutely. Then 


F (ay +++ &p) = Xe, g(a — ¢,) 
is continuous in A=%A— G&G, and atx=e,, 
Dise 7 (ez) = ¢,b. e 
For when # ranges over Y, 2 —e, remains in B, and g is limited 
in ¥. Hence F is uniformly and absolutely convergent in YM. 
Now each g(a —e,) is continuous in A; hence F is continuous 


in A by 147, 2. 
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On the other hand, F is discontinuous at z=e,. For 
F(v)=c,9(«@—e,)+ H(2), 


where H is the series # after removing the term on the right of 
the last equation. But H, as has just been shown, is continuous 
at r=e,. 


468. Example 1. Let €=fe,} denote the rational numbers. 


iret g(@) =sin ee oO) 
x 


“a 


= 0 ; x= 0. 


Th 1 
ag F@)= Y—9(@— en) ool 


is continuous, except at the points € At rv=e,, 


' 2 
Disc F = —. 


ne 
Example 2. Let €=$e,} denote the rational numbers. 


SES) CONS ee it 


I 
° 


x= 0, 
which we considered in I, 331. 


Then 1 
La)= 29 — Cn) 
is continuous, except at the rational points, and at r= e,, 


Dise F()=—- 


469. In the foregoing g(x) is limited. This restriction may be 
removed in many cases, as the reader will see from the following 
theorem, given as an example. 


Let EB = {e.,...,,3 be an enumerable apantactic set in U. Let €= 
(E, FE’). For any x in%, and any e, in E, let x—e, lie within a 
cube B. Let g(2,-++ 7m) be continuous in B except at x=0, where 
g=t+u,asx=0. Let re,...,, be a positive term convergent series. 
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Dhen F (@, ++ tn) = 26g e— e,) 
is continuous in A=%—C. On the other hand, each point of € is a 
point of infinite discontinuity. 

For any given point z=a of A lies at a distance >0 from &. 


Thus Min (2#—e,) > 0, 


“ 
as x ranges over some V,(a), and e, over E. 


oe | g(z—e,)| < some M, 
for xin V,(a), ande,in #. Thus Ff is uniformly convergent at 
z=a. As each g(x—e,) is continuous at y=a, F is continuous 
at a. : 

Let next x=e,. Then there exists a sequence 


eal! gon weno. @! 
whose points lie in A. Thus the term g(a7— e,)=+o as x ranges 
over 1). Hence a fortiori F=+o. Thus each point of # isa 
point of infinite discontinuity. 


Finally any limit point of # is a point of infinite discontinuity, 
by 462, 1. 


470. Example. Let g(x) = , == ue spades ty 
x a” 
1 
CL, = ° 
an! 


ee F(x) = Seg(e— a) 
= Sie ee 
ni1l+a%s 

is a continuous function, except at the points 


dehy chet 


which are points of infinite discontinuity. 
vA 
471. Let us show how to construct functions by limiting 
processes, whose points of discontinuity are any given complete 
limited apantactic set € in an m-way space ®,,. 


a 
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1. Let us for simplicity take m = 2, and call the codrdinates of 
a point a, y. 

Let @ denote the square whose center is the origin, and one of 
whose vertices is the point (1, 0). 

The edge of Q is given by the points a, y satisfying 


l77+|y[=1. ad 
Thus 1 4, on the edge 
Q@, y) = lim = 1, inside (2 
nso 1+(|2|+|y|)* _ 
0, outside 


of the square @ Hence 


: 1—|2z|—|y|} 1, on the edge, 
Tey 4 tim 2 |= (3 
@y) af nz 1+nil—|2]—|y|}] LO, off the edge. 


Thus , ae Se 
F@ Y= AG@Y+ Lay) = ia without Q. 


2. We next show how to construct a function g which shall = 0 
on one or more of the edges of Q. Let us call these sides e,, €, €3, &,, 
as we go around the edge of @ beginning with the first quadrant. 
If G@ = 0 on e, let us denote it by G,; if G=0.0n 2, e let us 
denote it by G,, etc. We begin by constructing G,. We observe 
that 

er n|t| _ [1, fort = 9, 
n=0 1+ n|t| 10, for ¢ 0. 


Now the equation of a right line 7 may be given the form 
xcosa+ysina=p 


where 0<a<27, p>0. Hence 


Z(2,y)=1-—lim 


n|zcosa+y sin «— p| — fl,ond, 
n=n1+n|x2cosa+ysina— p| f 


0, off U. 


If now we make J coincide with e,, we see that 


(is : 
By (a, y) = 22m YL y= 10 vee gt 
o} tenon AAO 


Hence 


by “J wert ine @. except on é, 
Ga y= Gay) Hi, (@, y) = fe e, and without Q. 
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In the same way, 


G,= G—(HL,+ &), 


G = GCE eh Ee) 


uk 
Gig = ¢ —(4,+ 4+ 4+ %). 


By introducing a constant factor we can replace @ by a square 
Q, whose sides are in the ratio ¢: 1 to,those of Q. 


Thus 1 [n on the edge of Q,, 


Pid Sa eee inside 
,Y) = lim x : 
A) — EN (24) “4 ww) 0, outside. 


We can replace the square @Q by a similar square whose center 
is a, 6 on replacing |x|, |y| by |z—a, |y—)l. 

We have thus this result: by a limiting process, we can con- 
struct a function g(a, y) having the value 1 inside Q, and on any 
of its edges, and = 0 outside @, and on the remaining edges. 
Q has any point a, 6 as center, its edges have any length, and its 
sides are tipped at an angle cf 45° to the axes. 

We may take them parallel to the axes, if we wish, by replacing 
|v|, |y| in our fundamental relation 1) by 


[ee le pe eg | 


Finally let us remark that we may pass to m-way space, by re- 
placing 1) by 
[a] + [ag| ++ + lem) = 1. 


3. Let now Q = §q,} be a border set [328], of non-overlapping 
squares belonging to the complete apantactic set ©, such that 
ON+C€=R the whole plane. We mark these squares in the 
plane and note which sides q, has in common with the preceding 
qs. We take the g,(ay) function so that it is=1 in q,, except 
on these sides, and there 0. Then 


G(x, y) = 29,(vy) 


has for each point only one term +0, if 2, y*Nes in Q, and no 
term + 0 if it lies in G. 


Hence eSng= ( 1, for each point of Q, 


Q, for each point of ©. * 
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Since € is apantactic, each point of © is a point of disconti- 
nuity of the 2° kind; each point of Q is a point of continuity. 


4. Let f(y) be a function defined over % which contains the 
complete apantactic set ©. 


Then 


F (ay) =>f (ry) gn(ay) = a See x — G, 


' 


472. 1. Let Y= (0, 1), -B, = the points 2 oe LU in Wf. 


Then %,, 8, have no points in common. 
Let f,(@) =1 in %,, and'=0.in B,=A— By. 
Let B= §%,}. Then 
: 1, in B 
F = s = r) p) 
The function F is totally discontinuous in %, oscillating be- 


tween 0 and 1. The series # does not converge uniformly in 
any subinterval of Qf. 


2. Keeping the notation in 1, let 
fl 
Ga) =>- : 
@) =D A@) 
At each point of $,, @= i while G=0 in B. 
n 


The function G is discontinuous at the points of 8, but con- 
tinuous at the points B. The series G converges uniformly in 
%, yet an infinity of terms are discontinuous in any interval in Y. 


473. Let the limited set % be the union of an enumerable set 
of complete sets {%,{. We show how to construct a function f, 
which is discontinuous at the points of %f, but continuous else- 
where in an m-way space. 

Let us suppose first that 2X consists of but one set and is com- 
plete. A point all of whose codrdinates are rational, let us call 
rational, the other points of space we will call non-rational. If % 
has an inner rational point, let f=1 at this point, on the frontier 
of WM let f=1 also; at all other points of space let f=0. Then 
each point a of {is a point of discontinuity. For if x is a fron- 
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tier or an inner rational point of %, f(7) =1, while in any V(2) 
there are points where f=0. If x is not in Qf, all the points of 
some D(x) are also not in 9. At these points f=0. Hence fis 
continuous at such points. 

We turn now to the general case. We have 


W=A,+ A,+ Ag+: 


where A, = %,, A, = points of %f, not in W,, ete. Let f; =1 at the 
rational inner points of A,, and at the frontier points of %,; at all 
other points let f,=0. Let f,=4 at the rational inner points of 
A,, and at the frontier points of A, not in A,; at all other points 
let f,= 9. At similar points of A, let f,=4, and elsewhere = 0, 
etc. 


Consider now F = 3f,(4 +++ %m)- 


Let z=a bea point of Y%. If it is an inner point of some A,, 
it is obviously a point of discontinuity of #. If not, it is a proper 
frontier point of one of the A’s. Then in any D(a) there are points 
of space not in Y, or there are points of an infinite number of the 
A’s. In either case a is a point of discontinuity. Similarly we 
see Fis continuous at a point not in Y. 


2. We can obviously generalize the preceding problem by sup- 
posing %& to lie in a complete set %, such that each frontier point 
of U1 is a limit point of A= %B— Y. 

For we have only to replace our m-way space by &. 


Functions of Class 1 


474. 1. Baire has introduced an important classification of 
functions as follows: 

Let f(a,--+%,) be defined over %; f and % limited or unlimited. 
If f is continuous in Y, we say its class is 0 in Yf, and write 


Classi f= 0 5 or Gli 0, Mod 7. 
us f= lim f,(a4 +++ 2m), 


each f, being of class 0 in %{, we say its class is 1, if f does not lie 
in class 0, mod’ YI. : 
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2. Let the series . 
P(x) =2f,@) 
converge in Y, each term f,, being continuous in WY. Since 


Pa) = lin LC), 


we see F’ is of class 0, or class 1, according as /’ is continuous, or 
not continuous in YY. A similar remark holds for infinite prod- 


a G (x) = Tg,(2). 


3. The derivatives of a function f(z) give rise to functions of 
class 0 or 1. For let f(x) have a unilateral differential coeffi- 
cient g(x) at each point of Y&. Both f and % may be unlimited. 
To fix the ideas, suppose the right-hand differential coefficient 
exists. Let h,>h,>---=0. Then 


n(#) = Piet My) = =J@), eth, in %, 


is a continuous function of zin %. But 
OE CD, 
exists at each z in & by hypothesis. 


A similar remark applies to the partial derivatives 


Ue tb 
da,” OLn 
of a function f(a, ++: 2). 


4, Let FAL) — lim f,,(& rere De). 


each f, being of class 1 in Y&. Then we say, Cl f= 2 if f does not 
lie in a lower class. In this way we may continue. It is of 
course necessary to show that such functions actually exist. 


475. Example 1. 


Let 
=i 
ie) ee 1+ nz 


NL al for z= 0; 
0, for z = 0. 


This function was considered in I, 331. In any interval 
%= (0 <6) containing the origin # = 0, Cl f= 1; in any inter- 
val (a <b), a> 0, not containing the origin, Cl f = 0. 
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Example 2. 
Let 


ao 0, in X= (— 0, o). 


J@)= lim 
The class of f(z) is 0 in Y. Although each f, is limited in Y, 

the graphs of f, have peaks near 2 = 0 which = «, as n =o. 
Example 3. If we combine the two functions in Ex. 1, 2, we 


get : 
1 +ognen {oreo 
l+nz er 0, for z= 0. 


J) ae { 


00 


Hence Cl f(z) = 1 for any set @ embracing the origin; =0 
for any other set. 


Example 4. 
Let 


me 
f(@) =lim ve” , in&= (0, 1). 
Then FOS ve ean 


1 
=ge* , forz>0. 


We see thus that f is continuous in (0*, 1), and has a point of 
infinite discontinuity at « = 0. 


Hence Class f(~#)=1, in Y 
= 0, in Coe ie 


Example 6. 
ue oye es 7 mA=(0,0). 
n= x + bao 
then CD : @) LOK a 0 
x 
=+o , forz=9. 
Here lim yc) vA 


does not exist at x= 0. We cannot therefore speak of the class 
of f(z) in & since it is not defined at the point x= 090. It is 
defined in 8 = (0*, oo), and its class is obviously 0, mod B. 
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Example 6. 
= f(z) =sin + , for2+«0 

=aconstante , forz=0. 


We show that Clf=1in {=(—0,.0). For let 


nx na A Degas) 
ata (1 ie J+ Taine sin fo | 
n 


“ 


= 9n(x%) +h, (2). 
Now by Ex. 1, 


: 0, for z > 0, 
nn al) ti for2z=0; 
while sin a for #0, 
lim fh, (2) = 2 
POS ior c=0: 


As each f, is continuous in %, and 
lim f(@) = (ew) ama, 


we see its class is <1. As f is discontinuous at z = 0, its class 
is not 0 in Wf. 


Example 7. Let fy atin i sa 1 
pein 2 
Here the functions f,(2) under the limit sign are not defined 
forz=0. Thus f is not defined at this point. We cannot there- 
fore speak of the class of f with respect to any set embracing the 
point x=0. For any set 8 not containing this point, Cl f= 0, 
since f(z) = 0 in B. 


Let us set $(2) = sin = , forz+#0 


=aconstante , forrz=0. 


Let g(2) = lim : $(x) =lim $,(2). 
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Here g is a continuous function in & = (—, 0). Its class is 
thu: 0 in 9%. On the other hand, the functions ¢, are each of 
ciass 1 in Wf. 


Example 8. 


is defined at all the points of (—, 0) except 0, —1, —2,--- 
These latter are points of infinite discontinuity. In its domain 
of definition, [ is a continuous function. Hence ClI'(x) =0 
with respect to this domain. 


476. 1. If %, limited or unlimited, is the union of an enumerable 
set of complete sets, we say YU is hypercomplete. 


Example 1. The points S* within a unit sphere S, form a 
hypercomplete set. For let =, have the same center as S, and 
radius r<1. Obviously each 2, is complete, while {2,} = S*, r 
ranging over 7,<7rg<-:-=1. 


Example 2. An enumerable set of points a,, a, --- form a hyper- 
complete set. For each a, may be regarded as a complete set, 
embracing but a single point. 


2. Tf U,, A, +--+ are limited hypercomplete sets, so is their union 
Ut = 2. 


For each %,, is the union of an enumerable set of complete sets 
Wn, nr Lhus Y= {Ann} m,n=1, 2--- is hypercomplete. 


Let XU be complete. If B isa complete part of I, A=A—B ts 
hypercomplete. 


For let Q = {q,} be a border set of B, as in 328. The points 
A, of A in each q, are complete, since % is complete. Thus 
A =3$A,}, and A is hypercomplete. 


vs 
Let A= {U,} be hypercomplete, each X, being complete. If B is 
a complete part of A, A = %X— B is hypercomplete. 


For let A, denote the points of %f, not in 8. Then as above, 
A, is hypercomplete. As A= 5A,}, A is also hypercomplete. 
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477. 1. ©. Sets. If the limited or unlimited set 9 is the union 
of an enumerable set of limited complete sets, in each of which 
Ose f<e, we shall say %f is an ©, set. If, however small e>0 is 
taken, Y& is an ©, set, we shall say % is an & set, ¢+0, which we 
may also express by ©... 


2. Let f(x, +++ Gm) be contintious in a. limited complete set Y%. 
Then UX ts an S. set, «= 0. if 

For let e>0 be taken small at pleasure and fixed. By I, 353, 
there exists a cubical division of space D, such that if 9%, denote 
the points of YY in “one of the cells of D, Osef<einW,. As YW, is 
complete, since YY is, %&f is an &, set. 


3. An enumerable set of points X= fa,} is an C..» set. 
For each a, may be regarded as a complete set, embracing but 
a single point. But in a set embracing but one point, Osc f= 0. 


4. The union of an enumerable set of ©, sets A = {,,} is an ©, set. 
For each Y,, is the union of an enumerable set of limited sets 
Min. nls = 1, 2,>- and Osc f= ein each J,,,- 
Thu 
Ss == $1, 5 m,n=1, De eee 
But an enumerable set of enumerable sets is an enumerable set. 
Hence 2 is an &, set. 


5. Let f (x, +++ 2m) be continuous in the complete set U, except at the 
points D=d,,d,---d,. Then U is an Ee set. 

For let e>0 be taken small at pleasure and fixed. About each 
point of D we describe a sphere of radius p. Let %, denote the 
points of % not within one of these spheres. Obviously 2, is com- 
plete. Let p range over 7; >7r,>-:-=0. If we set Y=A+D, 
obviously A={%, 3. As f is continuous in Y,, it is an ©, set. 
Hence Y%, being the union of A and 9, is an &, set. 


478. 1. Let Ube an &, set. The points D of A common to the 
limited complete set B form an &, set. 

For Y% is the union of the complete a8 %,, in each of which 
Osc f<e. But the points of %, in B form a complete set A,, and 
of course Oscf<ein A,. As D=§A,}, it is an &, set, 
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2. Let U be a limited ©, set. Let B be a complete part of . 
Then A= A — B r8 an &, set. 

For Y is the union of the complete sets Y,, in each of which 
Osc f<e. The points of Y, not in B forma set A,, such that 
Ose f<e in A, also. But A={§A,}, and each A, being hyper- 
complete, is an &, set. 

3. Let f (a +++ %m) be defined over, either f or 2 being limited 
or unlimited. The points of 9 at which 


a<f<B @! 
(a<f<). (2 


If in 1) one of the equality signs is missing, it will of course be 
dropped in 2). 


may be denoted by 


479. 1. Let f,, f,,--- be continuous in the limited complete set XY. 
If at each point of U, lim f,, exists, Wis an E..) set and so is any 
complete B < YU. i 

For let lim. f, (@-: im) =f @ +2) in A. Let us effect a 
division of norm ¢/2 of the interval (—o, o ) by interpolating 
the points --. m_g, M_15 M)= 9, m,, Mm, °° 

Let i= Gn, =< f <4,), them A = 3A |. 

Next let aes Dv{ m, +2 <f.Smaq—=}- 

q2p n nr 
Then X= {D,o} » m pala a 
For let a be a point of Y, and say f(a) =a. Then 
M Qa Maro 
But a—e<fi(a)<ate , g>some p, 


and we may take e and n so that 
m, + < fy (a) SM, 49 — a 
n n 
Hence a is in 9,,,. vA 
Conversely, let a be a point of {®,,,}. Then a@ lies in some 
Dn,p> Hence, 


Te ya) = mee » Y=~p. 
n n 
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But as f,(a) =f (a), we have 
lf (a) —f,(a)|<e , g>some pl. 


Hence if ¢ is sufficiently small, 

Der m<f (a) < Msgs 
and thus a is in Y,. 

Thus 1) is established. But 9,, isa divisor of complete sets, 
and is therefore complete. Thus %f is the union of an enumerable 
set of complete sets §B,}, in each of which Osc f<e, € small at 
pleasure. ‘4 

Let now % be any complete part of Wf. Let a,= Dv {%, B}. 
Then q, is complete, and Ose f<e, ina,. Moreover, 8 = fa}. 

Hence % is an ©.» set. 

2. If Class f<1 in limited complete U, f limited or unlimited, 
A zs an €, set. 

This is an obvious result from 1. 


3. Let f (a +++ %m) be a totally discontinuous function in the non- 
enumerable set A. Then Class f is not 0 or 1 in M, af d = Dise f at 
each point is <k > 0. 

For in any subset & of Y& containing the point 2, Ose f>k. 
Hence Osc f is not <e, in any part of %, ife<k. Thus %& cannot 
be an &. set. 

4. If Class f (a +++ &m) <1 in the limited complete set A, the set 
B= (a<f< b) is a hypercomplete set, a, b being arbitrary numbers. 

For we have only to takea=m,b=m,,,. Then %= ,, which, 
as in 1, is hypercomplete. 


480. (Lebesgue.) Let the limited or unlimited function f (a, +++ %m) 
be defined over the limited set A. If A may be regarded as an 
E.2) set with respect to f, the class of fis <1. 

For let #, >, >+:-=0. By hypothesis 2% is the union of a 
sequence of complete sets 


My ’ Ure ’ a CS; 


in each of which Osc f<@,. is also the union of a sequence 
of complete sets 


Bry ’ Bio ’ By3 °° d 
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in each of which Ose f<@,. If we superpose the division 1) of 
% on the division S,, each Y%,, will fall into an enumerable set 
of complete sets, and together they will form an enumerable 
seq uence 


Yor ’ Yoo ’ ego CS, 


in each of which Ose f< ,. Continuing in this way we see that 
% is the union of the complete sets * 


Way ’ UEP ’ aa rie (Gey 


such that in each set of S,,, Osc f< @,, and such that each set lies 
in some set of the preceding sequence S,,_,. 
With each Y,, , we associate a constant C,,, such that 


| f (x) iy Cal <o, , in ALN (2 
and call C,, the corresponding field constant. 


We show now how to define a sequence of continuous functions 
Fis fg ++ which = f. To this end we effect a sequence of super- 
imposed divisions of space D,, D,--- of norms = 0. The vertices 
of the cubes of D, we call the lattice points Z,. The cells of D, 
containing a given lattice point 7 of Z, formacube Q. Let %,, 
be the first set of S, containing a point of Q. Let %, be the first 
set of S, containing a point of Q lying in Y,,,. Continuing in 
this way we get 

Mh oa Mou, ES ap a aoe. 


To Y,., belongs the field constant C,,,; this we associate with 
the lattice point 7 and call it the corresponding lattice constant. 
Let now © bea cell of D, containing a point of Y%. It has 2” 


vertices or lattice points. Let P, denote any product of s differ- 
ent factors 2,,, %,)°* 2,,- We consider the polynomial 


Ga AP DBP SOP eS AP eer, 


the summation in each case extending over*all the distinct 
products of that type. The number of terms in ¢ is, by I, 96, 


()e(i)eGeneren 
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We can thus detormine the 2” coefficients of @ so that the values 
of @ at the lattice points of © are the corresponding lattice con- 
stants. Thus ¢ is a continuous function in ©, whose greatest and 
least values are the greatest and least lattice constants belonging 
to ©. Each cube € containing a point of Y% has associated with it 
a ¢ function. ‘ 

We now define f,(2, +++ @,) by. stating that its value in any 
cube € of D,, containing a point.of Y, is that of the correspond- 
ing @ function. Since ¢ is linear in each variable, two ¢’s belong- 
ing to adjacent eubes have the same values along their common 
points. 

We show now that f,(2) += f(a) at any point a of , or that 


e> >», IF(@) fae) |<€ 5 n> (3 


Let o, << ¢/8. Let %,, be the first set in S, containing the point a, 
Y.,, the first set of S, lying in Y%,,, and containing 2 Continuing 


we get , = W., = ae Sito Maus 


Let %, be the union of the sets in S, preceding 5 of the sets in 
S, preceding Y,,, and lying in %,,, and so on, finally the sets of 
S, preceding %,,, and lying in Y,_,,,_, Their number being 
finite, 6= Dist (Y.,, B.) is obviously > 0. We may therefore 
take v > e so large that cubes of D, about the point x lie wholly 
Hy De), 9. 0: 

Consider now f,(z), n > v, and let us suppose first that x is not 
a lattice point of D,. Let it lie within the cell © of D,. Then 
f,(£) is a mean of the values of 


Fu(D) = Cn, ins 
where J is any one of the 2” vertices of ©, and C,, is the corre- 
sponding lattice constant, which we know is associated with the 
set U,,,- 
We observe now that each of the 


De Ss M., teu (4 


For each set in S,, is a part of some set in any of the preceding 
sequences. Now Y,, cannot be a part of %,, 4 < 4,, for none of 
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these points lie in D,(z). Hence Y,;, is a part of WU... For the 
same reason it is a part of Y,,,, etc., which establishes 4). 
Let now 2’ be a point of %,,,. Then 


| Crin Py Ca | = | Cat — f (2') | + lf Ca!) — Ce 


<, +0, <7 b) by 2). (5 


a] 


From this follows, since f,,(z) is a mean of these C,,,, that 
EAC yates (6 
But now 
IF @Q)-A@ | SIF @— Galt] Gun -A@|- 
As =z lies in %,,., 


IF) — Cain | < IF) — Cal + | Co — Cain | 


€ € 
Sh oi one (8 


by 2), 5). From 6), 8) we have 3) for the present case. 


The case that z is a lattice point for some division and hence 
for all following, has really been established by the foregoing 
reasoning. 


481. 1. Let f be defined over the limited set %. If for arbitrary 
a, b, the sets B=(a<f <b) are hypercomplete, then Class f < 1. 

For let us effect a division of norm ¢«/2 of (—«, 0) as in 
479,1. Then &= {%,}, where as before %,=(m,<f<m,,,). 
But as Ose f<e in Y%,, and as each Y%, is hypercomplete by 
hypothesis, our theorem is a corollary of 480. 


2. Hor f(a +++ X,) to be of class <1 in the limited complete set 
Y, tt is necessary and sufficient that the sets (a<f<b) are hyper- 
complete, a, b being arbitrary. vA 

This follows from 1 and 479, 2. 


3. Let limited be the union of an enumerable set of complete sets 
{M,}, such that Clf <1 in each U,, then Clf<1inY. + 
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For by 479, 1, 9%, is the union of an enumerable set of complete 
sets in each of which Osc f<e. Thus Y is also such a set, 7.e. an 
(Eset. We now apply 480, 1. 


4. If Class f <1 in the limited complete set W, tts class ts <1, 
in any complete part B of %. 
This follows from 479, 1 and 480, Ls 


482. 1. Let f(a, +++ &) be defined over the complete set %, and 
have only an enumerable set € of points of discontinuity in YA. 


Then Class f = 1 in %. 


For the points # of Y& at which Osc f>e/2 form a complete 
part of WY, by 462, 3. But #, being a part of G, is enumerable 
and is hence an ©, set by 477,3. Let us turn to G8=%A-—H. For 
each of its points 6, there exists a 6>0, such that Oscf< e in 
the set b of points of B lying in D;(6). As % is complete, so is b. 
As £ is complete, there is an enumerable set of these 6, call them 
b,, b, ---, such that G@ = {bj}. As W=B+ F, it is the union of 
an enumerable set of complete sets, in each of which Osc f < e. 
This is true however small e>0 is taken. We apply now 480, 1. 


2. We can now construct functions of class 2. 


Example. Let f(a, +++ %m)=1 at the rational points in the 
unit cube Q, whose codrdinates have denominators <n.  Else- 
where let f, = 0. Since f, has only a finite number of discontinu- 
ities in OQ, Clf, =1lin OQ. Let now 


IG, += Zn) = Us,» 


At a non-rational point, each f,=0, .. f=0. At a rational 
point, f,=1 for all »>some s. Hence at such a point f= 1. 
Thus each point of 9 is a point of discontinuity and Disc f= 1. 
Hence Clfis not 1. As fis the limit of functions of class 1, its 
class is 2. 


483. Let f(a, +++ %m) be continuous with respect to each x,, at each 
point of a limited set %, each of whose points is an inner point. 
Then Class f <1. 
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For let % lie within a cube Q. Then A= — Y is complete. 
We may therefore regard & as a border set of A; that is, a set of 
non-overlapping cubes {q,}. We show now that Clf<1 in any 
one of these cubes as q. ‘To this end we show that the points &,, 
of q at which 1 1 


Ce 
m m 


form a complete set. For let 6,, 6, --- be points of &,,, which = 8. 
We wish to show that 8 lies in %,,. Suppose first that 6,, 6,,, ++: 
have all their codrdinates except one, say z, the same as the codrdi- 


nates of 8. Since 


1 1 
a+ —< fa Sb—=, 


therefore 1 1 
a+—<hlmf(6,,,)<b—-—=- 
m p=n m 
As f is continuous in z,, and as only the codrdinate 2, varies in 
bsp, we have 1 


Petey d¢2) ea oe 
m m 


Hence £ lies in &,,. 

We suppose next that 6,, 6,,,--- have all their codrdinates the 
same as 8 except two, say 21, 2. 

We may place each 6, at the center of an interval t of length 64, 
parallel to the x, axis, such that 


at+—e<f(a)<b—tte 
m m 
since f is uniformly continuous in z,, by I, 352. These intervals 
cut an ordinate in the z,, 2 plane through 8, in a set of points 
C44, Which = 8. Then as before, 
ui 1 
Cr ee Ce ee 
m m ws 
As ¢ is small at pleasure, 8 lies in %,. In this way we may 


continue. 
As Clf<1 in each q,, it is in %, by 481, 8. : 


FUNCTIONS OF CLASS 1 481 


484. (Volterra.) Let f,, fy +++ be at most pointwise discontinuous 
in the limited complete set YX. Then there exists a point of % at 
which all the f,, are continuous. 


For if Yt contains an isolated point, the theorem is obviously 
true, since every function is continuous at an isolated point. Let 
us therefore suppose that is perfect. 

_ Let g>eQ>---=0. Let a, be a point of continuity of f,. 
Then : ca 
Osc f,;<e , in some = Vs(a,). 

In Y, there is a point 6 of continuity of f,. Hence Osc f,<e, 
in some V,(6), and we may take 6 so that V,(b)< 4%, But in 
V,(6) there is a point a, at which f, is continuous. Hence 


Oscf,;<& , Osef,<e, , in some A,=—V;(a,), 


and we may take a, such that %,<%,. Similarly there exists a 
point a, in Y%,, such that 


PSG ye, at KOS, << Co, OSC fae, 4, -ingsoime Wo, (a, ), 


and we may take a, so that A, < A. 

In this way we may continue. As the sets YY, are obviously 
complete, Dv{%,} contains at least one point « of Y%. But at this 
point each f,, is continuous. 


485. 1. Let Y=B+EC be complete, let B, € be pantactic with 
reference to X%. Then there exists no pair of functions f, g defined 
over I, such that if B are the points of discontinuity of f in U, then 
& shall be the points of continuity of g in A. 


This is a corollary of Volterra’s theorem. For in any V;(a@) of 
a point of %f, there are points of 8 and of ©. Hence there are 
points of continuity of fand g. Hence f, g are at most pointwise 
discontinuous in %. Then by 484, there is a point in % where f 
and g are both continuous, which contradicts the hypothesis. 


2. Let Y= B+EC be complete, and let B, € each be pantactic with 
reference to. If Bis hypercomplete, € 28 not. 

For if 8, © were the union of an enumerable set of complete 
sets, 473 shows that there exists a function f defined over W 
which has % as its points of discontinuity ; and also a function g 
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which has € as its points of discontinuity. But no such pair of 
functions can exist by 1. 


3. The non-rational points ¥ in any cube Q cannot be hyper- 
complete. 


For the rational points in Q are hypercomplete. 


4. As an application of 2 we can state : 


The limited function f (21 +++%m) which is <0 at the trrational 
points of a cube Q, and > 0 at the other points 3 of Q, cannot be 
of class 0 or Lin QD. 


For if Clf <1, the points of Q where f > 0 must form a hyper- 
complete set, by 479, 4. But these are the points 9. 


486. 1. (Baire.) If the class of f(a,-++x,) is 1 in the com- 
plete set YU, vé 18 at most pointwise discontinuous in any complete 


OE, 


If Cl f= 1 in W, it is <1 in any complete S < Y by 481, 4; we 
may therefore take 8 = %. Let abe any point of &%. We shall 
show that in any V = V,(a) there is a point ¢ of continuity of f. 
Let ¢, >& >--- =0. Using the notation of 479, 1, we saw that 
the sets %=(m,<f<m,,.) are hypercomplete. By 473, we can 
construct a function ¢,(v,-+-2,), defined over the m-way space 
®,, Which is discontinuous at the points %f,, and continuous else- 
where in f,,. These functions ¢,, ¢,--- are not all at most point- 
wise discontinuous in V. For then, by 484, there exists in V a 
point of continuity 6, common to all the ¢’s. This point 6 must 
le in some 2%f,, whose points are points of discontinuity of ¢,. 

Let us therefore suppose that @¢; is not at most pointwise dis- 
continuous in V. Then there exists a point ec, in V, and an », 
such that V;=V,,(e,) contains no point of continuity of ¢,. 
Thus V,<%. But in % and hence in V,, Osc f<e,. The 
same reasoning shows that in V, there exists a V,= V,,(¢,), such 
that Osc f<e, in Vz. As Wis complete, V, 2 V,> -: defines a 
point e in V at which fis continuous. 


2. If the class of f(a ,+++ %_) 18 1 in the complete set YU, its points 
of discontinuity D form a set of the first category. . 
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For by 462, 3, the points ©, of D at which Ose xt form a 
n 


complete set. Each ©, is apantactic, since f is at most pointwise 
discontinuous, and ©, is complete. Hence D = §D,} is the union 
of an enumerable set of apantactic sets, and is therefore of the 1° 
category. 


487. 1. Let f be defined over the limited complete set A. If 
Class f is not <1, there exists a perfect set D in A, such that f is 
totally discontinuous in D. 


For if Clf isnot <1 there exists, by 480, an e such that for 
this ¢, & is not an ©, set. Let now ¢ bea point of 2% such that 
the points a of & which lie within some cube q, whose center is ¢, 
form an ©, set. Let @= fait, C= fet. 

Then 8®=€. For obviously €<B, since each ¢ is in some 
a. On the other hand, 8<@€. For any point 6 of % lies within 
some q. Thus 0 is the center of a cube q/ withing. Obviously 
the points of % within q’ form an &, set. 

By Borel’s theorem, each point ¢ lies within an enumerable set 
of cubes fc,?, such that each c les within some q. Thus the 
points a, of % inc,, form an &, set. As © = §a,}, € is an &, set. 

Let D=A—C. If D were 0, Y= C and A would be an &, set 
contrary to hypothesis. Thus D> 0. 

D is complete. For if 1 were a limiting point of D in G, J must 
liein some c. But every point of inc is a point of € as we saw. 
Thus 7 cannot le in ©. 

We show finally that at any point d of 9, 


Ose f >, with respect to D. 


If not, Osc f<e with respect to the points 6 of D within 
some cube q whose center is d. Then 0 is an &, set. Also the 
points e of € in q form an ©, set. Thus the points }+e, that is, 
the points of % in q form an &, set. Hence d belongs to @, and 
not to D. As Ose f>e at each point of D, each point of D is a 
point of discontinuity with respect to D. Thus fis totally discon- 
tinuous in D. 

This shows that D can contain no isolated points. Hence D is 
perfect. 
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2. Let f be defined over the limited complete set U. If f ws at 
most pointwise discontinuous in any perfect B <A, its class is <1 


in X. 


This is a corollary of 1. For if Class f were not 0, or 1, there 
exists a perfect set D such that f is totally discontinuous in D. 


488. If the class of f, g <1 in the limited complete set , the class 
of their sum, difference, or product is <1. If f>0 mY, the dass 


Of i=l ets 


For example, let us consider the product h=fy. If Cl h is not 
<1, there exists a perfect set D in %, as we saw in 487, 1, such 
that is totally discontinuous in D. But f, g being of class < 1, 
are at most pointwise discontinuous in D by 486. Then by 484, 
there exists a point of D at which f, g are both continuous. Then 
h is continuous at this point, and is therefore not totally discon- 
tinous in D. 

Let us consider now the quotient ¢. If Cl ¢ is not <1, ¢ is 
totally discontinuous in some perfect set Din Y%. But since f> 0 
in D, f must also be totally discontinuous in. This contradicts 
486. 


489. 1. Let F=Xf,,....,(a +++ Um) converge uniformly in the com- 
plete set I. Let the class of each term f, be <1, then Class F< 1 
in M. 


For setting as usual [117], 
Fah, +h qa 
there exists for each e > 0, a fixed rectangular cell R,, such that 
|Fil<e, as x ranges over YI. @ 


As the class of each term in Fy is <1, Cl FL. <1 in Y. Hence 
Y% is an ©, set with respect to FW. 
From 1), 2) it follows that % is an &, set ain respect to F. 


2. Let F=IIf,,...,,(@ +++ Xm) converge uniformly in the complete 
set A. If the class of each f, ig <1, then Cl F< 1 in YX. 
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Semicontinuous Functions 


490. Let f(a, --- 2%) be defined over Y. If a is a point of Y, 
Max fin V3(a) exists, finite or infinite, and may be regarded as a 
function of 6. When finite, it is a monotone decreasing function 
of & Thus its limit as 6= 0 exists, finite or infinite. We call 
this limit the maximum of f at «=a, and we denote it by 


Max f. 


Similar remarks apply to the minimum of fin V;(a). Its limit, 
finite or infinite, as 6 = 0, we call the minimum of f at x=a, and 
we denote it by 

Min f. 
za 


The maximum and minimum of f in V;(a) may be denoted by 


Max f , Min f. 
a, 6 


a, 6 
Obviously, Max (—f) = — Min ch 
Min (-—t) =_— Max f. 


491. Hxample 1. 1 
f(@)=-in(-1,1) , forz+#0 
z 


= (0, fOr ==), 


Then Mase ft te, (abi piece 
ae sane 
Example 2. 1 ; 
f@)=sin=in(—1,1) , forz+0 
x 
=x)” > for a= 0: 
Then Masf=1 © Min far-<1. 
c=) r=0 
Heample 3 f(z)=1in(-1,1) , fore+#0 
a2 «, for 7=)0, 
Then 


Maxf=2 , Minf=1. 
==0 ==0 


486 
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We observe that in Exs. 1 and 2, 


z= 


lim f=Maxf | linf=Minj; 
SA Oe 


70 r=0 
limf=1 , and hence Max/f > limf. 
7=0 r=, r=0 
Also lim f = Minf, 
==0 T=, 
Example 4. 


f@)=(241)sin = in (=4 1) , forz+¢0 
2 


=—2 , forz=0. 
Here Maxf=1 , Minf=—2, 
z=0 z=0 
lim f= loa) a pe 
z=0 ==0 
Example 6. Let f(@)=2 , for rational z in (0, 1) 
= 
Here 


, for irrational z. 


Maxf=1 , Minf=0, 
==0 z=) 


fi fo 
ie 


492. 1. For M to be the maximum of f at x=a, it is necessary 
and sufficient that 
te eS 0: 


6> 0, f(a) < M+e, 
that 


for any x in V3(a) ; 
2° there exists for each e > 0, and in any V3(a), a point a such 


M—e<f(a). 
These conditions are necessary. For M is the limit of Maxf 
in V3(a), as 6=0. Hence 
e> 0, 3) = 0, 


Max f < Me. 
But for any z in V3(a), 


J@s< Max f. 


SEMICONTINUOUS FUNCTIONS 487 


Hence Tie) = +e, © in Vala), 
which is condition 1°. 

As to 2°, we remark that for each e > 0, and in any V;3(a), 
there is a point «, such that 


— €-+Max f<f(«). 
uk M< Maxf. 
a,s 
Hence : Ser Meath lah 


which is 2°. 
These conditions are sufficient. For from 1° we have 
Maxf < M+e, 
a,6§ 


and hence letting §= 0, 
Maxf < &, d 


since e > 0 is small at pleasure. 
From 2° we have 
Max f > M—e, 
a, 6 


and hence letting 6= 0, 
Max f 2 M. (2 


From 1), 2) we have M= Max/f. 


z2=a 
2. For m to be the minimum of f at x=a, it 1s necessary and 
sufficient that 
1 re 00, oe>0; m—e< f(x), for any xin V;(a); 


2° that there exists for eache > 0, and in any V3(a), a point a 
such that 
f(@)<m+e. 


493. When Max f= f(a), we say f is supracontinuous at x = a. 
When Minf= f(a), we say f is infracontinuous at a. When f is 


supra (infra) continuous at each point of Y, we say f is supra 
(infra) continuous in %. When fis either supra or infracontinu- 
ous at a and we do not care to specify which, we say it is semi- 
continuous at a. 
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The function which is equal to Max f at each point x of % we 
call the maaimal function of f, and denote it by a dash above, wiz. 
f(x). Similarly the minimal function f(x) is defined as the value 
of Min f at each point of 2. 


Set Osc f = Max f — Min f = Dise f. 
We call ~ 
o (2) =f@) — f{) 
the oscillatory function. 


We have at once the theorem: 


For f to be continuous at x = a, it is necessary and sufficient that 
I@=f@ =f). 


ao Min f < f(a) < Max f. 
a, 6 a, 


Passing to the limit x = a, we have 


Min f< f(a) < Max f, 
or 


f@)<f@O Sf. 


But for f to be continuous at v= a, it is necessary and suffi- 
cient that 
w(a) = Osc f= 0. 


494. 1. For f to be supracontinuous at x = a, it is necessary and 
sufficient that for each « > 0, there exists a 5 > 0, such that 


S@<fl@+t+e , forany xin V,(a). e! 
Similarly the condition for infracontinuity is 
Fl@)-e<f@) , for any xin V;(a). (2 


Let us prove 1). It is necessary. For when f is supracontinu- 
ous at a, 
SQ@)= Max f(2). oi 


Then by 492, 1, 
e>0 , 650 , f@)<f(a)+e , forany vin V,Ca), 


a 


which is 1). 
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It is sufficient. For 1) is condition 1° of 492,1. The condition 
2° is satisfied, since for « we may take the point a. 


2. The maximal funetion f(x) is supracontinuous ; the minimal 
Function f (x) is infracontinuous, in . 


To prove that f is supracontinuous we use 1, showing that 
f@)<f@te , -for any xin some V3(a). 

Now by 492, 1, 

ee ere ee for any eine 

Thus if e' <e 


F(z) <f(a)+e , foranyzinV,(a) , n= 4 


3. The sum of two supra (infra) continuous functions in A ts a 
supra (infra) continuous function in A. 


For let f, g be supracontinuous in &; let f+g=h. Then by 1, 


f(@)<f(a)t+ a 


I@)< ga) +5 
for any x in some V;(a); hence 
h(x) < h(a) +e. 
This, by 1, shows that / is supracontinuous at x= a. 


4. If f(x) is supra (infra) continuous at x=a, g(@)=—f (x) 


is infra (supra) continuous. 
Let us suppose that f is supracontinuous. Then by 1, 
F(a)<f(a+e , for any x in some V3(a). 
—f(a)—e<—f(@), 
g(a)—e<g(x) , forany win V;(a). 


Hence 


or 


Thus by 1, g is infracontinuous at a, 
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495. If f(a, +++ %m) 18 supracontinuous in the limited complete 
set U, the points B of X at which f>e an arbitrary constant form a 
complete set. 


For let f >¢ at 6,, b,-+» which = 0; we wish to show that 6 lies 
in %. 


Since f is supracontinuous, by 494, 1, 
S(a)<f(d)+e , for any xin some V;(0)= V. 
But c<f(6,), by hypothesis; and 6, lies in V, for n> some m. 
Hence 
e<f)<fO)+ 6 
4 e-e€= f(b): 


As e>0 is small at pleasure, 
fO)z6 
and 6 lies in ¥. 
496. 1. The oscillatory function w(x) is supracontinuous. 


For by 493, o(x)= Max f — Minf 


= Max f+ Max (—/). 
But these two maximal functions are supracontinuous by 494, 2. 
Hence by 494, 3, their sum @ is supracontinuous. 


2. The oscillatory function » is not necessarily infracon- 
tinuous, as is shown by the following 


Example. f=1 in (—1, 1), except for x=0, where f=2. 
Then o(z)=0, except atz2=0, wherew=1. Thus 
Mino(xz)=0 , while o(0)=1. 
xz=0 


Hence (2) is not infracontinuous at «= 0. 


3. Let w(x) be the oscillatory function of f (ayo tm) in A. For 
Ff to be at most pointwise discontinuous in YU, rt ts necessary that 
Minw=0 at each point of XI. If X is complete, this condition is 
sufficient. , 
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It is‘ necessary. For let a be a point of Y%. As f is at most 
pointwise discontinuous, there exists a point of continuity in any 
(a). Hence Min w(x) = 0, in V;(a). Hence Min o(7) = 0. 

wa 
It is sufficient. For let ¢->e>-+- =0. Since Min (2) =0, 
za 


there exists in any Vs(a) a point a such that o(a,)<d «4. 
Hence (x) <«, in some Vy,(a,)<V;. In Vj, there exists a point 
a, such that (27) <« in some V3,(a)<V;,, etc. Since % is com- 
plete and since we may let 5, = 0, 


« Vs >Vs,> ++ =a point « of W, 


at which f is obviously continuous. Thus in each V;(a) is a point 
of continuity of f. Hence f is at most pointwise discontinuous. 


497. 1. At each point x of A, 
$ = Min { f(x) —f(@)}, and p= Min { f@) —f@} 
are both= 0. 


Let us show that ¢=0 at an arbitrary point a of Y. By 494, 
2, f(x) is supracontinuous; hence by 494, 1, 


F(x)<f(a)+e , for any xin some Vy(a) = V. qd 


Also there exists a point « in V such that 


7 —e+ f(a) <f(«). @ 
Also by definition en 
SO) < fC). (3 
If in 1) we replace x by @ we get 
Fla<f@rte ; 


From 2), 3), 4) we have 
—e+f@<fM<I@M</@+5 
0<F(a) — f(a) <26. 
As e€>0 is small at pleasure, this gives 


$(a) = 0, 


or 
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2. If f is semicontinuous in the complete set , zt 18 at most pornt- 
wise discontinuous in %. 


eet w(2) =F (2) —f(2) 
=[F@) -F@)] LF) -F@] A 
= $(2) + ¥(2). 


To fix the ideas let f be supracontinuous. Then ¢=0 in Y. 


Hence 1) gives 
Min (2) = Min W(x) = 0, by 1. 


Thus by 496, 3, f is at most pointwise discontinuous in Y. 


CHAPTER XV 
DERIVATES, EXTREMES, VARIATION 
Derivates 


498. Suppose, we have given a one-valued continuous function 
J («) spread over an interval {= (a<6). We can state various 
properties which it enjoys. For example, it is limited, it takes 
on its extreme values, it is integrable. On the other hand, we 
do not know 1° how it oscillates in %, or 2° if it has a differ- 
ential coefficient at each point of %. In this chapter we wish to 
study the behavior of continuous functions with reference to these 
last two properties. In Chapters VIII and XI of volume I this 
subject was touched upon; we wish here to develop it farther. 


499. In I, 363, 364, we have defined the terms difference quo- 
tient, differential coefficient, derivative, right- and left-hand dif- 
ferential coefficients and derivatives, unilateral differential coeffi- 
cients and derivatives. The corresponding symbols are 


SL P@) s I@ » B@) , 


Lf) , Bf) , Lf'@). 


The unilateral differential coefficient and derivative may be de- 


noted by 
UFC) UT). d 
When 
lim Af 
r=—o Ax 


does not exist, finite or infinite, we may introduce its upper and 
lower limits. Thus 
arn Af eA Ti 
'(a)= lim —= (a) = lim + 2 
IO) n=o Ax Ae) Ae ( 
always exist, finite or infinite. We call them the upper and lower 


differential coefficients at the peintw=a. Theaggregate of values 
493 


494 DERIVATES, EXTREMES, VARIATION 


that 2) take on define the upper and lower derivatives of f(2), as 
in I, 368. 

In a similar manner we introduce the upper and lower right- 
and left-hand differential coefficients and derivatives, 


Rio eB a en moane! (3 


Thus, for example, 


Rf (a) = Rlim24t =f a). 


finite or infinite. Cf. I, 336 seq. 


If f(z) is defined only in &=(a< 8), the points.a, a+ A must 
lie in Y%. Thus there is no upper or lower right-hand differential 
coefficient at a= 8; also no upper or lower left-hand differential 
coefficient at =a. This fact must be borne in mind. We call 
the functions 3) derivates to distinguish them from the deriva- 
tives Rf’, Lf’. When Rf'(a)=Rf'(a), finite or infinite, 
Ff'(a) exists also finite or infinite, and has the same value. A 
similar remark applies to the left-hand differential coefficient. 

To avoid such repetition as just made, it is convenient to in- 
troduce the terms upper and lower unilateral differential coefti- 
cients and derivatives, which may be denoted by 


Cause (4 


The symbol U should of course refer to the same side, if it is 
used more than once in an investigation. 

When no ambiguity can arise, we may abbreviate the symbols 
3), 4) thus: 


he ns le ae Le ae 


The value of one of these derivates as R at a pointa=a may 
similarly be denoted by 


R(«). 
The difference quotient vA 
F(a) -~FO) 
a—b 


may be denoted by 
A(a, b). ‘ 
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Example 1. f(z) =asin 4 , #0 in (—1,1) 
2 


=0 , =0 
Asin = 
= ATs. ee! 
Here for z= 0, ocr =sin 5. 
u 2 a, 5 
Pea RfiO)=+1", RP O=-1, 
LP O=+1 Es 0) =—1, 
FM=+1 , fiO=—-1. 
Example 2. f@)=atsint , «#0in (—1,1) 
x 
ae DUG ye 0) 
sin = 
Here for zr=0 , as if} 
Az hs 
Hence RA\O=+0 , Rf (0)=-o, 
If'M=+0 , Lf'0)=-», 
FiM=+to , f'O)=—o. 
Example 8. Higa om HOrRsQe ae = 
x 
oe vail 
se'sin- , for —-l<c=<9 
a 
=0 , forz=0. 
Here 


Rf'()=+1 ’ Rf'O=-1, 
Lf'O=+ » Lf'(0=—-o, 


FO=+e , fi0)=-o. 


500. 1. Before taking up the general theory it will be well 
for the reader to have a few examples in mind to show him how 
complicated matters may get. In I, 867 seg., we have exhibited 
functions which oscillate infinitely often about the points of a set 
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of the 1° species, and which may or may not have differential co- 
efficients at these points. 

The following theorem enables us to construct functions which 
do not possess a differential coefficient at the points of an enumer- 
able set. 


2. Let E=§e,} be an enumerable set lying in the interval A. For 
each x in X, and e, in &, let x—e, lie in an interval B containing 
the origin. Let g(x) be continuous in 8. Let g'(x) exist and be 
numerically < M in B, except at x = 0, where the difference quotients 
are numerically <M. Let A= Xa, converge absolutely. Then 


F (x)= 2a,9(@ — e,) 


as a continuous function in U, having a derivative in C=A-—E. 
At the points of &, the difference quotient of F behaves essentially as 
that of g at the origin. 

For g(@) being continuous in &, it is numerically < some con- 
stant in Y%. Thus # converges uniformly in %f. As each term 
g(@ — é,) is continuous in Y, # is continuous in Y. 

Let us consider its differential coefficient at a point x of ©. 
Since g/(a — e,) exists and is numerically < &, 


He) = =a, 9' (7 — ex) 4 by 1d6, 2. 
Let now z=e,,, a point of ©, 
F(2) = ang — em) + S* ang (@ = en) 
= AnJ(L — em) + G(x). 


The summation in =* extends over allm+m. Hence by what 
has just been shown, G has a differential coefficient at x=e,. 


Thus tl behaves at 2 = e,,, essentially as Ad ot aa 0. Hence 
Ax Az 


UF! (¢m) = m Ug! (0) + 4! (em): qd 


501. Example 1. Let vA 
g@=ar , «x>0 
b<0<a. 
= bx 5 pee . 
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Then 1 


is continuous in any interval YI, and has a derivative 
1 
F'(@)= > —9'(«#—e, 
@= 2 9 @— 6) 
at the points of Y& not in €. At the point e,,, 


ee ys, Fipnmtay 


LF' (2) =a,,0 + D0) (nen) 


Let € denote the rational points in Y%. The graph of F(z) isa 
continuous curve having tangents at a pantactic set of points ; 
and at another pantactic set, viz. the set ©, angular points (1, 366). 

A simple example of a g function is 


g(#) = |e) =+V0% 
Example 2. Let g(a) =2?sin= , «#0 
z 


— 0 9 c= 0. 
This function has a derivative 
g(x) =2rsin=—mroos= , «#0 
x x 
— 00) et 
Thus if Ze, is an absolutely convergent series, and € = fe,} an 
enumerable set in the interval 2% = (0, 1), 
F (x) = 2o,g(a— ey) 
is a continuous function whose derivative in % is 
E' (2) = Xe,9'(@ — en)- 
Thus F has a derivative which is continuous in Y — G, and at 
the point z = é,, 


Disc F’ = 2 ¢,,77, 


| ean Disc g! (x) = 2m. 
z=0 
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If Gis the set of rational points in Y, the graph of F(x) is a 
continuous curve having at each point of %&f a tangent which does 
not turn continuously as the point of contact ranges over the 
curve; indeed the points of abrupt change in the direction of the 
tangent are pantactic in Y. 


Example 3. Let g(x) =xsinlogz? , «#0 


~ 


= Ue 
Then g ()= sin log 224+ 2cosloga? , x#0. 
Ree. x = sin log #? 


which oscillates infinitely often between + 1,ash=Azv=0. Let 
€ = fe,} denote the rational points in an interval Y. The series 


F= Vae — e,) sin log (x — e,)? 


satisfies the condition of our theorem. Hence F(z) is a continu- 
ous function in %& which has a derivative in Y—C€G. Atz=e,, 


TIC ee ee tah ee Westen oy 
m? og m 

Thus the graph of #’ is a continuous curve which has tangents at 

a pantactic set of points in Y%, and at another pantactic set it has 

neither right- nor left-hand tangents. 


502. Weierstrass’ Function. For a long time mathematicians 
thought that a continuous function of z must havea derivative, at 
least after removing certain points. The examples just given 
show that these exceptional points may be pantactic. Weierstrass 
called attention to a continuous function which has at no point a 
differential coefficient. This celebrated function is defined by the 
series 


F(«)= x a” cos b"arx = cos wx + acos brx +a cos rx + ++ qd 
where 0 <a <1; 8 isan odd integer so chosen that 
ab >1+ $7. : (2 
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The series # converges absolutely and uniformly in any interval 


since 
1, la" cos b"rx | <a. 


Hence ¥ is a continuous function in Y% Let us now consider 
the series obtained by differentiating 1) termwise, 


G(x) = —‘r=(ab)" sin b"7rz. 
If ab <1, this series also converges absolutely and uniformly, 
and P F'(2) <= G(x), 


by 155, 1. In this case the function has a finite derivative in . 
Let us suppose, however, that the condition 2) holds. We have 


ae = ae i {cos b"r(@ +h) — cos b"1rxr} = On + ‘Ox. (3 
Ar 
Now malas 
=e % {cos "r(x + h) — cos b"rx} 
0 
a m—1 (ab) xc+h . 
=— Ds, cxf sin b"rudu. 
Since rth eth 
IS isa es du| = |Al, 
~~ = — (ab)™ or 50h)” 
| On| < 3 (al) Pa bras a oer pifab>d. 
Considernow _ 


a* 
nm = >, — {cos b"r(x2 + h) — cos b"1r2x}. 
Om =z! (@+h) 

Up to the present we have taken A arbitrary. Let us now 
take it as follows; the reason for this choice will be evident in a 
moment. 

Let by = joe Ee 


where ¢,, is the nearest integer to "zx. Thus 
ca 4 SG E, <4. 


Then b"(a + h) = bmn + Em + AO” = bp + Ome 
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We choose A so that 


Nm = &m + hb" is +1, at pleasure. 


Then ae 

h= aes 0, as M=O;3 
moreover sen h=sgntm 5 and |m—Em| < 
This established, we note that ‘ 


cos b"r(a + h) = cos br - b™(a + h) = cos 67" (Um + Nm )T 
= COS (tn+1m)7 4, since dis odd 


=(—1)*1 , since 7,, is odd. 


Also cos b"1rx = cos 6° (6, + En) 

= (= 1)" 008 UE ga. 
Thus — Sa” 

Gn = end 11 + 008 PEarl, 
where 


Cm = (— 1)". 
Now each § } > 0 and in particular the first is >0. Thus 


sen Qn = sgn = SEN CnNns 


and - a i 
| On| > FP = LO > Hab) 


E 
Thus if 2) holds, | Qn|> | Qm|- Hence from 8), 


sgn Q= sgn Q, = SN CnMms 


joie g%) 


Let now m=oo. Since 7, = +1 at pleasure, we can make 
Q = +, or to — o, or oscillate between +‘so, without becoming 
definitely infinite. Zhus F(x) has at no point a finite or infinite 
differential coefficient. This does not say that the graph of F does 
not have tangents; but when they exist, they must be cuspidal tangents. 


and 
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503. 1. Volterra’s Function. 


In the interval Y= (0, 1), let 6=fn} be a Harnack set of 
measure 0<h<1l. Let A=3$6,i be the associate set of black 
intervals. In each of the intervals 6,=(«e< 8), we define an 
auxiliary function f, as follows: 


Fn(@) =(a— a)? sin 


dl 
La 


gfe LCR ay), Ga 


where y is the largest value of corresponding to a maximum of 
the function on the right of 1), such that y¥ lies to the left of the 
middle point w of 5,. If the value of f,(v) at y is g, we now 
make . 

fi@=9 » in (y 4). 


Finally f,(@)=0. This defines f,(@) for one half of the inter- 
val §,. We define f,(7) for the other half of 6, by saying that if 
x<z' are two points of 6, at equal distances from the middle 


[a fala) = faa"). 
With Volterra we now define a function f(x) in YU as follows: 
2) =F, Ce eee ORE gt) Wey ate =: 
=Q' 5 in’ S. 
Obviously f(z) is continuous in Y. 
At a point z of & not in , f’(x) behaves as 


Bl | 1 
2a sin —— cos-, 
x x 


as is seen from 1). Thus as x converges in 6, toward one of its 
end points «, 8, we see that f’(x) oscillates infinitely often be- 
tween limits which =+1. Thus 

Rimf'@=+1 , Rlimf'(@=—-1;3_ 
similar limits exist for the points 8. 


Let us now consider the differential coefficient at a point » of 
§. We have 


Af = fat )— So) -La+® , since f(n) = 0. 
Az 
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If 7» +k is a point of , f@+#)=09. If not, n + & lies in some 
interval 8,. Let =e be the end point of 6, nearest +k. 


Then - 
re ES elit » ask=0, 
xv 


Thus f’(7)=9. Hence Volterra’s function f(2) has a differen. 
tial coefficient at each point of 9; moreover f’(z) is limited in Y. 
Each point 7 of § is a point of discontinuity of f’(x), and 


Disey (Gz) 2. 
zZ=7 


Hence f’(x) is not R-integrable, as §$=h>0. 

We have seen, in I, 549, that not every limited R-integrable 
function has a primitive. Volterra’s function illustrates con- 
versely the remarkable fact that Mot every limited derivative is 
R-integrable. 


2. It is easy to show, however, that The derivative of Volterra’ 
Function is L-integrable. 

For let %, denote the points of & at which f/(@@)> 2X. Then 
when A>1/m, m=1, 2, --- %, consists of an enumerable set of 
intervals. Hence in this case %, is measurable. Hence %,, »>0, 
is measurable. Now & ,r»A>0, differs from the foregoing by add- 
ing the points 8, in each 6, at which f’(x2)= 0, and the points §. 
But each 8, is enumerable, and hence a null set, and © is measur- 
able, as it is perfect. Thus %,, %>0, is measurable. In the 
same way we see 2, is measurable when A is negative. Thus Y, 
is measurable for any A, and hence L-integrable. 


504. 1. We turn now to general considerations and begin by 
considering the upper and lower limits of the sum, difference, prod- 
uct, and quotient of two functions at a point z=a. 


Let us note first the following theorem : 


Let f (ay +++ %_) be limited or not in X which has x= a as a limiting 
point. Let Bs = Max f, $,= Min f in Vs*(ay: = Then 


lim f=limds , lim f=lim ®,. 
z=a 56=0 2=a 5=0 


This follows at once from I, 388. ‘ 
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2. Let f(a, +++ Xm)s G(X +++ Lm) be limited or not in A which has 
x=a as limiting point. 
Let : é 
limf=a , limg=8 
asv=a. Then, these limits being finite, 
a+B8<lim(f+g)< A+B, qd 
,e—-B<lim(f—g)<A-B. 2 
For in any V3*(a), 
Min f + Ming < Min (f + g) < Max(f +g) < Max f + Max g. 


Letting 6 = 0, we get 1). 
Also in V;*(a), 

Min f — Max g < Min(f —g) < Max (f—9) < Max f-— Ming. 
Letting 6= 0, we get 2). 


3. If fia) = 0s. gies 
wf <lim fy < AB. & 
AB < lim fy < AB. 6 
4. If (O20 4. 2k eo, 
« epef<A., (5 
BH =f Gp 
af ana A , ga ko, 
# <imf<A. © 
[cite ti mle 


The relations 3), 4), 5), 6) may be proved as in 2. For exam- 
ple, to prove 5), we observe that in V;*(a), 


Min f < Min? < Mer Max 
Maxg — g Ming 
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5. a+B<lim(f+g)<et+B. (i 
a+B<lim(f+g)<At+B. c 
a—B<lim(f—g)<«—-8. ( 
A—B<lim(f—g)< 4-8. (10 

a F@)>0 , g(x) >0, 

a8 < lim fy < «B, qi 
AB < lim fy < AB. (12 

if y(@)>k> 0, 

2 ein Se, (1s 
Ya Vise YS) 
gelim Z< 4. qu 

6, fF lim f exzsts, 

lim (f+ g)=lim f + lim g, (1é 
lim (f+g)=lim f + lim g. (16 
If lim g exists, 
lim (Cf — g)=lim f —lim g, 17 
lim (f —g)=lim f —lim g. (1g 
Let f(x) = 9, 9(@) 20. Let limg exist. Then 
lim fg = lim f- lim g, dig 
lim fy = lim f- lim g. (20 

If also g(a) =k> 0, 

lim f/g = lim f/lim g, (21 
lim f/g = lim f /lim I. (22 


505. The preceding results can be used to obtain relations be- 
tween the derivates of the sum, difference, product, and quotient 
of two functions as in I, 373 seq. 
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1. Let w(z)=u(xz)+v(a). Then 


Thus from 504, 1), we get the theorem: 
Uu! +0! U< dw! < Uw! + O~ (2 
If u has a unilateral derivative Uw', 
Uw! = Ur! + Uv’, (38 
zi Uw! = Uu! + Uv'. (4 


We get 3), 4) from 1), using 504, 15), 16). 


2. In the interval YU, u, v are continuous, u is monotone increasing, 
vis >0, and v!' exists. Then, if w= uv, we have 


Uw' = uv' + vUW, al 
Uw! = uv' + v0. (2 
For from AeA Ne Ie 
a Aw) — =, 
Az a) Az oes Az 
we have Au 


Uw' = w! + Oli 
Uw! = ww + Oe 


Az 
- Aw 
= uv! + 0U lim — 
uv +v im es 
which gives 1). Similarly we establish 2). 
506. 1. We show now how we may generalize the Law of the 


Mean, I, 398. 


Let f(x) be continuous in U=(a<b). Let m, M be the min- 
mum and maximum of one of the four derivates of fin A. Then for 


any «<P inX, mx OF <M. d 
— 6 


To fix the ideas let us take Rf’(x) as our derivate. Suppose 


now there exists a pair of points a<£ in Y, such that 


OIRO te cmc a=), 
Sela 
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We introduce the auxiliary function 


$(2)=f(e)—-(M + ¢)a, C 
where 0O<cce=ct+ 68. 
Then $(8)— $(@)_ f®)—-Sfl —(M+e)=5. 
=e B-«a 
une $(B)— $(a) = 808 — a) = 9. 
Consider now the equation 
(8) — $(2) = 1. 


It is satisfied for z=a. If it is satisfied for any other x in the 
interval (a), there is a last point, say « = y, where it is satisfied, 
by 458, 3. 

Thus for z>y, d(x) is > o(«). 

Hence Re! (y) >0. 3 

Now from 2) we have 

Rf' (y= Ro'(y) + M+ e 
ek 


Hence M&M is not the maximum of Rf'(x) in Y. Similarly the 
other half of 1) is established. The case that m or M is infinite 
is obviously true. 


2. Let f(x) be defined over I =(a<b). Letay<a,< ++ <a, lie 
in. Let mand M denote the minimum and maximum of the dif- 
ference quotients 


A (445%) 3 ACag, a) 5 =» ACaa-45 Ga)- 
Then m<A(a,, dn) <M. ‘a 


For let us first take three points a<8<y in Y%. We have iden- 


tically a = 
A (am y= SFA Ce 8)+ FN, 9), 


Now the coefficients of A on the right lie between 0 and 1. 
Hence 1) is true in this case. The general case is now obvious, 
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507. 1. Let f(x) be continuous in X= (a<b). The four deri- 
vates of f have the same extremes in Y. 
To fix the ideas let 
MinZ=m , MinR=p,, in %. 
We wish to show that m=p. To this end we first show that 
bem > qd 


For there exists an « in 9, such that 


“ 


LI(a)<m+e. 
There exists therefore a B< «@ in %, such that 
gal = Dem+e, cde. 
a — 
Now by 506, 1, 
w= Min R <q. 


Hence wom, 
as e >0 is small at pleasure. 
We show now that 


m< pb. (2 
For there exists an « in 2%, such that 
R(a) <pte. 


There exists therefore a B>«a in %, such that 


gE) cute, 0<e>'e. 


Thus by 506, 1, 
m= Min L<q. 


Hence as before m<p. From 1), 2) we have m= up. 


2. In 499, we emphasized the fact that the left-hand derivates 
are not defined at the left-hand end point of an interval, and the 
right-hand derivates at the right-hand end point of an interval 
for which we are considering the values of a function. The fol- 
lowing example shows that our theorems may be at fault if this 
fact is overlooked, 
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Example. Let f(x) =|2). 

If we restrict 2 to lie in Y= (0, 1), the four derivates = 1 when 
they are defined. Thus the theorem 1 holds in this case. If, 
however, we regarded the left-hand derivates as defined at «= 0, 
and to have the value 


Lf'(0) = —1, 


as they would have if we considered values of f to the left of 4, 
the theorem 1 would no longer be true. 


For then Min De = a Beal ne +1, 
and the four derivates do not have the same minimum in Y. 


3. Let f(x) be continuous about the point x=c. If one of its 
four derivates is continuous at x = ¢, all the derivates defined at this 
point are continuous, and all are equal. 


For their extremes in any V;(c) are the same. If now R is 
continuous at =e, 


Re) — «< R@) ZR(e) £6, 
for any z in some V,(¢). 


4. Let f(x) be continuous about the pointx=ec. If one of tts 
four derivates is continuous at x=c, the derivative exists at this 
point. 


This follows at once from 38. 


Remark. We must guard against supposing that the derivative 
is continuous at 2 = ¢, or even exists in the vicinity of this point. 


Example. Let F(x) be as in 501, Ex.1. Let 
Y= (0,1) and €= [*. 
n 
Let 
Then 


TT (e \eatee lear), 
RH'(¢) =22F(«) + ¢2RF'(2), 
LH'(«) =2.0F (x) + 2LF'(2). 


Obviously both RH’ and LH’ are continuous at x=0 and 
H'(0) =0. But H’' does not exist at the points of ©, and hence 
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does not exist in any vicinity (0, 5) of the origin, however small 
6 > 0 is taken. 


5. If one of the derivates of the continuous function f(x) is 
continuous in an interval YU, the derivative f'(x) exists, and is con- 
tinuous in YX. 

This follows from 38. F 


6. Lf one of the four derivates of the continuous function f (x) is 
= 0 in an interval I, f(x) = const én YW. 


This follows from 8. 


508. 1. Jf one of the derivates of the continuous function f(x) ts 
= 0inU=(a< b), f(@) ts monotone increasing in A. 


For then m = Min Rf! > 0, in (a< aye Lhusiby 506-1, 
Fe) —f(a) 29. 


2. If one of the derivates of the continuous function f(a) is > 0 
in WU, f(x) is monotone decreasing. 


3. If one of the derivates of the continuous function f(x) is > 0 
in YU, without being constantly 0 in any little interval of %X, f(x) is 
an tinereasing function in MX. Similarly f is a decreasing function 
in YU, tf one of the derivates is <0, without being constantly 0 in any 
little interval of %. 


The proof is analogous to I, 403. 


509. 1. Let f(x) be continuous in the interval I, and have a deriv- 
ative, finite or infinite, within %. Then the points where the deriva- 
tive is finite form a pantactie set in . 

For let «a< B be two points of %. Then by the Law of the 
Mean, 

F'cy) _f(B) —f@) se AON IRE 
B-—« 
As the right side has a definite value, the left side must have. 


Thus in any interval (a, §) in %, there is a point y where the 
differential coefficient is finite. 
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2. Let f(x) be continuous in the interval Y=(a<b). Then 
Uf' (x) cannot be constantly + 0, or constantly — © in I. 
For consider 


which is continuous, and vanishes for 7 = a z=6. We observe 
that ¢(x) differs from f(@) only by a linear function. If now 
Uf'(x)=+c constantly, obviously U¢'(w)=+ also. Thus ¢ 
is a univariant function in %. This is not possible, since ¢ has 
the same value at a and 6. 

3. Let f(x) be continuous in I =(a< b), and have a derivative, 
finite or infinite, in W=(a*, b). Then ‘ 


Min f(x) < Rf'(a)< Max f(z) , mW. 
For the Law of the Mean holds, hence 


TO , a<a<ath. 


Letting now h = 0, we get the theorem. 

Remark. This theorem answers the question: Can a continu- 
ous curve have a vertical tangent at a point z=a, if the deriva- 
tives remain< Min V*(a)? The answer is, No. 

4. Let f(x) be continuous in I=(a <b), and have a derivative, 
finite or infinite, in A*=(a*, b). If f'(a) exists, finite or infinite, 
there exists a sequence a, > t, > ++» =a in YU, such that 


gd) = Ca) C 
eae PAPDALO) fq), a<a<ath. c 


a 


Let now h range over hy >hy>++ =0. If we set a,= a, , the 


relation 1) follows at once from 2), since f’(a) exists by 
hypothesis. 


510. 1. A right-hand derivate of a continuous function f(x) 


cannot have a discontinuity of the 1° kind on the right. A similar 
statement holds for the other derivates. ; 
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For let R(x) be one of the right-hand derivates. It it has a 
discontinuity of the 1° kind on the right at =a, there exists a 
number J such that 


l-e< R@)<l+e , insome (a<a+5). 
Then by 506, 1, 
te < POTD I) < 10 Oe ase. 
Hence R(a)= 1, 


and R(x) is continuous on the right at =a, which is contrary 
to hypothesis. 


2. It can, however, have a discontinuity of the 1° kind on the 
left, as is shown by the following 


Example. Let f(2)=|2)=+V2? , in &=(—1, 1). 
Here R)=11. tore | 0 in 
=—l-, forz< 0. 


Thus at 2=0, # is continuous on the right, but has a discon- 
tinuity of the 1° kind on the left. 


3. Let f(x) be continuous in X=(a, 6), and have a derwative, 
finite or infinite, in U* = (a*, b*). Then the discontinuities of f' (x) 
in X, if any exist, must be of the second kind. 


This follows from 1. 
Example. othe: aa ae 
f@)= ve sin = » forges Oin--= (0, 1) 


=Q , forz=0. 
ee FC ye esi oo » c#0 
x x 
a grea 2 
The discontinuity of f’(2) at 2 = 0, is in fact of the 2° kind. 


4. Let f(x) be continuous in X=(a<b), except at x= a, which 
is a point of discontinuity of the 2° kind. Let f'(x) exist, finite or 
infinite, in (a*, 6). Then x=a is a point of infinite discontinuity 


of f'(@)- 
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For if ea 
p=Rimf@ , q=#limf@), 
there exists a sequence of points a,>a,>--- =a, such that 
SF (@,) =p; and another sequence §8,;>f,>--- =a, such that 


FS (8,)=q. We may suppose 
paesses fs ps > or Saaeaile es a) n=l, 2, kd 
Then the Law of the Mean gives 
9, fle) FB) ¢y,9, 
a, Pa 
where y, lies between «,, 8,. Now the numerator = p — q, while 
the denominator =0. Hence QY,= + 0, or —o, as we choose. 


5. Let f(x) have a finite unilateral differential coefficient U at 
each point of the interval U. Then U is at most pointwise discon- 
tinuous in YW. 

For by 474, 3, U is a function of class 1. Hence, by 486, 1, it is 


at most pointwise discontinuous in YF. 


511. Let f (x) be continuous in the interval (a<b). Let R(x) 
denote one of the right-hand derivates of f(x). If R is not con- 
tinuous on the right at a, then 

1< R(a)<m, ct 
l= Rlim R(@) 4 m= Rlim R(x) », wa. 


where 


To fix the ideas let # be the upper right-hand derivate. Let us 
suppose that a= Rf'(a) were >m. Let us choose », and e such 
that 

m+n<c<a. (2 


We introduce the auxiliary function 
bo) = er f(x). 
Rol(e)=c-Ef'(2) , Rdl@)=c—Ff'z). 
Now if > is sufficiently small, 
Rf'(7)<m+n , for any x in A* =(a*, a+). 


Then 


DERIVATES 513 


Thus 2), 3), show that 
REO) So. Pes 0. 
Hence $(2) is an increasing function in {%{*. But, on the other 
ie Rf!(a) = Rf'(a), 
since «>m. Hence ; 


R¢'(a)=e— Rf'(a)=e—a<0. 


Hence ¢ is a decreasing function at =a. This is impossible 
since ¢ is continuous at a. Thus e<m. 
. . ar 
Similarly we may show that /< a. 


512. 1. Let f(x) be continuous in I= (a<b), and have a 
derivative, finite or infinite. Ifa=f'(a), B= f'(b), then f' (2) 


takes on all values between a, 8B, as x ranges over %. 


For let «<< 8, and let 
Q@ W=FEtD-S@ | aso. 
We can take fA so small that 
Q(a,hy<y , and Q(b, —h)>y¥. 
Q(b, —h) = Q(b—-A, h). 
Q(6—h, hy > ¥. 


If now we fix h, Q (a, A) is a continuous function of 2 As Q 
is <y, for z =a, and >y, for z = b — A, it takes on the value y 
for some 2, say for z = &, between a,b —h. Thus 


OE N=y¥- 
But by the Law of the Mean, 
Q(& h) =f" (a), 
a<Ean<cith<d. 
Thus f! (7) = y, at x= n in Y. 


2. Let f(x) be continuous in the interval A, and admit a deriva- 
tive, finite or infinite. If f'(x) = 0 in Y, except ase at an 
enumerable set &, then f' = 0 also in &. 


Now 


Hence 


where 


514 DERIVATES, EXTREMES, VARIATION 


For if f'(a@) = 0, and f'(8) =) # 0, then f'(z) ranges over all 
values in (0, 6), as z passes from «to B. But this set of values 
has the cardinal number c. Hence there is a set of values in 
(a, 8) whose cardinal number is c, where f’(z) #90. This is 
contrary to the hypothesis. 


3. Let f(x), g(x) be continuous and have derivatives, finite or 
infinite, in the interval A. Lf in W there is an a for which 


I'(@) > I (@)s 
F'(B) <9' (8), 


and a B for which 


then there is a y for which 
UNCP TC AGRE 
eg (2) =f @) - 9@) 
has a derivative, finite or infinite. 
For by hypothesis 
o (a) Ore 0-08) <0, 


Hence by 1 there is a point where 6’ = 0. 


513. 1. If one of the four derivates of the continuous function 
F(&) ts limited in the interval A, all four are, and they have the 
same upper and lower R-integrals. 


The first part of the theorem is obvious from 507, 1. Let us 
effect a division of Y of norm d. Then 


{R= WR lh ied ane & 
2 d=0 


But the maximum of the three other derivates in d, is also M, by 
507, 1. Hence the last part of the theorem. 


2. Let f(x) be continuous and have a limited unilateral derivate 


as RinU=(a<b). Then 


S"Ravzs@)-F@) < f Raz, a 


For let a<a,<a,< ++» <b determine a division of %, of norm d. 


DERIVATES 515 


Then by 506, 1, 
Min R< Fm+1) — Fm) < Max R, 


An+ — An 
in the interval (Gm, @ms1) = n+ 
Hence 
2d, Min k< f(b) — f(a) < =d,, Max R. 
Letting d= 0, we get 1). 


3. If f(x) is continuous, and Uf" is limited and R-integrable in 
W=(a<b), then 


Sf, Uf =f) -f0@). 
514. 1. Let f(x) be limited in I=(a<b), and 


F(x) = { fan see PA. 


U lim f< UF (uw) <U lms, a 


wu 


Then 


for any u within %. 


To fix the ideas let us take a right-hand derivate at z= wu. Then 


- uth 
hMinf < { fale <h Max f wy tna ®y eotath)s a0; 


Thus Min f< af <Maxf,. 
ce 


Letting h= 0, we get 
Rlim f < RF"(u)< Rim, 


which is 1) for this case. 


2. Let f(x) be limited in the interval Y= (a<b). If f(a+0) 


exists, 


R derivative f fix = (e+); 
and tf f(x —0) exists, a<a<b 


L derivative S fix = f(«—0). 
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3. Let f(x) be limited and R-integrable in X= (a<b). The 


points where 
FO) =f fir , a<x<b 
does not have a differential coefficient in U form a null set. 
Hoy P@)=f() by I, 687, 1, 


when f is continuous at 2 But by 462, 6, the points where f is 
not continuous form a null set. 


515. In I, 400, we proved the theorem : 

Let f(x) be continuous in Y= (a<6), and let its derivative 
= 0 within Y. Then fis a constant in Y. This theorem we have 
extended in 507, 6, to a derivate of f(z). It can be extended still 
farther as follows: 

1. (L. Scheefer). If f(x) is continuous in I= (a<b), and if 
one of its derivates =0 in A except possibly at the points of an 
enumerable set ©, then f = constant in YA. 

If f is a constant, the theorem is of course true. We show that 
the contrary case leads to an absurdity, by showing that Card & 
would =c, the cardinal number of an interval. 

For if f is not a constant, there is a point ¢ in %& where 
p=f©—f(@ is #0. To fix the ideas let p>0; also let us 
suppose the given derivate is R= Rf'(2). 

Ne g(%, th=f(x7)—f(a)—t@—a) , t>0. 

Obviously | g|is the distance f is above or below the secant line, 

y =te—a)t+f(a). 
Thus in particular for any t, 
9(4,t=0 , ge, th=p—tle—a). 
Let g > 0 be an arbitrary but fixed number < p. Then 
He t)-g=p —q—te—a) 
4 
é—a 


=@-p {1-0 


Pe ao 


| >o, 


if t¢ < 7, where 
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Hence 
IO >| 
for any ¢ in the interval T=(7, 7),0<7t< 7. We note that 
Card T=c. 


Since for any ¢ in ZS, g(a, t)=0, and g(c, t) >q, let rv=e, be 
the maximum of the points < ¢ where g(a, t)=q. Then e<e, 
and for any h such that e + A lies in (e, ¢), 


Oe WG Da) eile a Tl). 7, 
h h 


Hence 


Rf'(e) > 0. 


Thus for any ¢ in J, e, lies in © As ¢ ranges over &, let e, 
range over ©, < ©. To each point e of ©, corresponds but one 
point tof ©. For 

0=9(e, th—g(e, U)=(t—-t')(e—a). 
Gi ASC tO: 


Card © = Card ©, < Card G, 


Hence 
Thus 
which is absurd. 
2. Let f (x) be continuous in L=(a<b). Let € denote the 
points of 2 where one of the derivates has one sign. IPf © exists, 
Card € =¢, the cardinal number of the continuum. 


The proof is entirely similar to that in 1. For let ¢ be a point 
of ©. Then there exists a d > e such that 


SaQ-fo=p> 9%. 
We now introduce the function 
g@, H=f@)—fle)—-t@—e) , t>9, 


and reason on this as we did on the corresponding g in 1, using 
here the interval (c, d) instead of (a, 6). We get 


Card ©, = Card T=c. 
3. Let f(x), g(x) be continuous in the interval YI. Let a pair of 
corresponding derivates as Rf', Rg! be finite and equal, except pos- 


sibly at an enumerable set €. Then f=g+C, in U, where C is a 
constant. 
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For let Pipes Par ee Sh fees? 
Then in A= tae 


Re hen eae: 


But if Rd’ < 0 at one point in Y, it is < 0 at a set of points B 
whose cardinal number is c. But @ lies in ©. Hence Rd is 
never < 0, in %. The same holds for y. Hence, by 508, @ and 
a are both monotone increasing. This is impossible unless 
g = a constant. 


516. The preceding theorem states that the continuous function 
f(«) in the interval %f is known in Y, aside from a constant, when 
Ff! (@) is finite and known in Y, aside from an enumerable set. 

Thus f(z) is known in %& when f’ is finite and known at each 
irrational point of Qf. 

This is not the case when f’ is finite and known at each rational 
point only in 2. 

For the rational points in %f being enumerable, let them be 


55 Tay Ve qd 


be aa Beata ed Rae 


be a positive term series whose sum 1 is < Y. Let us place 1 
within an interval 6, of length <7,. Let 7, be the first number 
in 1) not in 6,. Let us place it within a non-overlapping interval 
5, of length < d,, ete. 

We now define a function f(a) in Y such that the value of f at 
any x is the length of all the intervals and part of an interval 
lying to the left of 2 Obviously f(2) is a continuous function of 
2 in Y. At each rational point f’(2)=1. But f(z) is not de- 
termined aside from a constant. For =8, < J. Therefore when 
J is small enough we may vary the position and lengths of the 
5-intervals, so that the resulting f’s do not differ from each other 


only by a constant. Pe 


SL7a 1 Let f(x) be continuous in X= (a < 6) and have a finite 
derivate, say Rf', at each point of X. Let © denote the points of 
where R has one sign, say > 0. If € exists, it cannot be anull set. 
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For let e be a point of ©, then there exists a point d > e such 


that 
4 CD eet Ca apa ad 
Let ©, denote the points of € where 
n—1L< Rf! <=. (2 


Then € = €,+@,+ +» Letd<g < p. We take the positive 
constants g,, g. +++ such that 


“+29 +39, + + SG 


If now € is a null set, each ©,, is also. Hence the points of €,, 
can be inclosed within a set of intervals 6,,, such that 28an< Ym- 
n 


Let now g,(«) be the sum of the intervals and parts of intervals 
8n.ny 2 = 1, 2--- which lie in the interval (a@< 2). Let 


Q(x) = LMgn (2). 
Obviously Q(2) is a monotone increasing function, and 
05 OM <4. (3 
P@)=f@)-FM — @@). 
We have at a point of %& — ©, 


AP _ 1a al AQ Af 
Ne NN ee Nr 


Consider now 


, Aw~>0d0. 


Hence at such a point 
RP! < Rf! <9. 


But at a point 2 of €, RP’ <0 also. For x must lie in some 
G,,, and hence within some 6,,,.. Thus g(x) increases by at least 
Az when z is increased to 2+ Az. Hence mq,(x), and thus 
Q(«) is increased at least mAz. Thus 


AQ s m, ° 
Ar 


thus RP' < Rf'—m< 9, by 2), 
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since x lies in ©,,. Thus RP!’ < 0 at any point of %. Thus P is 
a monotone decreasing function in Y, by 508, 2. Hence 
P(e)— P(d) = 9. 
H 
mee’ FO) -L@ — (CO CAM} 24, 
or using 1), 3) 
p-qs% 
which is not so, as p is > q. 

2. (Lebesgue.) Let f(x), g(x) be continuous in the interval Y, 
and have a pair of corresponding derivates as Rf', Rg! which are 
finite at each point of A, and also equal, the equality holding except 
possibly at a null set. Then f(x) — g(x) = constant in YI. 


The proof is entirely similar to that of 515, 3, the enumerable 
set € being here replaced by a null set. We then make use of 1. 


518. Let f'(a) be continuous in some interval A= (u—6,u+6). 
Let fe) exist, finite or infinite, in A, but be finite at the point x=u. 
ree f(s) = lim Qf, a 

h=0 


where 


Qf (wu) ee) titi h) — 2 f(a) Pa ea) 


Let us first suppose that f"(w) =0. We have for 0<A<n<8, 
§ = =f) iF CE 
Qf a7 [Fae D Fe) _FG=) Foo} 


=p 


=FiF@) - Fa") » ucacuth , u-hewlecy 


=71@' — u)§ f(a) a él} = (a! am w)§ fl! (a) a2 el! ; 


where |e’|, | e”| are < €/2 for » sufficiently small. 


Now wey |e! —uley 
Peet.) h —_—_-") ; 4 
while f"(uy=0 , by hypothesis. 
Hence (Or =e 5 for O= 7 a, 


and 1) holds in this case. 
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Suppose now that f'(u)=a#0. Let 
9@) =f(@)—-— Ga) , where g(x) =} aa? + br +e. 


Since q’i(uw)y=a\, g''(u) =0. 
Thus we are in the preceding case, and lim Qg = 0. 
Hence lim Qf=a. 


a 


Maxima and Minima 


519. 1. In I, 466 and 476, we have defined the terms f(z) as 
a maximum or a minimum at a point. Let us extend these terms 
as follows. Let f(a, --- 2) be defined over 9, and let x= a be an 
inner point of YF. 

We say f has amaximum at «=a if 1°, f(a) —f (x) = 9, for any 
xin some V(a), and 2°, f(a) =f (x) > 0 for some 2 in any V(a). 
If the sign = can be replaced by > in 1°, we will say f has « 
proper maximum at a, when we wish to emphasize this fact; and 
when > cannot be replaced by >, we will say f has an improper 
maximum. <A similar extension of the old definition holds for 
the minimum. A common term for maximum and minimum is 
extreme. 


2. If f(z) is a constant in some segment &, lying in the inter- 
val Y&, B is called a segment of invariability, or a constant segment 


OL Ff in. 
Example. Let f(x) be continuous in Y= (0, 1*). 
Let ad 


4G—I0 Ay Ag Me 950 
be the expression of a point of % in the normal form in the dyadic 
system. Let es nee ie fe 
be expressed in the triadic system, where e«,=4,, when a, = 0, 
and =2 when a,=1. The points ©={&} form a Cantor set, 
I, 272. Let {9,3 be the adjoint set of intervals, We associate 
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now the point 1) with the point 2), which we indicate as usual by 
a~&. We define now a function g(2) as follows: 


g(E)=F(@) , when e~E. 


This defines g for all the points of ©. In the interval %,, let g 
have a constant value. Obviously g is continuous, and has a 
pantactic set of intervals in each of which g is constant. 


s 
3. We have given criteria for maxima and minima in I, 468 
seq., to which we may add the following: 


Let f(x) be continuous in (a—6,a+6). If Rf'(a)>0 and 
Lf'(a) <0, finite or infinite, f(x) has a minimum at x =a. 
If Rf'(a)<0 and Lf'(a)>9, finite or infinite, f(x) has a mazi- 


mum at x= a. 


For on the 1° hypothesis, let us take @ such that R—e«>0. 
Then there exists a 6‘>0 such that 


LAtH-IO> R—a>0 : 0<h<8'. 
meece f(a+h)sfla) , athin (a%,a+8). 
Similarly if 8 is chosen so that ZL + 8 <0, there exists a 8/’>0, 


such that S(a—h) —f(a af + B. 
—h 


cee f(a—h)>f(a) , athin (a—8"', a®). 
520. Example 1. Let f(z) oscillate between the z-axis and the 
two lines y= 2 and y = —@, similar to 
- | 
y =|xsin—|- 
v 


In any interval about the origin, y oscillates infinitely often, hav- 
ing an infinite number of proper maxima and minima. At the 
point «= 0, f has an improper minimum. 


Example 2. Let us take two parabolas P,, Py defined by y = 27, 
y=2a2?. Through the points s=+43, +4--- let us erect ordi- 
nates, and join the points of intersection with P,, P,, alternately 
by straight lines, getting a broken line oscillating between the 
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parabolas P,, P,. The resulting graph defines a continuous func- 
: ; bits ek 
tion f(x) which has proper extremes at the points €= | on hetes 
n 
However, unlike Ex. 1, the limit point z= 0 of these extremes is 
also a point at which f(x) has a proper extreme. 


Example 3. Let {8% be a,set of intervals which determine a 
Harnack set § lying in %=(0, 1).. Over each interval 6=(«, 8) 
belonging to the n™ stage, let us erect a curve, like a segment of 
a sine curve, of height A, = 0, as noo, and having horizontal 
tangents at «, 8, and at y, the middle point of the interval 6. At 
the points {&{ of Y not in any interval 6, let f(v~) =0. The func- 
tion f is now defined in Wand is obviously continuous. At the 
points {¥{, f has a proper maximum; at points of the type «, B, 
&, f has an improper minimum. These latter points form the set 
© whose cardinal number isc. The function is increasing in each 
interval (a, y), and decreasing in each (y, 8). It oscillates in- 
finitely often in the vicinity of any point of §. 

We note that while the points where f has a proper extreme 
form an enumerable set, the points of improper extreme may form 
a set whose cardinal number is c. 


Example 4. We use the same set of intervals {6} but change 
the curve over 6, so that it hasa constant segment 7 = (A, /) in its 
middle portion. As before f=0, at the’ points € not in the 
intervals 6. 

The function f (z) has now no proper extremes. At the points 
of §, f has an improper minimum; at the points of the type A, p, it 
has an improper maximum. 


Example 5. Weierstrass’ Function. Let € denote the points in 
an interval %f of the type 


Ts ayo . 
Z=— , 7, 8, positive integers. 


bs 
For such an 2 we have, using the notation of 502, 
Wad nM ae eat PB 
Hence b=) 4) for m2 8. 


Thus Om = (— Lethe (— 141, 
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Hence sgn ae = sen Q = sgn entm = sgn (—1)"h. 
x 


ens ssn Rfi@=+1 , son lf'@=—1, 
if 7 is even, and reversed if x isodd. Thus at the points G, the 
curve has a vertical cusp. By 519, 3, F has a maximum at the 
points ©, when r is odd, and a minimum when, is even. The 
points © are pantactic in Y. ; 

Weierstrass’ function has no constant segment 6, for then 
F'(z) = 0 in 6. But F#’ does not exist at any point. 


521. 1. Let f(a,-+- x) be continuous in the limited or unlimited 
set U. Let & denote the points of A where f has a proper extreme. 
Then & is enumerable. 


Let us first suppose that % is limited. Let 6>0 be a fixed 
positive number. There can be but a finite number of points @ in 


% such that 
JIG) Hf @)—5 -i0_ Vs" (e): e! 


For if there were an infinity of such points, let @ be a limiting 
point and »<46. Then in V,(8) there exist points «/, «’’ such 
that V3(«'), V;(a'’) overlap. Thus in one case 


f(@) > fe"), 


Fe) <f (al), 
which contradicts the first. 


and in the other 


Let now 6, >6,>--- +0. There are but a finite number of 
points @ for which 1) holds for 6= 6,, only a finite number for 
5=6,, etc. Hence € is enumerable. The case that fis unlim- 
ited follows now easily. 


2. We have seen that Weierstrass’ function has a pantactic set 
of proper extremes. However, according to 1, they must be 
enumerable. In Ex. 8, the function has a mitiimum at each point 
of the non-enumerable set §; but these minima are improper. On 
the other hand, the function has a proper maximum at the points 
fyt, but these form an enumerable set, ‘ 
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yay 


522. 1. Let f(x) be continuous in the interval A. Let f have a 
proper maximum atx=aandx=B int. Then there is a point y 
between a, B where f has a minimum, which need not however be a 
proper minimum. 


For say a< 8. In the vicinity of «a, f(z) is <f(a@); also in 
the vicinity of 6, f(~) is<f(8). Thus there are points B in 
(a, 8) where fis < either f(@) or f(8). Let w be the minimum 
of the values of f(x), as x ranges over B. There is a least value 
of 2 in (a, 8) for which f(7)=y. We may take this as the 
point in question. Obviously y is neither a nor B. 


2. That at the point y, f does not need to have a proper mini- 


mum is illustrated by Exs. 1, or 3. 


3. In A= (a, 6) let f'(x) exist, finite or infinite. The points 
within MX at which f has an extreme proper or improper, lie among 
the zeros of f'(@). 

This follows from the proof used in I, 468, 2, if we replace there 
= Uwby <0, ands>.0, by = 0; 


4. Let f'(x) be continuous in the interval YX, and let f(x) have 
no constant segments in Mt. The points E of AX where f has an ex- 
treme, form an apantactie set in %M. Let 3 denote the zeros of f'(2) 
in. If B= fb,} is the border set of intervals lying in X corre- 
sponding to 3, f(x) ts univariant in each b,. 

For by 3, the points € lie in 8. As f’(@) is continuous, 3 is 
complete and determines the border set %. Within each b,, 
f'(@) has one sign. Hence f(#) is univariant in b,. 


5. Let f(x) be a continuous function having no constant segment 
in the interval A. If the points € where f has an extreme form a 
pantactic set in X, then the points B where f'(x) does not exist or is 
discontinuous, form also a pantactic set in A. 


For if % is not pantactic in %, there is an interval € in % 
containing no point of 8. Thus f’(2) is continuous in ©. But 
the points of € in € form an apantactic set in € by 4. This, 
however, contradicts our hypothesis. 


Example. Weierstrass’ function satisfies the condition of the 
theorem 5. Hence the points where F’(x) does not exist or is 


526 DERIVATES, EXTREMES, VARIATION 


discontinuous form a pantactic set. This is indeed true, since 
fF’ exists at no point. 


6. Let f(x) be continuous and have no constant segment in the 
interval A. Let f'(x) exist, finite or infinite. The points where 
F'(@) is finite and is #0 form a pantactic setin I. 

For let « < 8 be any two points in Y. If f(@) =f(), there is 
a point a < y< such that f(a) #f(y), since f has no constant 
segment in Y. Then the Law of the Mean gives 


S'Eé) Ee a0 


Thus in the arbitrary interval (a, 8) there is a. point & where 
F'(@) exists and is + 0, 

T. Let f(x) be continuous in the interval A. Then any interval 
Bin Awhich is not a constant segment contains a segment € in which 
f ts univariant. 

For since f is not constant in B, there are two points a, b in B 
at which f has different values. Then by the Law of the Mean 


f(a)— f@)=(a—b) P(e) , ein¥. 
Hence f'(e) #0. As f(z) is continuous, it keeps its sign in 
some interval (¢ — 6, ¢+ 6), and f is therefore univariant. 


523. Let f(x) be continuous in the interval XI, and have in any tn- 
terval in YX a constant segment or a point at which f has an extreme. 
If f'(x) exists, finite or infinite, it is discontinuous infinitely often in 
any interval in I, not a constant segment. At a point of continuity 
of the derivative, f'(x) = 0. 

For if f’(v) were continuous in an interval %, not a constant 
segment, f would be univariant in some interval € < %, by 522, 7. 
But this contradicts the hypothesis, which requires that any inter- 
val as © has a constant segment. Hence f’(2) is discontinuous 
in any interval, however small. 

Let now x =e be a point of continuity. Thgn if ¢ lies in a con- 
stant segment, f’(¢)=0 obviously. If not, there is a sequence of 
points e,, é +++ =e such that f(x) has an extreme ate,. But then 
F'(én) =9, by 522,3. As f’(x) is continuous at z=, f!(c)=0 
also. 
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524. ( Konig.) Let f(x) be continuous in U and have a pantactic 
set of cuspidal points ©. Then for any interval B of YU, there exists 
a8 such that f(@)=B at an infinite set of points in B. Moreover, 
there is a pantactic set of points {E} in B, such that k being taken at 


pleasure, DCD ee af" (e). C 


For among the points © there is an, infinite pantactic set c of 
proper maxima, or of proper minima. To fix the ideas, suppose 
the former. Let =e be one of these points within 8. Then 
there exists an interval b <%, containing ¢, such that 


Rie cee, 1or-any 2 inp. 
Let poe Min f(a), “in 5; 
Then there is a point where f takes on this minimum value. 
The point e divides the interval 6 into two intervals. Let I be 
that one of these intervals which contains z, the other interval we 


denote by m. Within m let us take a point ¢, of c. Then in [ 
there is a point ¢] such that 


Se) =F(). 

The point ce, determines an interval b,, just as ¢ determined b. 
Obviously b, <m, and 6, falls into two segments [,, m, as before 
b did. Within m, we take a point of c. Then in [{ there is a 
point ef, and in I, a point cf, such that 

F (q) =F (4) =F (0g). 

In this way we may continue indefinitely. Let 
Cy 3 Co 5 a eee 
be the points obtained in this way which fall in f. Let ¢’ bea 
limit point of this set. Let 

Cy 5 Co 5 Cy eee 
be the points obtained above which fall in [,, and let ¢” be a limit 
point of this set. Continuing in this way we get a sequence of 
limiting points Ge eS oll sa (2 


lying respectively in [, [,, {, ++ 
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Since f is continuous, 
FO=FC=/E = GB 


Thus if we set f(c’)= 8 we see that f(7) takes on the value 8 at 
the infinite set of points 2), which lie in %. 
Let ¥,, Y2 ++: be a set of points in 2) whieh= y. 


sui 
te EMH MOS Lay, (4 
YY hl YY 
Thus if f(x) exists at a=y, the equations 3) show that f’(y) 
=(. If’ does not exist at y, they show that 


S'S 0<f! , ataay. 


Let now k be taken at pleasure. Then 


gaj=f@)—ke 
is constituted as f, and 7 “ 
J @=f@)—k. 
This gives 1). 


525. 1. Lineo- Oscillating Functions. The oscillations of a con- 
tinuous function fall into two widely different classes, accord- 
ing as f(a) becomes monotone on adding a linear function 
l(a)=ax+b, or does not. 

The former are called lineo-oscillating functions. A continu- 
ous function which does not oscillate in Y%, or if it does is lineo- 
oscillating, we say is at most a lineo-oscillating function. 


Example 1. Let f(@)=sing , Il(v)=z. 


If we set yah nie 


and plot the graph, we see at once that y is an increasing function. 
At the point «=7, the slope of the tangent to f(x)=sinz is 
greatest negatively, 7.e. sing is decreasing here fastest. But the 
angle that the tangent to sina makes at this pgint is — 45°, while 
the slope of the line 7(#) is constantly 45°. Mins at 2 == 7,-y has 
a point of inflection with horizontal tangent. 

If we take (v7) =ar,a>1, y is an increasing function, increas- 
ing still faster than before. . 
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All this can be verified by analysis. For setting 


Y=sing-+-ay , a>l, 


we get y' =a+ cosa, 
and yi 30. 
Thus y isa lineo-oscillating function, in any interval. 
Example 2. Jaye" sin : », «#0 
. =10" Bey). 


Ua)=axr+b , y=f(a)t+l(a). 
Then 1 1 
y' =2asin=-—cos—-+a , «#0 
x x 


hh / 9 z= 0. 


Hence, if a>1+27, y is an increasing function in Y =(— 7, 7). 
The function f oscillates infinitely often in %f, but is a lineo-oscil- 
lating function. 


Example 3. ioeay=csin : 0 eee 
x 


ee Ge) 


l@)=ar+-b , y=f(e)+l@). 
Here 


y' =sint—Feos= +a a ee 0. 
x se 


For z= 0, y’ does not exist, finitely or infinitely. 

Obviously, however great a is taken, y has an infinity of oscilla- 
tions in any interval aboutz=0. Hence fis not a lineo-oscillat- 
ing function in such an interval. 


2. If one of the four derivates of the continuous function f(x) 18 
limited in the interval U, f(x) ts at most lineo-oscillating in A. 


For say kf’ >—ain®Y. Let 0<«< AP, 
oe g(@) =f (2) + Br. 
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oe g(a) =B+f"(x) >. 


Hence g is monotone increasing by 508, 1. 


3. Let f(x) be at most lineo-oscillating in the interval A. If Uf' 
does not exist finitely at a point x in Y, it is definitely infinite at the 
point. Moreover, the sign of the «© is the same throughout %. 


For if f is monotone in %, the theorem is obviously true. If 


not, let (2) =f (a) + ax 


Uf! = Uy! — a 


and this case is reduced to the preceding. 


be monotone. Then 


Remark. This shows that no continuous function whose graph 
has a vertical cusp can be lineo-oscillating. AH its vertical tan- 
gents correspond to points of inflection, as in 


yar 


Variation 


526. 1. Let f(x) be continuous in the interval YX, and have limited 
variation. Let D be a division of A of norm d. Then using the no- 
tation of 443, 

lin Se) im, Pare ie f Se dlie qd 


For there exists a division A such that 


€ r 
dae pears 


where for brevity we have dropped f after the symbol V. Let 
now A divide %& into v segments whose minimum length call 2. 
Let D be a division of % of norm d<d)<2. Then not more 
than one point of A, say a,, can lie in any interval as (@,, a,,,) of 
D. Let H= D+A, the division obtained by superposing A on D. 
Then pu denoting some integer < », 


Ve-Vo=3 NF @)—F AD FF FOO =F FAN: 
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If now d, is taken sufficiently small, Osc f in any interval of D 


: € 
is as small as we choose, say < a Then 
Vv 


But since # is got by superposing A on D, 
Vic VesVe 
Hence for any D of norm < dy, 
“| 1H=Flz6 


which proves the first relation in 1. The other two follow at 
once now from 443. 


527. If f(x) ts continuous and has limited variation in the in- 
terval Y= (a< 6), then . 


Piz) , N@ , V@) 
are also continuous functions of x in Y. 


Let us show that V(2) is continuous; the rest of the theorem 
follows at once by 448. 
By 526, there exists a d), such that for any division D of norm 


d<dby, Vb)=Va(b) +e , O<e' <e/8. 
Then a fortiori, for any x<6 in A, 
V@=Vy~@)+E , 0<e<e/8. qd 


In the division D, we may take z as one of the end points of an 
interval, and +h as the other end point. Then 


Vath =Vi2)+|f@+-f@l+q 1 1<eQ<c/ (2 
On the other hand, if d, is taken sufficiently small, 
If@+h-f@I1<3 , for 0<A<8. (3 
From 1), 2), 3) we have . 
0<Viath)—V(ey<e , forany 0<A<6. (4 
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But in the division D, x is the right-hand end point of some in- 
terval as (a —k, x). The same reasoning shows that 


|\Via—k)—-V(@)|<e , forany 0<k<6. (5 


From 4), 5) we see V(2) is continuous. 


528. 1. If one of the derivates of the continuous function f (x) 1s 
numerically < Min the interval U, the variation V of fis < MU. 


For by definition SNe 2, 
with respect to all divisions D=$d,} of Y&. Here 
Vo == |f@)—F Gay |- 


Now by 506, 1, ; 
pee _yel@d—Sf ade y 


a, — Ay 
ie (f(a) =7 (an)| le 
ELD V, < MS, < MY. 


2. Let f(a) be limited and R-integrable inM=(a<b). Then 


F@)=f fae Ge 
has limited variation in %. 


For let D be a division of & into the intervals d, = (a,, a,,,). 


Phen Vp FHE| FC) —PCa)|=2|f fae | 
41 ay - 
antl “|f\de<M3f "de = Ma, = MY. 
Thus 


Max V,- F < MU, 


and F' has limited variation. 


529. 1. Lf f(x) has limited variation insthe interval A, the 
points R where Osc f > k, are finite in number. 


For suppose they were not. Then however large G is taken. 
we may take m so large that nk >-G. There exists a division L 
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of Y, such that there are at least n intervals, each containing a 
point of R within it. Thus for the division D, 


= Ose f > nk > G. 


Thus the variation of fis large at pleasure, and therefore is not 
limited. 


2. If f has limited variation in the interval YU, its points of dis- 
continuity form an enumerable set. 


This follows at once from 1. 


530. 1. Let D,, D,---be a sequence of superposed divisions, of 
norms d, = 0, of the interval I. Let Op, be the sum of the oscilla- 
tions of f in the intervals of D,. If Max Qp, is finite, f(x) has 
limited variation in UL. i 


For suppose f does not have limited variation in %. Then 
there exists a sequence of divisions H,, H, --- such that if OQ, is 
the sum of the oscillations of f in the intervals of #,,, then 


Og < Og <1 = +0. a 


Let us take v so large that no interval of D, contains more than 
one interval of H, or at most parts of two #, intervals. Let 
T,= E,+D,. Then an interval 6 of D, is split up into at most 
two intervals 6’, 6’ in F,. Let @, w', w'’ denote the oscillation of 
f in 4, 8’, 8’. Then the term @ in D, goes over into 

wo +0!'<2@ 
in Q,. Hence if Max OQ, = M, 
O72 O27, 
which contradicts 1). 


2. Let Vy,=2=|f Ca) —f(as,)|, the summation extended 
over the intervals (a,, a,,,) of the division D,. If Max Vp, is 
n 


finite with respect to a sequence of superposed divisions {D,}, we 
cannot say that f has limited variation. 


Example. Yor let f (v)=0, at the rational points in the inter- 
val &=(0, 1), and =1, at the irrational points. Let D, be 
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obtained by interpolating the points aa in Uf. Then f=9 


On 


at the end points a,, a,,, of the intervals of D.. Hence Vz, = 0: 
On the other hand, f(z) has not limited variation in Y as is 
obvious. . 

531. Let F(x) =lim f(a, t), 7 finite or infinite, for x in the 

t= 

interval A. Let Var f(a, t) <M for each t near t. 

Then F(x) has limited variation in X. 

To fix the ideas let 7 be finite. Let 

F=f, t)+ 9@ t). 
Then for a division D of Y, 
V>P < Vif + Vog. 


Vog = | I (an) oa I (ns) ly 


where (4m, Gn4,) are the intervals of D. 


But 


But for some t = ¢t’ near 7, each j 
J(u, t’) << sh, 
28 


where s is the number of intervals in the division D. 


Thus Dae eee 
D . 


Hence V,F< M+», 
and F has limited variation. 

532. Let f(x), g(x) have limited variation in the interval Y, then 
their sum, difference, and product have limited variation. 

If also oie ty SO. Go cin 
then f/g has limited variation. 


Let us show, for example, that h = fg has limited variation. 


For let Minf=m , Ming=n 
in the interval d, 
Oscef=o , Oscg=r 
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‘ 


Then F=m+ a@ 5 g=n+ Br 9 in dy 
OSes ly Ue = 1. 

Thus tg = mn + mBr + new + aBor. 

Now 

mn —|m|t—|n|o—or< fy <mn+|m|7+ |n|o+ or. 

Hence n= Osch<2{r|m| +o|n| +or}. 

But ,  |ml,|n|,7< some K. 

Thus 


Vike theo ee KS, 
<some G, 


and A has limited variation. 


533. 1. Let us see what change will be introduced if we 
replace the finite divisions D employed up to the present by 
divisions #, which divide the interval % = (a < 6) into an infinite 
enumerable set of intervals (a, @,,;). 


L ee 
a We = E | f (am) — Ff Cnssd1> a 


W = Max Pz, 


and 


for the class of finite or infinite enumerable divisions {#}. 
Obviously W>V; 
hence if Wis finite, so is V. 


We show that if V is finite, so is W. For suppose W were 
infinite. Then for any @ > 0, there exists a division £, and an 
n, such that the sum of the first m terms in 1) is > G, or 


Wain G. (2 


Let now D be the finite division determined by the points a,, 
My +++ G4, Which figure in 2). 
Then 


Vp >@, 


hence V = 0, which is contrary to our hypothesis. 
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We show now that V and W are equal, when finite. For let 
E be so chosen that 
Wi Wace, 


Now Wr = Werte’ ; |e | <e/2 
if m is sufficiently large. 


Let D correspond to the points a,\a,--- in Wz,,. Then 


Vy a We, n> 
and hence Von a, a We 
Hence W—Vp<e. 


We may therefore state the theorem : 

2. If f has limited variation in the interval YU with respect to the 
class of finite divisions D, it has with respect to the class of enumer- 
able divisions E, and conversely. Moreover 


Max V, = Max V,. 


534. Let us show that Wezerstrass’ function F, considered in 
502, does not have limited variation in any interval L=(a< B) 
when ab>1. Since F is periodic, we may suppose«>0. Let 


ke eo e+e 
om? ym? bm 


be the fractions of denominator 6” which lie in Y. 


These points effect a division D,, of Y, and 
See S| p/kt7+1 k+J 


bm 
Co Gaal 


4- 


If 7 is the minimum of the terms F; under the & sign, 
Vo,, = pl. el 
_Now k—-1 ' k+ut+l 


Hence = 9 = 
Hc fe p> irh—2. 
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On the other hand, using the notation and results of 502, 


ies ig tiny) ha tein, 


b 
and also F(«+h)— F(x) > anon rie ). é 
: h Grell 
Let us now take : 
£,,= 0, Vm = +1, bm =h+J. 
Then k+j A 
= ’ h — 
as a bm bm 
Hence from 8), ‘= a eek ) 
: SS at 


Thus 


ab —1 
As a<1, and ab >1, we see that 


eS an(= aoe ) erat SS meiby Lig): 


Vo, = + ©, aS M= oo. 


Non-intuitional Curves 


535. 1. Let f(z) be continuous in the interval &. The graph 
of f is a continuous curve C. If f has only a finite number of os- 
cillations in Y, and has a tangent at each point, we would call Can 
ordinary or intuitional curve. It might even have a finite num- 
ber of angle points, z.e. points where the right-hand tangent is 
different from the left-hand one [cf. I, 866]. But if there were 
an infinity of such points, or an infinity of points in the vicinity 
of each of which f oscillates infinitely often, the curve grows less 
and less clear to the intuition as these singularities increase in 
number and complexity. Just where the dividing point lies be- 
tween curves whose peculiarities can be clearly seen by the intui- 
tion, and those which cannot, is hard to say. Probably different 
persons would set this point at different places.., 

For example, one might ask: Is it possible for a continuous 
curve to have tangents at a pantactic set_of points, and no tangent 
at another pantactic set? If one were asked to picture such a 
curve to the imagination, it would probably prove an impossibility. 
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Yet such curves exist, as Ex. 3 in 501 shows. Such curves might 
properly be called non-intuctional. 

Again we might ask of our intuition: Is it possible for a con- 
tinuous curve to have a tangent at every point of an interval Y, 
which moreover turns abruptly at a pantactic set of points? Again 
the answer would not be forthcoming. Such curves exist, how- 
ever, as was shown in Ex. 2 in 501. 

We wish now to give other examples of non intuitional curves. 
Since their singularity depends on their derivatives or the nature 
of their oscillations, they may be considered in this chapter. 

Let us first show how to define curves, which, like Weierstrass’ 
curve, have a pantactic set of cusps. To effect this we will extend 
the theorem of 500, 2, so as to allow g(~) to have a cusp at r= 0. 


536. Let € = §fe,} denote the rational points in the interval 
W=(—a, a). Let y(x) be continuous in B=(—2a, 2a), and 
=0, atx=0. Let B* denote the interval B after removing the 
pointa=0. Let g have a derivative in B*, such that 

M 
LO 


~ ||" 


F(a) = Seg — on) = Ege er)» BDO 


5 a&> 0. Ge 
Then 


is a continuous function in %, and af behaves at x=e, essentially 
x 


as 99 does at the origin. * 
Ax 


To simplify matters, let us suppose that € does not contain the 
origin. Having established this case, it is easy to dispose of the 
general case. We begin by ordering the e, as in 283. Then 
obviously if 

a » g>0 , p positive or negative, 


we have oe 
Let 
Cmn = Cm — Ens Iie, =o 
8 § 
Peet Sal) 2 a Riots his (2 
Gas qs mn 


* Cf, Dini, Theorie der Functionen, etc., p. 192 seq. Leipzig, 1892. 
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Let H(z) be the F series after deleting the m™ term. Then 
F (&) = Ang(@ — em) + EH (a). 


We show that # has a differential coefficient at 7 =e,,, obtained 
by differentiating # termwise. To this end we show that as A = 0, 


Dth)= Ya, Lem + an) ’ MEN (3 
converges to Ge Si gies" 5 TE Ne (4 


That is, we show 


eS 0 0 5 OG) Gen, O | ieee, (5 
Let us break up the sums 3), 4) which figure in 5), into three 
parts ES r 5 2 
Sy + DiS. (6 
Pig Cries tt 
Thus 


|D—@|<|D,-—G,|+|D,,.—G,,.| + |D.— @| (7 
<A+BH+C4. 


Since g'(€nn) exists, the first term may be made as small as we 
choose for an arbitrary but fixed r; thus 


(CS 
A<z: 


Let us now turn to B. We have 
Be | Dil Gals 
Gena t 2) — Ilene) =9'(emn th) , |W <A 


provided g'(x) exists in the interval (€mn mn + 1). 
But by 2), 


lent h!| > | tmm| — [bl 25> 5 — , forr<n<s 
if 
ee (8 
2 ms 
Thus by 1), 


| 9'Cémn + h!) | < 22 Mmen* < Myn* , Ma constant. 
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Hence a fortiori, | 9! Conn) | < Mn. oO 
Now the sum 1 
H=> aa 
converges if >0. Hence H,,and H, may be made as small as 
we choose, by taking p sufficiently large. Let us note that by 91, 
ee Sele . (10 
Thus if «= Min (a, 8), 
€ 
B<|D,,| + |Gel < 2> a Fe = 2 ME. <S, 


for a sufficiently large r. 
We consider finally C. We have 


Sa 


Ea, | (ma + 4) | + = 7 3 tn | 9Cemn)| + || 


<i 
<O4+ +46. 


From 9) we see that 


|r| 


Ope Hees 


6 
for s sufficiently large. Since g(z) is continuous in 8%, 
lg@@|<w. 
Hence 2 
Cyand C, < a) au eal u i 
heal Alea n2tetsB — | h| eee gitats 


ote NS Se 
l+a+B st8 


if ae on using 10). 


Taking s still larger if necessary, we can make 


’ 


One Crees 7 “A 
Thus s 
Carat 
=f 
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The reader now sees why we broke the sum 6) into three parts. 
As h = 0, the middle term contains an increasing number of terms. 
But whatever given value A has, s has a finite value. 

Thus as A, B, Care each < ¢/3, the relation 5) is established. 

Hence F has a differential coefficient at 2 = e,,, and as 


AF _ A) , 48 
te ek 


our theorem is established. 


537. Hzample 1. Let ereotes 


‘Then fore 0, g'@) = : ==. Herea=}. 


Forz= 0, Rg @)=+ oO , Lg! (2) =— 0. 


Thus 


F(@) = SY@as , B>0 


is a continuous function, and at the rational points e,, in the in- 
terval YY, 
RE (aj=to , LE@=-.o. 


Hence the graph of F has a pantactic set of cuspidal tangents 
in %. The curve is not monotone in any interval of %, however 
small. 


Example 2. Let 1 
I@= # sin = , «#0 


Then 
a Beal il 
/ = Sy ee — 5 — 0. 
g (#) = sin ee cos = x 


Herenx=1. Forzv=0, 


g'(@)=+1., g @=-1. 
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Then 
eee 


HOV == —5p (@ — en) sin = 


is a continuous function in %f, and at the rational point e,, 


F'(@)= 


n3+B 


+ El (em) 
Pepi 
F'(@) aaa apery eee (Cm) 


where F is the series obtained from F by deleting the m term. 


538. Pompeiu Curves.* Let us now show the existence of 
curves which have a tangent at each point, and a pantactic set of 
vertical inflectional tangents. 

We first prove the theorem (Borel): 


Let B= aay goo end, SOs 


where © = §e,t is an enumerable set in the interval W, and 
A= V4, 
is convergent. Then B converges absolutely and uniformly in a set 
B< A, and $ is as near A as we choose. 
The points D where adjoint B is divergent form a null set. 


For let us enclose each point e, in an interval 6, of length 
with e, as center. 
The sum of these intervals is 


2V a, 
k b] 


aye 24 a é, 


for k > 0 sufficiently large. Let now & be fixed. A point 2 of 
will not lie in any 6, if 


ra =|2—e,| Se 
Then at such a point, , 
k =a: 
Adjoint B < Sa,—= = k = kA. 
join < a5 kiVa, =kA 


n 


* Math. Annalen, vy. 63 (1907), p. 826. 
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As $8 > % —«, the points where B does not converge ab- 
solutely form a null set. 


539. 1. We now consider the function 
: = 1 
F(“)= read —é@,)§ = &f,(2) @! 
where € = §e,} isan enumerable pantactic set in an interval YM, and 
A= 2a, (2 
is a convergent positive term series. 
a 


Then F' is a continuous function of xin%. For |x —e, [Fis < 
some JM in Y. 

Let us note that each f/,(#) is an increasing function and the 
curve corresponding to it has a vertical inflectional tangent at the 
point z= «,. 

We next show that #’ (2) is an increasing function in A. For let 
a <a! ‘Then 


F(a’) AG ’). 


Hence F,(2') Zz Fa). 
oe F(a’) < Fe"). 
peence F(a’) < F(a"). 
2. Let us now consider the convergence of 
1 a 
Dea. (3 
sees 


obtained by differentiating F termwise at the points of &—G. 
Let D denote the points in & where 


a 
= > —_* — 4 
a > |a— e, | ( 
diverges. We have seen © is a null set if 


| LVa, (5 
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is convergent. Let Y=OH+C. Let x be a point of © te. a 
point where 4) is convergent. We break 3) into two parts 


such that in D,, each &,< 1. Then D, is obviously convergent, 
since each of its terms 
osag where &,=|z—e,|, 
E,3 : 
and the series 2) is convergent. 
The series D, is also convergent. For as &,< 1, the term 


ee 
Gat on 
E,3 g,, 
and the series 4) converges by hypothesis, at a point 2 in &. 
Hence D(x) is convergent at any point in ©, and C= A when 5) as 
convergent. 

3. Let C denote the points in % where 8) converges. Let 
A= C+A. 

We next show that F'(x) = D(a), for x in C. For taking 2 at 
pleasure in ( but fixed, 


AF +h—e,)t— (a@—e,)3 
Qh) =" = 34,2 a Gl) | hee 


We now apply 156, 2, showing that Q is uniformly convergent 
in (0*, 7). By direct multiplication we find that 


CS eee eee 
b G@Lbttala@eert a 
Thus 6) gives ; : ) 
(t+h—e,) + (a+h—e,)*(a—e,)§ + (w@—e,)t 
Let us set 
joe Gabe). 
. wT— ey A 
Then 


a i a 
coe esinahs: eae 
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for 0<|h|<n, » sufficiently small. As the series on the right is 
independent of h, @ converges uniformly in (0*, 7). Thus 
by 156, 2 

ia Dare or giv in CO, 


4. Let now x be a point of A, not in ©. At such a point we show 


that 
F'(t)=+, (8 


and thus the curve #' has a vertical inflectional tangent. For as 
D is divergent at x, there exists for each Man m, such that 
ar De > 2 M. 
But the middle term in 7) shows that for || < some »! each 
term in Q, 18 > 3 the corresponding term in D,,. Thus 
QE) Ore. isn 
Since each term of Q is > 0, as 7) shows, 


Uh) > M. 
Hence 8) is established. 


5. Let us finally consider the points z=e,. If ® denotes the 
series obtained from #' by deleting the m' term, we have 
AF _a, , A® 


forz=@,,. 
Az i) Ae ? 2 * 


As Fis increasing, the last term is = 0. 
Hence F'(@@)= +0. in &. 


As a result we see the curve F has at each point a tangent. At an 
enumerable pantactic set V, it has points of inflection with vertical 
tangents. 

7. Let us now consider the inverse of the function F, which we 
denote by 

g= G(t). @ 

As x in 1) ranges over the interval &, ¢ = F(x) will range over 
an interval %, and by I, 381, the inverse function 9) is a one- 
valued continuous function of t in 8 which has a tangent at each 
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point of 8. If Ware the points in 8 which correspond to the 
points V in , then the tangent is parallel to the ¢-axis at the 
points W, or G/(t) = 0, at these points. The points W are pan- 
tactic in B. 

Let Z denote the points of 8 at which G’(@t) =0. We show 
that Z is of the 2° category, and therefore 


Card Z=c. 


For G@'(t) being of class <1 in §, it8 points of discontinuity 6 
form a set of the 1° category, by 486, 2. On the other hand. the 
points of continuity of G’ form precisely the set Z, since the 
points W are pantactic in 8 and G’=0in W. In passing let us 
note that the points Z in B correspond 1-1 to a set of points 8 at 
which the series 3) diverges. For at these points the tangent to 
Fis vertical. But at any point of convergence of 3), we saw in 
2 that the tangent is not vertical. 

Finally we cbserve that 3) shows that 


Min D(z) >i.+3a, ; in ¥. 
3 gt 


Hence 3 I 


Summing up, we have this result : 


8. Let the positive term series 2Va, converge. Let ©=Se,} be 
an enumerable pantactic set in the interval A. The Pompetu curves 
defined by 


F(a) =a,(x—¢,)3 


have a tangent at each point in A, whose slope is given by 


(2 — en)s 
when this series is convergent, i.e. for all x in A except a null set. 
At a point set 3 of the 2° category which embraces &, the tangents 
are vertical. The ordinates of the curve F increase with x. 


540. 1. Faber Curves.* Let (x) be continudus in the interval 
A= (0, 1). Its graph we denote by F. For simplicity let 


* Math. Annalen, v. 66 (1908), p. 81. 
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F(0)=0, #(1)=1,. We proceed to construct a sequence of 
broken lines or polygons, 


igs Ly Lig 5° Gal 
which converge to the curve F as follows: 


As first line Z) we take the segment joining the end points of 
Ff. Let us now divide 2 into n, equal intervals 


Sus Sia 0° 84, a, (2 
of length Ges 1 
i nm 
and havin i 
° A115 V9» %y3 °°° (3 


as end points. As second line LZ, we take the broken line or 
polygon joining the points on # whose abscisse are the points 3). 
We now divide each of the intervals 2) into n, equal intervals, 
getting the n,n, intervals 


8a 8o95 823 tees (4 
of length Ae ei 
ae MyNy 
d havin 
tae) Ag15 99> Ieg °** ( 


as end points. In this way we proceed on indefinitely. Let us 


call the points 
A= {mn 


terminal points. The number of intervals in the r™ division is 
Vv, = ny ° Ny oes N,- 


If Z,,(z) denote the one-valued continuous function in % whose 
value is the ordinate of a point on Z,,, we have 


EF’ (Amn) = Lin Sren) 5 (6 
since the vertices of Z,, lie on the curve F. 


2. For each x in A, 
lim L,,(@) = F(#). (7 


For if z is a terminal point, 7) is true by 6). 
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If z is not a terminal point, it lies in a sequence of intervals 
§,>6,> ++ 
belonging to the 1°, 2°... division of 2. 
Let 


bn = (Gm, n9 An, ey) Q 


Since F(z) is continuous, there exists an s, such that 


| F(@) — Fan, n)<&, m>s (8 


&: 
2” 
for any zin 6,. As Z,,(x) is monotone in 6,,, 
| L,(#) oe Linn.) | <= | La Gan) a Tse nea) | 
<< | Ln Bese) = En Gin, atl) | 
<5 » by 8). 


Thus | Ln(t) — FrnC4mn) | <S- 


€ 
3 C 


Hence from 8), 9), 
| F(a) -Lr(@)|<e , mas 
which is 7). 


3. We can write T) as a telescopic series. For 
L, = 1, + dy, — Ly) 
L,=1,+ Gd, — 1) =L,+ 4,—L,) + A, - 4) 
etc. Hence 
F(a) = lim L(x) = Ly(2) + © {L,(x) — Lya(2)}. 
If we set 
A@M=hH@ » fi) =L,(2) -L,1@), do 
we have F(x) = : F(2), eul 


and 


F,(2) = 3 f,@) = L,(2). (12 


The function f,(2), as 10) shows, is the difference between the 
ordinates of two successive polygons Z, ,, Z, at the point 2. It 
may be positive or negative. In any case its graph is a polygon 


a 
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f, which has a vertex on the z-axis at the end point of each 
interval 6,_,. Let 1,, be the value of f,(z) at the point z=a,,, 
that is, at a point corresponding to one of the vertices of f,. We 
call J,, the vertex differences of the polygon L,. 


rot De Minti, 0, = Max 1,,\. 


Then ICO) es Gres Ul A (13 


In the foregoing we have supposed F(x) given. Obviously if 
the vertex differences were given, the polygons 1) could be con- 
structed successively. 


We now show: 
a 24n 


is convergent, 


(14 
F(®) = =f,@) 
is uniformly convergent in WU, and is a continuous function in A. 


For by 13), 14), F converges uniformly in Y&. As each f,(x) 
is continuous, /’ is continuous in Y. 
The functions so defined may be called Faber functions. 


541. 1. We now investigate the derivatives of Faber’s functions, 
and begin by proving the theorem : 


If DN NeYe = ZV ad 


converge, the unilateral derivatives of F(x) exist in I =(0,1). More- 
over they are equal, except possibly at the terminal points A= {apn}. 


For let 2 be a point not in A. Let a’, 2” liein V=V*C@); 
let 2! —cz=h',2"—2z=h"'. 


tet Qa F@D=F@) _FG'N- FO) 
h! j" 


Then F’(z) exists at a, if 


e070, | Ul<em, topany 2 ya in: (2 
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Now 
ED) — F,,(#) Ea) 2S FinC£) FC) rat F,,(2) 
HONS ren heme 7 eal eer a a 
F,,(2'') — Fn(2) 
Fn Ea 
<Q,+ 9+ Os: 
But HC) =e) ae 2, 
gz —2 =o OF 
Hence 


Q, <2 D9. < € , msufficiently large. 
s=m+1 2 


€ 


Similarly S 
2 


Q3< 


Finally, if 7 is taken sufficiently small, x, 2’, x’ will correspond 
to the side of the polygon Z,,. Hence using 540, 12), we see 
that Q,=0. Thus 2) holds, and #’(x) exists at 2. 

If 2 is a terminal point a,,,, and the two points 2’, x’! are taken 
on the same side of a,,,,, the same reasoning shows that the uni- 
lateral derivatives exist at a,,,. They may, however, be different. 


2. Letny=n,g=+ =2. For the differential coefficient F'(x) to 
exist at the terminal point x, it 1s necessary that 

lim 2"Gn< 00. (3 

If 


the points where the differential coefficient does not exist form a 
pantactic set in YU. 


lim 2” ENS, (4 


Let us first prove 3). Let b<a<ce be terminal points. Then 
they belong to every division after a certain stage. We will 
therefore suppose that 4, ¢ are consecutive points in the n*™ 
division, and a is a point of the n+ 1* division falling in the 
interval 6,=(6,c). If a differential coefficient is to exist at a, 


F@)-FO) , y¥F@-Fo 


a— a—c +S 


(5 


must be numerically less than some M, as n= oo, and hence their 
sum Q remains numerically <2 M. 
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Now 
Fa@)j=Ln,(4) , FO)=L1,0) , Fe=L,(), 


1 
ja—6| =|a—e| =6, =F 


2 
Thus Q = 2741 §2 Lh4,€a) — [L,(0) + £,(¢)]} 


= Oe rl De ee ~ Lb) : of}, 


or | Q| = 4.2%, , supposing a=a,,. 
Hence ial LB 


which establishes 3). 
Let us now consider 4). By hypothesis there exists a sequence 
Ny<Ny < +++ = oo, such that 


2°, =. G 9 n= i De 9 tee, 


G being large at pleasure. Hence at least one of the difference 
quotients 5) belonging to this sequence of divisions is numerically 
large at pleasure. 


3. Lf ep a 


is absolutely convergent, the functions F(a) have limited variation in 


2. 


For f,,(z) is monotone in each interval 6,,. Hence in ,., 


Var fin = Une — bm, 0+1 | < | Ema | ais | a le 


Hence in Y%, Var fin(x) < 9 Zine 


Hence # 
Vir .(f) 222i =e 5 in W. 
m=1s 


We apply now 5381. 
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542. Faber Functions without Finite or Infinite Derivatives. 


To simplify matters let us consider the following example. 
The method employed admits easy generalization 


and gives a class of functions of this type. We 
use the notation of the preceding sections. 
Let fo(v) have as graph Fig. 1. We next 7 


divide & =(0, 1) into 21' equal parts 6,,, 6,, and he 
take f,(x) as in Fig. 2. We now divide % into 
2?' equal parts 6,,, S59, S9, O44, and take f,(x) as 


in Fig. 3. The height of the peaks is =a h=% 
oe | SS 


In the m™ division %f falls into 2” equal parts — . us 
I@, 
et on Bae 
one of which may be denoted by Pe 
2 = 76? 
on — (CP Am, mee ay PR ee Y 
Its length may be denoted by the same letter, aa 
thus 
sues de 
2m! 
In Fig. 4, 6, is an interval of the m—1* LAAS : 
division. Fic. 4 
The maximum ordinate of f,(x) is La ee ss. pie 
LO 7-2 TO 


part of the curve whose points have an ordinate <}J/,, have been 
marked more heavily. The 2 of such points, form class 1. The 
other 2’s make up class 2. With each z in class 1, we associate 
the points «,, <8, corresponding to the peaks of f,, adjacent to 2. 
Thus a,<2<f,. If x is in class 2, the points «,, §,, are the 
adjacent valley points, where f,, = 0. 

Let now 2 be a point of class 1. The numerators in 


keCoa) — fC) ax Gn ) —IT(2) Gl 


Bm — & CF ae 


vA 
have like signs, while their denominators are of opposite sign. 
Thus the signs of the quotients 1) are different. Similarly if 2 
belongs to class 2, the signs of 1) are opposite. Hence for any 2, 


a 
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the signs of 1) are opposite. It will be convenient to let e,, denote 


either a, Or Bm. We have 
|2— em |< 8m 
|fm(®) —Fn(Cm) | > 3 lo (2 
Hence fe 1 ont | a 
4 10” 


L— lm 


On the other hand, for any # 4g! in 6,,, 
Fn") aI nl) | 


v—2 


m 


Hence setting 2’ =e,, and letting n>m, 
8, 


| Fm€En) — —fa(2)| <2 lea 7, |<<... 5 


1am 4 grt! 
< - =e 
Jom" Qe! Som” Bel 

al 
<Fo* "Ton G 


For if log, a be the logarithm of a with the base 2 
for n sufficiently large. 


Tae. 7, log, 10 ; 
oe (n—1)!(n—1)> log, 10". 
Thus 

Qn! ; Qe! 
BaD) ean OF com aga 


and this establishes 4). 
Let us now extend the definition of the functions f,(2) by giv- 


ing them the period 1. The corresponding Faber function #'(2) 
defined by 540, 12) will admit 1 as period. We have now 

F(e,) a F(z) = BCP. —fa(Z)} ue 1 F—1 (en) at F,_\(@)} 
{ Fit (en) ake F41(2)} = T; SUP T, 2 Ts. 


From 2) we have ah: 
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As to 7,, we have, using 4) and taking n sufficiently large, 


< 21, 
Similarly 
| a | ‘Ss van | Fm (En') —Ffn(2) | S sae (en) +fm(z)} 
co 1 ; 
< 221.=-. —— 
ia. 10° 
<$l,. 


Thus finally 
| Fn) — F@)| >i -38-B 


> is ln 


A 
Pelee ee eee 
Pdi MO nics A) 
sgn ——*-——_+"¢ = sgn 
€, —& €, —& 
Thus F(e,) — F(x) o 2 ON 
e, — 2 18 6, 
Loss 
236 100s 


As e, may be at pleasure a, or 8,, and as the signs of 1) are 
opposite, we see that 


Fiaj=ato , P(a)=-«; 


and F(x) has netther a finite nor an infinite differential coefficient 
at any point. 


CHAPTER XVI 


SUB- AND INFRA-UNIFORM CONVERGENCE 
Continuity 


543. In many places in the preceding pages we have seen how 
important the notion of uniform convergence is when dealing 
with iterated limits. We wish in this chapter to treat a kind of 
uniform convergence first introduced by Arzeld@, and which we 
will call subuniform. By its aid we shall be able to give condi- 
tions for integrating and differentiating series termwise much 
more general than those in Chapter V. 

We refer the reader to Arzela’s two papers, “ Sulle Serie di 
Funzioni,’ R. Acead. di Bologna, ser. V, vol. 8 (1899). Also 
to a fundamental paper by Osgood, Am. Journ. of Math., vol. 19 
(1897), and to another by Hodson, Proc. Lond. Math. Soc., ser. 2, 
vol. 1 (1904). : 


544. 1. Let f(x, +++ Um, t+ tp =f, t) be a function of two 
sets of variables. Let 2=(a,---x,) range over X in an m-way 
space, and t=(t¢,--- ¢,) range over Z in an n-way space. As 2 
ranges over X and ¢ over &, the point (a,---t,---)=(a, 4) will 
range over a set % lying in a space R,, p=m+n. 

Let 7, finite or infinite, be a limiting point of £. 


ie aC tease Arbor TC iceta hy aeTTe 
=T 


Let the point x range over 6 <¥X, while ¢ remains fixed, then 
the point (a, t) will range over a layer of ordinate t, which we 
will denote by &%,.. We say 2 belongs to or is associated with this 
layer. 

We say now that f= ¢, subuniformly in ¥ when for each e>0, 


n>: 
555 
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1° There exists a finite number of layers %, whose ordinates ¢ 
Hecin V-4( 7). 

2° Each point x of X is associated with one or more of these 
layers. Moreover if =a belongs to the layer &,, all the points 
x in some V;(a) also belong to &. 


3° | f(a, t)-— $(2)| <e 


while (2, ¢) ranges over any one of thelayers %. When m=1, 
that is when there is but a single variable # which ranges over an 
interval, the layers reduce to segments. For this reason Arzela 
calls the convergence uniform in segments. 

2. In case that subuniform convergence is applied to the series 


F(a, eee Ln Vo > EP oe £ 


convergent in WY, we may state the definition as follows: 

F converges subuniformly in Y& when 

1° For each e>0, and for each v there exists a finite set of 
layers of ordinates > »v, call them 


ne ines (2 


such that each point x of & belongs to one or more of them, and if 
«=a belongs to %,,, then all the points of % near a also belong 
to %,- 

2° | Pay tm) |< 


as the point (2, m) ranges over any one of the layers 2). 


545. Hxample. Let 


(n—1)2 : 
F(x) = > ce ee eee aa 
Here 


F,(«) = , F)=0. 


1 5 oi 


The series converges uniformly in 9, except at z=0. The 
convergence is therefore not uniform in %; it is, however, sub- 


uniform. For 
[F@|= lL. 


1 + ne 
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Hence taking m at pleasure and fixed, 
LP en. war an 8, =(— 4, 8), 


8 sufficiently small. On the other hand, 


= y j 
Fn ST in (— 1, —48)+ 44, D=38, 4+ 8,. 


¢ 


Thus for n sufficiently large, . - 
| Fal<e. 


a 
Hence we need only three segments 8,, 8,, 8, to get subuniform 
convergence. 


546. 1. Let f(a, +: Ims ty -0+ ta) = (4+ Sm) in ¥, as t=, 
finite or infinite. Let f(a, t) be continuous in X% for each t near tr. 
For $ to be continuous at the point x=a in X, it is necessary that 
for each e>, there exists an n>0, and ad, for each t in V,*(7) 


such that 
If@, H-d@|<e d 
Jor each tin V, and for any x in Vi(a). 


It is sufficient if there exists a single t=B in V,*(7) for which 
the inequality 1) holds for any x in some V;(a). 
It is necessary. For since ¢ is continuous at 2 =a, 
|d(2) — $(a) | ee , for any z in some V;(a). 

Also since f= ¢, 

| f(a, t) — (a) | a , for any tin some V,*(7). 
Finally, since f is continuous in x for any ¢ near 7, 

|f(a, t) —f(a, t)| < ; , for any in some V;,(a@). 
Adding these three inequalities we get 1), on taking 

Gj Oy 0; 
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It is sufficient. For by hypothesis 
\f(z, 8B) — (2) | ae , for any z in some V;,(a); 
and hence in particular. 
Ifa, B)— $a) <5 


Also since f(z, 8) is continuous in zg, 


4 


\fca, B)—f (a, B)| ee , for any zin some Vy,(a). 


Thus if 6< 8’, 6”, these unequalities hold simultaneously. Add- 
ing them we get 


|p(x)—(a)|<e , for any z in Vs(a), 
and thus ¢ is continuous at x= a. 
2, Asa poly we get: 
Let Uy Po Cpa) 
converge in M, each term being continuous in A. For F(x) to be con- 
tinuous at the pointx=a in YU, it is necessary that for each e>0, 
and for any cell R,, > some Ry, there exists a &, such that 
|Fi(a)|<e , for any x in V;,(a). 
It is suffictent if there exists an R, and a 6 > 0 such that 
| Fu(x)|<e , for any x in V;(a). 


547. 1. Let lim f(a, +++ tm, t+ ta) = PU, +++ Lm) im ¥, 7 finite 
or infinite. en a, t) be continuous in X for each t near 7. 

1° Iff=¢ subuniformly in X, $ is continuous in X. 

2° If X ts complete, and > is continuous in X, f =  subuniformly 
mn X. 

To prove 1°. Let x=a be a point of ¥. Let > 0 be taken at 


pleasure and fixed. Then there is a layer &s to which the point 
a belongs and such that 


If@, D- $@)| <6 qd 
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when (2, ¢) ranges over the points of &,. But then 1) holds for 
t= and zin some V,(a). Thus the condition of 546, 1 is satis- 
fied. 

To prove 2°. Since ¢ is continuous at x=a, the relation 1) 
holds by 546, 1, for each ¢ in V,*(r) and for any 2 in V;,(a). 
With the point a let us associate a cube C,,, lying in Dz,(a) and 
having @ as center. Then each point of ¥ lies within a cube. 
Hence by Borel’s theorem there exists a finite number of these 
cubes C, such that each point of ¥/lies within one of them, say 


Cn, : Ce eee (2 
But the cubes 2) détermine a set of layers 
tS eee (3 


such that 1) holds as (a, t) ranges over the points of % in each 
layer of 3). Thus the convergence of f to ¢ is subuniform in X. 


2. Asa corollary we have the theorem : 
es Fra, +++ tty’) = Bf guscg (y *** Dm) 


converge in X, each f, beiny continuous in ¥. If F converges sub- 
uniformly in X, F is continuous in ¥. If ¥ ts complete and F is 
continuous in X, F converges subuniformly in X. 


548. 1. Let F(«) =e Ses (@, S00 e) 
converge in YU. 

Let the convergence be uniform in X except possibly for the points 
of a complete discrete set 8 = {b}. For each 6, let there exist a Xr, 
such that for any % = Xo, 


lim F,(z) = 0. 
t=) 
Then F converges subuniformly in %. 


For let D be a cubical division of norm d of the space §,, in 
which % lies. We may take d so small that 8p is small at 
pleasure. Let B, denote the cells of D containing points of 2 
but none of 8. Then by hypothesis F converges uniformly in Bp. 
Thus there exists a w, such that for any w > fo, 


|F.(z)|<e , for any « of Yin Bp. 
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At a point } of %, there exists by hypothesis a Vs(0) and a A, 
such that for each A 7 A, 


|\Fi(~)|<e , forany vin V(6). 


Let 0,,, be a cube lying in D;(6), having 6 as center. Since B 
is complete there exists a finite number of these cubes 


Cor. ’ Cars a qd 
such that each point of % lies within one of them. 


Moreover a 
| fy. (2) | <—Gs 


g 


for any x of Y lying in the « cube of 1). 
As By embraces but a finite number of cubes, and as the same 
is true of 1), there is a finite set of layers 2 such that 


|\Fi(a)|<e , ineach&. 
The convergence is thus subuniform, as A, » are arbitrarily large. 


2. The reasoning of the preceding section gives us also the 
theorem : 


Let : 
cn +8) Lng ty eee tS) = $ (a, eee Lm) 

in X, 7 finite or infinite. Let the convergence be uniform in & except 
possibly for the points of a complete discrete set © = Se}. For each 
point e, let there exist an n such that setting e(x, t) = f(a, t) —$(a), 


lime(z,t)=0 , for any t in V,*(7). 


Then f = $ subuniformly in X. 


3. As aspecial case of 1 we have the theorem: 


‘3g F@)=A@M+A@t- 


converge in MI, and converge uniformly in U, except at x= a,,+++ 2 =a 
At « = «, let there exist a v, such that 


Le 
lim F,, (x) = 0 i Noa, bee LO swe: 


t=a, 


Then F converges subuniformly in A. 
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eo. lim f(x, t) = $(2) 
t=r 
we will often set 


J@O=$@)+e@ 0, 


and call e the residual function. 


549. Hxample 1. 


¢ 


Apa } 
F@, n= = $¢@=0 5 fornso0inI=(0 <a), 
ee 
a BAO , w>d. 


“ . . . . 
The convergence is subuniform in Y. For z= 0 is the only 
possible point of non-uniform convergence, and for any m, 


1 a 
|e(2, m)|= er = 0 


> az= 0, 


E TOCA es 
wcample 2. F(a, n) = ——=¢(@) = 0 


e+ nta8 
Pan = (0 a) A eS ONS SK 


The convergence is uniform in @ = (e < a), wheree>0. For 


> aSn=o, 


. C0; 


nar . 
[e(w, n) |< nee in B 


az ns 
e8 nm 
<e , forn>some m. 


Thus the convergence is uniform in %, except possibly at x= 0. 
The convergence is subuniform in Y. For obviously for a given n 


lim f(a, n) = 0. 
z=0 


550. 1. Let lim f(a, +++ tm ty +s th) = P(t +++ Lm) in ¥, 7 finite 
t=r 
or infinite. 
Let the convergence be uniform in X except at the points 


B= (81; bs +> 5): 


P. 
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For the convergence to be sub-uniform in %, it is necessary that for 
each b in B, and for each ¢ > 0, there exists at = B near 1, such that 


lim | (2, t)| 2. a 
ts) 
For if the convergence is subuniform, there exists for each ¢ 
and » > 0 a finite set of layers %,, ¢ in V,*(7) such that 
lea~o[<e¢ , gin. 


Now the point z=0 lies in one of these layers, say in &. 
Then 
|e@, B)|<e , forall xin some V*(6). 
But then 1) holds. 
92 oo 
2. Hxample. Let F(x) = S21 = 2). 
0 


This is the series considered in 140, Ex. 2. 


F converges uniformly in &% = (—1, 1), except at x=1. 


a P(2) = — 2", 


c= 


Hence #’ is not subuniformly convergent in Y. 


Integrability 
551. 1. Infra-uniform Convergence. It often happens that 
Fay reve: Lm ty bers ty) = $ (2, anc Ds) 


subuniformly in ¥ except possibly at certain points € = fe} form- 
ing a discrete set. To be more specific, let A be a cubical divi- 
sion of ,, in which % lies, of norm & Let X, denote those cells 
containing points of X, but none of ©. Since € is discrete, 
X,=%X. Suppose now f= > subuniformly in any X,; we shall 
say the convergence is infra-uniform in ¥. When there are no 
exceptional points, infra-uniform convergence goes over into sub- 
uniform convergence. 
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This kind of convergence Arzela calls uniform eo nvere nce by 
segments, in general. 


2. We can make the above definition independent of the set &, 
and this is desirable at times. 


Let ¥ = (X, y) be an unmixed division of ¥ such that x may be 
taken small at pleasure. If f= subuniformly in each X, we 
say the convergence is infra-uniform in %. 


3. Then to each e, 7 >0, and a given X, there exists a set of 
layers [,, I,---, ¢in V,*(7), such that the residual function e(z, ¢) 
is numerically < e*for each of these layers. As the projections of 
these layers { do not in general embrace all the points of X%, we 
call them deleted layers. 


4. The points y we shall call the residual points. 


ve 


2 (1 + nz) (1 + (n+ 1)2*) 


5. Example 1. 


This series was studied in 150. We saw that it converges uni- 
formly in. = (0, 1), except ata = 0. 


As 


and as this = 1 as 2=0 for an arbitrary but fixed n, F does not 
converge subuniformly in Y, by 550. The series converges infra- 
uniformly in Y, obviously. 


6. Example 2. F= 301-2). 
0 


This series was considered in 550, 2. Although it does not 
converge subuniformly in an interval containing the point ¢ = 1, 
the convergence is obviously infra-uniform. 


552. 1. Let lim f (a, ++ Up ty +++ ty) = (4 °° Um) be limited in X, 


tT finite or infinite. For eacht near 7, let f be limited and R-integrable 
in %. For & to be R-integrable in X, tt is sufficient that f = > infra- 
uniformly ink. If X¥ is complete, this condition is necessary. 
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Tt is sufficient. We show that for each ¢, @> 0 there exists a 
division D of &,, such that the cells in which 
Ose 6 > @ qa 
have a volume <a. For setting as usual 


f=¢o+.6, 
we have in any point set, 


Ose ¢ < Ose f+ Ose e. 
Using the notation of 551, 
@ 
e(z, €) | <— 
|e | <9 
in the finite set of deleted layers [,, [,--- corresponding to 
t=t,,t,--- For each of these ordinates ¢,, f(a, ¢,) is integrable 


in ¥. There exists, therefore, a rectangular division D of &,, 
such that those cells in which 


@ 
Osc f (2, t.) = 


(om e ‘ < 
have a content < = whichever ordinate ¢,is used. Let H be a 
ad 


division of ,, such that the cells containing points of the residual 
set y have a content <a@/2. Let F=D+ EH. Then those cells 
of F in which 


Osc f(z, 4) fare or Osc | e(2, t) | a5 
t=1,2--- have a content <o. Hence those cells in which 1) 
holds have a content <o. 
Tt is necessary, if ¥ is complete. For let 
ty, tg = T. 


Since ¢ and f(a, t,) are integrable, the points of discontinuity of 
f(x) and of f (2, t,) are null sets by 462,6. Hence if ©, €, denote 
the points of continuity of ¢(7) and f (2, t) in &, 


C=6,=% 


since X is measurable, as it is complete. 
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Let G = Qdv jG}, 
then 6 = y 
by 410, 6. 
Let D = Dv(G, B), 
then D = ¥, a 


as we proceed to show. For if @=X—G, 
C= Dv(G, G) + Dv(G, G =H+ Dv, @). 


But @ is a null’ set. Hence Meas Do(G, G) =0, and thus 
€=¥ = D, which is 1). 

Let now & be a point of 9, let it lie in @,, ©,,--- where t,, t, «+ 
form a monotone sequence =7. ‘Then since 


Fé t.) = $(&), 
there is an m such that 


| e(E, t,) | =. , for any n>m. © 
But & lying in 9, it lies in € and ©, . 
Thus |o(z) -— #1 <4, 


IF @ te) FE 4) | <5 
for any xin Vs(&). Hence 
| (x, #,) — e(E, t,) | <3 eine GB 


Now 
e(2, tn) ae e(2, th) = e(€, th) Ue e(é, t,)- 


Hence from 2), 3), 
|e(a,t,)|<e , for any xin VCE). 


Thus associated with the point &, there is a cube lying in Ds(£), 
having & as center. As D=X¥—® is a null set, each of its points 
can be enclosed within cubes C, such that the resulting enclosure 
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& has a measure <a, small at pleasure. Thus each point of ¥ lies 
within a cube. By Borel’s theorem there exists a finite set of 
these cubes 
r,, r, chad re C1 Cy ORO Cz 

such that each point of X lies within one of them. But corre- 
sponding to the I's, are layers 

Soe 2 ore % 4 
such that in each of them 

| e(a, t) | <e. 
Thus f= ¢ subuniformly in X =(T,, T,---T,). Let x be the 
residual set. Obviously y<o. Thus the convergence is infra- 
uniform. 


2. Asa corollary we have: 
Let F(x) = Dg tn 2 ots a) 


converge in YU. Let F be limited, and each f, be limited and R-in- 
tegrable in X. For F to be R-integrable in Y, rt is sufficient that F 
converges infra-uniformly in %. 

If U is complete, this condition ts necessary. 


553. Infinite Peaks. 1. Let lim f (2, +++ at, -++t,) = (2) in %, 
tr 


7 finite or infinite. Although f(z, t) is limited in ¥ for each ¢ 
near 7, and although $(2) is also limited in ¥, we cannot say that 


lf (a, t) | < some MW ad 
for any z in X¥ and any ¢ near 7, as is shown by the following 


Example. Let f(a, t)= ue 


el? 
x —— (-— oO, 00). 
It is easy to see that the peak of f becomes infinitely high as 
N =. 


1 
In fact, for a= ae f= e Thus the peak is at least as high 


=O(7)=0, as t=o for ge in 


as ve which = oo. 
e 
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The origin is thus a point in whose vicinity the peaks of the 
family of curves f(a, t) are infinitely high. In general, if the 


peaks of F(a tee Lm ty bb th) 


in the vicinity V; of « = & become infinitely high as ¢ = 7, however 
small 6 is taken, we say & is a point with infinite peaks. 

On the other hand, if the relation 1) holds for all @ and ¢ in- 
volved, we shall say f (a, t) is uniformly, limited. 


2. If lim f(a, +++ tq tys+ty) = O(a, +++ 2m), and if f(a, t) is 
tT 
uniformly limited in X, then ¢ is limited in %. 

For x being taken at pleasure in ¥ and fixed, ¢(2) is a limit 
point of the points f(a, t) ast=7. But all these points lie in 
some interval (— G, G) independent of x. Hence ¢ lies in this 
interval. 

3. If X is complete, the points R in X with infinite peaks also form 
a coinplete set. If these points R are enumerable, they are discrete. 

That & is complete is obvious. But then R= R = 0, as K is 
enumerable. 


554. 1: Let lim f(a * * Um ty 2+ ty) = P(A 0+ Vm) tn ¥, metrie or 
complete. Teer te t) be uniformly limited in X, and Usintegrable 
for each t near tr. For the relation 

hi t= 

im [Fa )= J o@ 
to hold, it is sufficient that f= infra-uniformly in ¥. If ¥ is 
for each t complete, this condition is necessary. 

For by 552, ¢is R-integrable if f = ¢ infra-uniformly, and when 
X is complete, this condition is necessary. By 424, 4, each f(a, t) 
is measurable. Thus we may apply 381, 2 and 4138, 2. 

2. Asa corollary we have the theorem: 

Let F(x) = 0. n(%1 17° Um) 
converge in the complete or metric field U. Let the partial sums F be 
uniformly limited in A. Let each term f, be limited and R-integrable 
tn UX. Then for the relation 


SP a2Ss 
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to hold it is sufficient that F is infra-uniformly convergent in %. If 
% ts complete, this condition is necessary. 


555. Example 1. Let us reconsider the example of 150, 


2 


PO 3% Gym +@ + De 


We saw that we may integrate termwise in %& = (0, 1), al- 
though F does not converge uniformly in %&f. The only point of 
non-uniform convergence is z= 0. In 551, 5, we saw that it con- 
verges, however, infra-uniformly in %f. As 


|. .(2))<1 , -for any @ in 2, and for-every 7, 


all the conditions of 554 are satisfied and we can integrate the 
series termwise, in accordance with the result already obtained 
in 150. 
eee Site nya 
zample 2. Let F(v)= » | - j lB 
1 


ene e@—Dz 


Then 


F,(@) = 


. 
2 
er 


We considered this series in 152,1. We saw there that this 
series cannot be integrated termwise in %= (0<a). It is, how- 
ever, subuniformly convergent in %f as we saw in 549, Ex. 1. We 
cannot apply 554, however, as #, is not uniformly limited. In 
fact we saw in 152, 1, that 2 = 0 is a point with an infinite peak. 


Example 3. WiCe) = Ser — 2). 
0 
We saw in 551, 6, that #/ converges infra-uniformly in {= (0, 1). 
Here F,(#) | =|1—2"| < some M, 


for any z in Y= (0<wu), w<1,and any nm. Thus the F,' are 
uniformly limited in Qf. 
We may therefore integrate termwise by 554, 2. We may 
verify this at once. For vA 
Dye lie Oras E 


=) , r=0. 
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Hence fF @de — i qa 
On the other hand, 
S Frade =u - =U as N = 00 (2 
n+1 i a a 


From 1), 2) we have 


sc] nt+1 n+2 
fa tte 7) u |. 
ee > n+ Ve gn+ 2 


0 


0G. ood Wf yr &, Ge: 1) = P(X, +++ Xm) infra-uniformly 
in the metrie or complete field X, as t = 7, 7 finite or infinite ; 
2° f(a, t) is uniformly linited in X and R-integrable for each t 


near T; 
Then ‘ 
Kim JF = Jee 


uniformly with respect to the set of measurable fields % in X- 
fe x48 complete, condition 1° may be replaced by 8° (2) is 
R-integrable in &. 


For by 552, 1, when 8° holds, 1° holds; and when 1° holds, ¢ 
is R-integrable in X. 
Now the points ©, where 


|e(a, t,)| > 
lim @,=0 , by 412. 


t=T 


are such that 


Let ¥=6,+ %,. Then 


[e@ =f e@ D+ [ee t), 
Ji: 


|<2MG,+e&. 


But lim G, = 0, 


— 7 


which establishes the theorem. 


2. Asa corollary we have: 


Tf 1° B(x) = Df oig(@1+0* Um) converges infra-uniformly, and 
each of its terms f. is R-integrable in the metric or complete field I ; 
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2° Fy(a) is uniformly limited in X ; 
Then = 
SpPF@= 2 ff 


and the sertes on the right converges uniformly with respect to all 
measurable 8B < %. 


3. If 1° lim f(a, t, +++ t,)=$(@) ts R-integrable in the interval 
t=T 
Y= (a <b), 7 finite or infinite ; F 
2° f(a, t) is uniformly limited, and R-integrable for each t near tT; 
Then : % # 
l ptjar = Lda DCL), 
im f “f(a, Ode = J “b(e)de = OC) 
uniformly in UW, and P(x) is continuous in UL. 


tov oah yo 1S. F(x) = 3f,,..,,(@) 

and also each term f, are R-integrable in the interval Y=(a< 6); 
2° F(x) is uniformly limited in 1; 
Mg G@)= 3 f.@)de , cme 

7s continuous. 


For @ is a uniformly convergent series in 2, each of whose terms 


JS fae 


ts a continuous function of x. 


Differentiability 
Ly fe es seb lim f(@, ty: t= (v7) in L=(a< bd), r finite or 


infinite ; 
2° fi(a, t) is R-integrable for each t near 7, and uniformly limited 
im U; 
3° fi(a, t)h= (a) infra-uniformly in U, as t= 7; 
Then at a point x of continuity of w in A 
$'(@) = ¥@), vA a 


or what is the same 


a: re 
—1] , ¢) = lim — 
a eh OO anager 
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For by 554, 
li zx 1 =f a7) 
im SL AQ, Ode =f" y(a)ae G3 
= lim [ f(a, t)— f(a, t)] , by I, 538 
t=t 


=$(z)— $(@) , by. 
Now by I, 587, at a point of continuity of wp, 


d x 
ff y@)dz =¥@). 4 


From 3), 4), we have 1), or what is the same 2). 

2. In the interval A, if 

L° F(v)=2f....,,Cv) converges ; cal 
2° Each f'(x) is limited and R-integrable ; 

3° Fi (2) ts uniformly limited ; 

4° G(x) = =f! ts infra-uniformly convergent ; 

Then at a point of continuity of G(x) in A, we may differentiate 
the series 1) termwise, or F'(4)= G(2). 

3. In the interval Y, if 

1° f(a, t,-++t,) = b(2) as t=7, 7 finite or infinite ; 

2° f(a, t) is uniformly limited, and a continuous function of x ; 


3° wW(r)=lim f{(2, t) is continuous ; 
t=T 


ete $!(2) = (2), a 


or what is the same 


£ lim f (x, #)= lim & f(a t). Q 


For by 547, 1, condition 8° requires that f’ = y subuniformly 


in Y%. But then the conditions of 1 are satisfied and 1) and 2) 
hold. 


4. In the interval U let us suppose that 
1° Fe) = Zfi.uu,(%) converges ; a 
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2° Hach term f, is continuous ; 
3° Fi(av) is uniformly limited ; 
4° G(x) = Tf'(x) is continuous ; 


Then we may differentiate 1) termwise, or F'(x) = G (a). 
558. Example 1. We saw in 555, Ex. 3 that 


F@)=2=>{ ve 


Roel ee 


2-+1 grt? 


} ° vga, (ea G4 Bas qs 


The series got by differentiating termwise is 


G(x) = Sa(1—2)=1 Bhs Wee ot oe) | 
0 


2 
=0 , #=0. C 
Thus by 557, 4, G(a)= F'(x) in (0*, 1) =M*. es 
The relation 3) does not hold for a= 0. 
Example 2. 
F(t S [arctg avn arctg 2Vvn +1) Shs 
Qe >| Vn Vn +1 j tae) 
< 1 
Gg {7 = > fi(r). 
es > 1+ne2 14 (n+ 1)2? In@) 
Here VEC ue a, for any 2. ad 
G@)= = eae c#0 (2 
= 0 5 r= 0. 


Hence G(2) is continuous in any interval %, not containing 
x=0. Thus we should have by 557, 4, 


(2 y=), @ in Y. (3 
This relation is verified by 1), 2). The relation 3) does not 
hold for z = 0, since 
FOy=1, 4 (G0) = 0, 
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Example 3. 
; af 1 1 
F(s)= {1 eee aR ere g Ig *22) } 
(2) p> 35 08S + nz?) n+ 1) og (1 + (m+ 1)%2") 
= 2f,(2) ad 
=log(1+2*) , for any z. 
Q(z) = Sfi(z) = ne (m+1)r | 
(x) 2. oe ey 1+(41)?2? . 
=." . for any z. 
1+27 , 


In any interval Y, all the conditions of 557, 4, hold. 


fae #£'(2)=G@) ., for any z in %. (3 

In case we did not know the value of the sums 1), 2) we could 
still assert that 3) holds. For by 545, G is subuniformly con- 
vergent in 9%, and hence is continuous. 


Example 4. 
—(l4+nz tee | 1a 
F — ae ee = —_, if} 
iz) pa nen (n + Ler? er ( 
Here : 
F'(z)=—=. (v 
er 


The series obtained by differentiating # termwise is 


G(zy= {| GHD? me} e 


= e@tDe ene et 


and hence 
Gr@)=— 5 +5 


en 


The peaks of the residual function 


+ ne 
€(x, n)= , 

are of height =1/e. The convergence of @ is not uniform at 

x=0. The conditions of 557, 4, are satisfied and we can differ- 

entiate 1) termwise. This is verified by 2), 3). 


574 SUB- AND INFRA-UNIFORM CONVERGENCE 


559. 1. Zf1° lim f(a, t, ++ t.) = 6(2) ts limited and R-integrable 
t=r 


in the interval UI =(a < 6); 
2° f(a, t) ts limited, and R-integrable in A, for each t near 7; 


3° W(x) = lim ic: t)= lim g(a, ¢) 
t=r a t=r . 


is a continuous function in YL; 


4° The points € in A in whose vicinity the peaks of f(a, t) as 
t= 7 are infinitely high form an enumerable set ; 


Then 2 s 
02) = {'$(@) =limff@, Hdz=¥@), A 


or : 
li pt yaa == al ; ; 
im ff (a, t)dx ap im f(x, t)dex 
and the set € 1s complete and discrete. 


For € is discrete by 553, 3. 
Let @ be a point of A=%—C€. Then in an interval q about «, 


|f(@, t)|<some M , wv ina, any ¢ near 7. (2 


Now by 556, 3, taking e>0 small at pleasure, there exists an 
7 > 90 such that 


PO)—WO=[Fe tte , lel<e 


for any x ina, andtin V,*(7r). If we set = a + h, we have 
AY = FORA WS) FF, de + ©. GB 
Also by 556, 3, we have 
S1@ t)de =f (yar + e” , lell<e 


for any x ina, and tin V,*(r). Thus 


uy t ; a O(z) — O(a) el! =e Aé el! 
all ae h ui h Ax ‘4 h- C 


A 


From 38), 4) we have 


' 
--=—+— le’ |, |e” |<e. 


DIFFEREN TIABILITY 575 


Now e may be made small at pleasure, and that independent of 
h. Thus the last relation gives 


Ay _ Ae 


ae i : 
Re ce orzinA 


As this holds however small h = Az is taken, we have 


ip a Oe are 
eae » for in A. 


Hence by 515, 3, 
(7) =O(x)+ const , in A. 
For 2= a, y(a) = O(a) = 0; 
and thus 
ry= 0%)" , in Y. 
2. Asa corollary we have: 


Tf 1° F(a) = &f,,...4,(v) 18 limited and R-integrable in the inter- 
val Y= (a<b); 


2° F(x) is limited and each term f, 1s R-integrable; 
> Ga)= I Ps ts continuous ; 


4° The points € in X in whose vicinity the peaks of F,(x) are in- 
finitely high form an enumerable set ; 


Then [Fo bs Sen 


or we may integrate the F series termwise. 


560. 1. Zf1° lim f(a, t, - t,)= G(x) in A= (a < |), T finite or 
t=r 
infinite ; 
2° fl(a, t) is limited and R-integrable for each t near 7; 


3° The points € of U in whose vicinity f(a, t) has infinite peaks 
as t=7 form an enumerable set; 


4° (2) is continuous at the points ©; 
5° W(x) = lim fi(a, t) is limited and R-integrable in X; 
t=r 
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Then at a point of continuity of (ax) im U 
$'(x) = (2); ad 


or what is the same 
winded ey). 
daz t=r t=r da 


For let 6= (a < 8) be an interval in Y containing no point of 
©. Then for any z in 6 


8 


SP@, dde=f(@, )—F(q A), by 2. 
Hence bs 
lim f tia Ode =lim{ f@, t) —FC Ot 
t=r “a t=r 
= $(x)—(@) , byl’. @ 
By 556, 3, @(x) is continuous in 6. Thus ¢(2) is continuous 
at any point not in ©. Hence by 4° it is continuous in Y. 


We may thus apply 559, 1, replacing therein f (2, t) by fi(2, t). 
We get 


lim [L@, Ode =f" limp, )dr= ("yar 8 


Since 2) obviously holds when we replace @ by a, this relation 
with 3) gives 


[vader = $(2) — $(a). 
At a point of continuity, this gives 1) on differentiating. 


2. If 1° F@) = sf... 


2° G(x) ==fi(x) and each of its terms are limited and R- 
integrable in XU; 


(a) converges in the interval X; 


3° The points of X in whose vicinity G(x) has infinite peaks as 
r= 00, form an enumerable set at which F(x) ts continuous ; 


Then at a point of continuity of G(x) we have 
EG) = Ge), oe 


aye. >> ¥@) 
da eC ~ dc 


or what is the same 
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561. Example. oe S [ae (n+ 122 | _ a 
i ene? e(n+1)a* i ex? 
Hence 
1 1D a8 
Fiz) = 22-22. @ 
e 
The series obtained by differentiating F# termwise is 
\_ SV f[ane_ 2n% 2r4+1) , 2A(n4+1)%2 
G(x) a. > | ent ene? ¥. e(nt+))x? zc e(n+1)x* } , 
Here 
2 2 2 nx? | 
ne x = ae —_ ae — nx —_— 
iC ) 2 7) ene env 
Hence 
22 22° 
Ga) = pe (2 


is a continuous function of z. 


The convergence of the G@ series is not uniform atw=0. For 
seta,=1/n. Then 


peed 
G1) = @@,) - [5-4 | aD 
Co ee 


To get the peaks of the residual function we consider the 


points of extreme of 
_ nel — na*) | 


ca cos & 
We find ne n(1—5 nar +2 nat) 
ene 


Thus y’ = 0 when 
2 n'at — 5 nz? +1=0, 
a o 
or when i=——Or-—— , 4, 4 constants. 
n Vn 


Putting these values in 3), we find that y has the form 
y=evVn. 
Hence z= 0 is the only point where the residual function has 
an infinite peak. Thus the conditions of 560, 2, are satisfied, and 


we should have F’(2) = G(a) for any z. This is indeed so, as 1), 
2) show. 


CHAPTER XVII 


GEOMETRIC NOTIONS 


Plane Curves 


562. In this chapter we propose to examine the notions of 
curve and surface together with other allied geometric concepts. 
Like most of our notions, we shall see that they are vague and 
uncertain as soon as we pass the confines of our daily experience. 
In studying some of their complexities and even paradoxical 
properties, the reader will see how impossible it is to rely on his 
unschooled intuition. He will also learn that the demonstration 
of a theorem in analysis which rests on the evidence of our 
geometric intuition cannot be regarded as binding until the 
geometric notions employed have been clarified and placed on a 
sound basis. ; 

Let us begin by investigating our ideas of a plane curve. 


563. Without attempting to define a curve we would say on 
looking over those curves most familiar to us that a plane curve 
has the following properties : 

1° It can be generated by the motion of a point. 

2° It is formed by the intersection of two surfaces. 

3° It is continuous. 

4° It has a tangent at each point. 

5° The are between any two of its points has a length. 

6° A curve is not superficial. 

T° Its equations can be written in any one of the forms 


y =f), qd 
t=$(t) , y=", ** (2 
F(z, y)=9; (8 


and conversely such equations define curves. 
578 ; 
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8° When closed it forms the complete boundary of a region. 

9° This region has an area. 

Of all these properties the first is the most conspicuous and 
characteristic to the naive intuition. Indeed many employ this 
as the definition of a curve. Let us therefore look at our ideas 
of motion. 


564. Motion. In this notion, two properties seem to be essen- 
tial. 1° motion is continuous, 2° it takes place at each instant in 
a definite direction and with a definite speed. The direction of 
motion, we agree, shall be given by dy/dz, its speed by ds/dt. 
We see that the notion of motion involves properties 4°, 5°, and 7°. 
Waiving this point, let us notice a few peculiarities which may 
arise. 

Suppose the curve along which the motion takes place has an 
angle point or a cusp as in I, 866. What is the direction of 
motion at such a point? Evidently we must say that motion is 
impossible along such a curve, or admit that the ordinary idea of 
motion is imperfect and must be extended in accordance with the 
notion of right-hand and left-hand derivatives. 

Similarly ds/dt may also give two speeds, a posterior and an 
anterior speed, at a point where the two derivatives of s= $(t) 
are different. 

Again we will admit that at any point of the path of motion, 
motion may begin and take place in either direction. Consider 
what happens for a path defined by the continuous function in 
I, 367. This curve has no tangent at the origin. We ask how 
does the point move as it passes this point, or to make the ques- 
tion still more embarassing, suppose the point at the origin. In 
what direction does it start to move? We will admit that no 
such motion is possible, or at least it is not the motion given us 
by our intuition. Still more complicated paths of this nature are 
given in I, 369, 371, and in Chapter XV of the present volume. 

It thus appears that to define a curve as the path of a moving 
point, is to define an unknown term by another unknown term, 
equally if not more obscure. 


565. 2° Property. Intersection of Two Surfaces. 'This property 
has also been used as the definition of a curve. As the notion 
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of a surface is vastly more complicated than that of a curve, it 
hardly seems advisable to define a complicated notion by one still 
more complicated and vague. 


566. 3° Property. Continuity. Over this knotty concept philos- 
ophers have quarreled since the days of Democritus and Aristotle. 
As far as our senses go, we say a magnitude is continuous when 
it can pass from one state to another by imperceptible gradations. 
The minute hand of a clock appears to moye continuously, although 
in reality it moves by little jerks corresponding to the beats of the 
pendulum. Its velocity to our senses appears to be continuous. 

We not only say that the magnitude shall pass from one state 
to another by gradations imperceptible to our senses, but we also 
demand that between any two states another state exists and so 
without end. Is sucha magnitude continuous? No less a mathe- 
matician than Bolzano admitted this in his philosophical tract 
Paradoxien des Unendlichen. No one admits it, however, to-day. 
The different states of such a magnitude are pantactic, but their 
ensemble is not a continuum, 

But we are not so much interested in what constitutes a con- 
tinuum in the abstract, as in what constitutes a continuous curve 
or even a continuous straight line or segment. The answer we 
have adopted to these questions is given in the theory of irra- 
tional numbers created by Cantor and Dedekind [see Vol. I, 
Chap. II], and in the notion of a continuous function due to 
Cauchy and Weierstrass [see Vol. I, Chap. VII]. 

These definitions of continuity are analytical. With them we 
can reason with the utmost precision and rigor. The consequences 
we deduce from them are sufficiently in accord with our intuition 
to justify their employment. We can show by purely analytic 
methods that a continuous function f(z) does attain its extreme 
values [I, 354], that if such a function takes on the value a at the 
point P, and the value 6 at the point @, then it takes on all inter- 
mediary values between a, 6, as x ranges from P to Q [1, 857]. 
We can also show that a closed curve without double point does 
form the boundary of a complete region [cf. 576, seq. ]. 


567. 4° Property. Tangents. To begin with, what isa tangent ? 
Euclid detines a tangent to a circle as a straight line which meets 


a 
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the circle and being produced does not cut it again. In com- 
menting on this definition Casey says, “In modern geometry a 
curve is made up of an infinite number of points which are 
placed in order along the curve, and then the secant through two 
consecutive points is a tangent.” If the points on a curve were 
like beads on a string, we might speak of consecutive points. As, 
however, there are always an infinite number of points between any 
two points on a continuous curve, this definition is quite illusory. 

The definition we have chosen is given in I, 365. That property 
3° does not hold at each point of a continuous curve was brought 
out in the discussion of property 1°. Not only is it not necessary 
that a curve has a tangent at each of its points, but a curve does 
not need to have a tangent at a pantactic set of points, as we saw 
in Chapter XV. 

For a long time it was supposed that every curve has a tangent 
at each point, or if not at each point, at least in general. Analytic- 
ally, this property would go over into the following: every con- 
tinuous function has a derivative. A celebrated attempt to prove 
this was made by Ampére. 

Mathematicians were greatly surprised when Weierstrass ex- 
hibited the function we have studied in 502 and which has no 
derivative. 

Weierstrass* himself remarks: “ Bis auf die neueste Zeit hat 
man allgemein angenommen, dass eine eindeutige und continuir- 
liche Function einer reellen Verianderlichen auch stets eine erste 
Ableitung habe, deren Werth nur an einzelnen Stellen unbestimmt 
oder unendlich gross werden koénne. Selbst in den Schriften von 
Gauss, Cauchy, Dirichlet findet sich meines Wissens keine 
Ausserung, aus der unzweifelhaft hervorginge, dass diese Mathe- 
matiker, welche in ihrer Wissenschaft die strengste Kritik tiberall 
zu iben gewohnt waren, anderer Ansicht gewesen seien.” 


568. Property 5°. Length. We think of a curve as having 
length. Indeed we read as the definition of a curve in Euclid’s 
Elements: a line is length without breadth. When we see two 
simple curves we can often compare one with the other in regard 
to length without consciously having established a way to measure 


* Werke, vol. 2, p. 71. 
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them. Perhaps we unconsciously suppose them described at a 
uniform rate and estimate the time it takes. It may be that we 
regard them as inextensible strings whose length is got by 
straightening them out. A less obvious way to measure their 
lengths would be to roll a straightedge over them and measure 
the distance on the edge between the initial and final points of 
contact. 

We ask how shall we formulate arithmetically our intuitional 
ideas regarding the length of a curve? The intuitionist says, a 
curve or the are of a curve has length. This length is expressed 
by a number ZL which is obtained by taking a number of points 
P,, P,, P,-:+ on the curve between the end points P, P’, and 
forming the sum 


SPP. a 


The limit of this sum as the points became pantactic is the 
length Z of the arc PP’. 

Our point of view is different. We would say: Whatever 
arithmetic formulation we choose we have no a priori assurance 
that it adequately represents our intuitional ideas of length. 
With the intuitionist we will, however, form the sum 1) and see if 
it has a limit, however the points P, are chosen. If it has, we will 
investigate this number used as a definition of length and see if it 
leads to consequences which are in harmony with our intuition. 

This we now proceed to do. 


‘569. 1. Let z=o(t) , y=) (1 


be one-valued continuous functions of t in the interval Y= (a<6). 
As t ranges over Y the point x, y will describe a curve or an are 
of a curve (. We might agree to call such curves analytic, in 
distinction to those given by our intuition. The interval Y is 
the interval corresponding to OC. 
Let D be a finite division of %& of norm d, defined by 
Uthat eh wea ys vA 


To these values of ¢ will correspond points 


P,P yp Po Q (2 
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on Q, which may be used to define a polygon Py whose vertices 
are 2). 

Let (m, m+1) denote the side P,,Pm.,, as well as its length. 
If we denote the length of P, by the same letter, we have 

P= =(m, m+1) = TVAz?, + Ay?,. 
If 
elim Py (3 
d=) P 

exists, it is called the length of the are O, and C is rectifiable. 

2. (Jordan.) For the are PY to be rectifiable, it is necessary and 
sufficient that the*functions d, in 1) have limited variation in A. 


a V Az? + Ay?> | Az|. 
Hence Ps An 


But the sum on the right is the variation of ¢ for the division D. 
If now ¢@ does not have limited variation in 2, the limit 8) does 
not exist. The same holds for ~. Hence limited variation is a 
necessary condition. 

The condition is suffictent. For 


Py<|Axv|+2| Ay|= Vard+ Vary. 
D D 
As ¢$, v have limited variation, this shows that 
ToS Mae P» 
is finite. We show now that 
d=0 
For there exists a division A such that 


Pai Ja, (5 


Let A cause Y to fall into v intervals, the smallest of which has 
the length ». Let D be a division of % of norm d<d)<n. 
Then no interval of D contains more than one point of A. 
Let H= D+A. 


Obviously iP. Ps. or. (Py: 
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Suppose that the point ¢, of A falls in the interval (¢,, ¢,,,) of 
D. Then the chord (4,¢+ 1) in Pp is replaced by the two chords 
(4, «), (K,4+1)in Pz. Hence 


Pa — Pr 208 4 Kk ly ee 
mere G.= (4 «)+(K,¢+1)—CG,+441). 


Obviously as ¢, y are continuous we may take dy so small that 
each 
Cee , for any d<d). 


Hence Pp-Py<S. (6 


From 5), 6) we have 
P,—Pp<e , forany d<d,, 
which gives 4). 
3. If the are PQ is reectefiable, any are contained in PQ is also 
rectifiable. 
For ¢, ~ having limited variation in interval %, have a fortiort 
limited variation in any segment of Y. 


4. Let the rectifiable are C fall into two ares Cj, C,. If s, 81, & 
are the lengths of C, C,, Cy, then 
8 = 8, + 8. (7 
For we saw that C,, C, are rectifiable since Cis. Let %,, M, 
be the intervals in %& corresponding to Qj, C,. Let D,, D, be 
divisions of %,, %, of norm d. Then 


s,=lim Pp, , 8,=lim Pp. 
d=0 d=0 


But D,, D, effect a division of 2, and since 


s=lim P, (8 
e=0 
with respect to the class of all divisions of QM, the limit 8) is the 
same when # is restricted to range over divisions of the type of D. 
Now 
Py =P», + Py,- 


Passing to the limit, we get 7). 
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The preceding reasoning also shows that if C,, C, are rectifiable 
curves, then Cis, and T) holds again. 


5. If 1) define a rectifiable curve, its length s is a continuous func- 
tion s(t) of t. 


For ¢, y having limited variation, 
b$=b—-F » b= vy 
where the functions on the right are continuous monotone inereas- 
ing functions of € in the interval = (a< 6). 
For a division«D) of norm d of the interval AY = (t,t+h) we 
have 
P» = > V Az + Ay? 
<= |Ac| +> | Ay| 
< ZA¢, + ZAg, + TAY, + TAY, 
< 8h, + S$, + dp, + Oe, 


where 6¢,=¢,@¢+h) — $@), and similarly for the other func- 
tions. As ¢, is continuous, 6¢,=0, etc., as h=0. We may 
therefore take 7 >0 so small that 8$,, d¢,, d1, dy < €/4, ifh< 7. 
Hence As = s(¢+ 4)— s(t) < Max Pp<e , if0<h>y. 
Thus s is continuous. 
6. The length s of the rectifiable are C’ corresponding to the inter- 
val (a <t) is a monotone increasing function of t. 


This follows from 4. 


nf 


i. If x, y do not have simultaneous intervals of invariability, s(t) 
is an increasing function of t. The inverse function is one-valued 
and increasing and the codrdinates x, y are one-valued functions of 8. 


That the inverse function ¢ (s) is one-valued follows from I, 214. 
We can thus express ¢ in terms of s, and so eliminate ¢ in 1). 


570. 1. If d!, W' are continuous in the interval A, 


a IL dt Gp? ad 


aes ¢ = lim SVAG? + Ay. (2 
d=0 
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How Ag, =d/(t)At, » Ay, = witAt, 


where ¢/, t!’ lie in the interval At. 


As ¢/, w’ are continuous they are uniformly continuous. 


for any division D of norm <some dy, 


PH=PG)+ta ». WED =WGQt+8, 


where |«,|, | 8,| << some 7, small at pheasure, for any «x. 


VAg? + Aw? = At. V$'(t,)? + W(t)? + €At,, 
and we may take S 
he | <5e/ U  wie ale dense 
Thus 


s=lim DAt, Vo'(t,)? + WG)? + lim Se, At,. 


d=() 
sae (i [<6 
2 


Hence 


which establishes 1). 


Hence 


Thus 


For simplicity we have assumed ¢’, wy’ to be continuous in Y% 


This is not necessary, as the following shows. 
2. Let a1, +++ a,, 9,,°-- 6, > 0 but not all = 0. 
Then 


| Vai+ + +a2-V024 + +82 | <2] ae — bn |\5 


For 
(Via + —VBR 4 (Vai t 4-88 $e) 


= Catena Pigg) 1 Cbd eae eg 


= (af — 83) + + (a2 — 82) 


= (a4 ial by) (ay i by)+ tos +(a, iy bn) (an +6,). 


Hlence 
Valeo — VEEE = Sq. by) a 
m=1 Vai f+ see + Vee fs nee 
But ex 


Gn ae Gin 7 < | 
Vat. VR 4... = 
This in 5) gives 4). 


(5 
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Let us apply 4) to prove the following theorem, more general 
than 1. 


3. (Baire.) If 6', W' are limited and R-integrable, then 
oa [VbFt yPat. ‘a! 
py 
For by 4), ‘ 
LV PEP WEP = VG te) (te)? | S16) — $C) | 
+ |v") — Wi Cte) | 5 
®, — V, = 7! Ose o/(t) +n! Ose W(t) , in d,= At, 


or 


where n,, 7! are numerically <1. Thus 
| 6,0, — L6,W, | = 28.n! Ose d! + TS.n!! Ose wi. (6 
As ¢', wy’ are integrable, the right side = 0,asd=0. Now 


lim 20.0, = {vert abr’? dt. 
0 500 


d= 
Thus passing to the limit in 6), we have 
lim SAt, VO'CDE + We = f- 
uw 
This with 2), 3) gives 1) at once. 


571. Volterra’s Curve. It is interesting to note that there are 
rectifiable curves for which $'(t), w(t) are not both R-integrable. 
Such a curve is Volterra’s curve, discussed in 508. Let its equa- 
tion be y= f(a). Then f'() behaves as 


on 1 
22 sin =— cos = 
zx x 


in the vicinity of a non null set in %=(0,1). Hence f’(z) is 
not #-integrable in Y%. But then it is easy to show that 


J, VIFF GF de 


does not exist. For suppose that. 


g=V14f' (2)? 
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were R-integrable. Then g?=1+/f'(#)? is A-integrable, and 
hence f’(x)? also. But the points of discontinuity of f’? in %&f do 
not form a null set. Hence f’ is not R-integrable. 

On the other hand, Volterra’s curve is rectifiable by 569, 2, and 
O28, 1 


572. Taking the definition of length given in 569, 1, we saw 
that the codrdinates F 
DP OR Yat) 


must have limited variation for the curve to be rectifiable. But we 
have had many examples of functions not having limited variation 
in an interval Y&. Thus the curve defined by 


y =o sine », «#0 (4 
=e ae — 0) 


does not have a length in % =(— 1,1); while 


y= 2" sin M » &#0 
aD (5 
= 0 5 &%= 0 
does. 

It certainly astonishes the naive intuition to learn that the 
curve 4) has no length in any interval 6 about the origin how- 
ever sinall, or if we like, that this length is infinite, however small 
dis taken. For the same reason we see that 

No are of Weierstrass’ curve has a length (or its length is infinite) 
however near the end points are taken to each other, when ab>1. 


573. 1. 6° Property. WSpace-filling Curves. We wish now to 
exhibit a curve which passes through every point of a square, 7.e. 
which completely fills a square. Having seen how to define one 
such curve, it is easy to construct such curves in great varicty, not 
only for the plane but for space. The first to show how this may 
be done was Peano in 1890. The curve we wish now to define is 
due to Hilbert. ek 

We start with a unit interval % = (0, 1) over which ¢ ranges, 
and a unit square 8 over which the point 2, y ranges. We define 


r=$0 , y=¥O ee 
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as one-valued continuous functions of ¢ in % so that zy ranges over 
Bas t ranges over Y%. The analytic curve C defined by 1) thus 
completely fills the square %. 

We do this as follows. We effect a division of % into four 
equal segments 6), 65, 65, 64, and of B into equal squares 7, n}, 
Ns» M4, as in Fig. 1. 

We call this the first division,or D,. The corre- 


spondence between %f and BY is given in _ first pe fo | 
approximation by saying that to each point P in 


8! shall correspond some point Q in 7!. ae 
We now effect a«second division D, by dividing 
each interval and square of D, into four equal 


a 
parts. 


GHlat 10. 11 
2 3) 
57 8| 9/12 
4 | eae ae 
following two principles: 1° we may pass over the 1] 2 | 15/16 
squares 1 to 16 continuously without passing the 


same square twice, and 2° in doing this we pass ,1,2.,.3,4, 
over the squares of D, in the same order as in rene wrk 
Fig. 1. The correspondence between 2% and & is 
given in second approximation by saying that to each point P in 
6! shall correspond some point Qin 7’. In this way we continue 
indefinitely. 

To find the point Q in % corresponding to P in %&f we observe 
that P lies in a sequence of intervals 


SS aS Ol = 0, (2 


to which correspond uniquely a sequence of squares 


We number them as in Fig. 2, 


" i 
oY ’ on tus ot 


" " i" 
Uk). SUBS PR SYR 


As to the numbering of the 7’s we observe the 


ft >yl >a > =. (3 


The sequence 3) determines wniquely a point whose coédrdinates 
are one-valued functions of t¢, viz. the functions given in 1). 


The functions 1) are continuous in %. 


For let ¢/ be a point neart; it either lies in the same interval as 
t in D, or in the adjacent interval. ‘Thus the point Q’ corre- 
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sponding to ¢! either lies in the same square of D, as the point Q 
corresponding to ¢, or in an adjacent square. But the diagonal 
of the squares = 0, asn=oo. Thus 


Dist (VQ) =0 , asn=o@. 
o@U)—¢@) , andy) YO) 


both = 0, as ¢’ = @. 


Thus 


a 


As t ranges over U, the point x, y ranges over every point in the 
square B. 


For let Q be a given point of %. It lies in a sequence of 
squares as 3). If @ lies on a side or at a vertex of one of the 7 
squares, there is more than one such sequence. But having taken 
such a sequence, the corresponding sequence 2) is uniquely de- 
termined. Thus to each Q corresponds at least one P. A more 
careful analysis shows that to a given @ never more than four 
points P can correspond. 


2. The method we have used here may obviously be extended 
to space. By passing median planes through a unit cube we 
divide it into 23 equal cubes. Thus to get our correspondence 
each division D, should divide each interval and cube of the pre- 
ceding division D,_, into 23 equal parts. The cubes of each divi- 
sion should be numbered according to the 1° and 2° principles of 
enumeration mentioned in 1. 

By this process we define 


t= (t) , y=,(t) , 2=$,(¢) 
as one-valued continuous functions of ¢ such that as t ranges over 
the unit interval (0, 1), the point 2, y, z ranges over the unit 
cube. 


574. 1. Hilbert's Curve. We wish now to study in detail the 
correspondence between the unit interval {9 and the unit square 
¥% afforded by Hilbert’s curve defined in 573. A number of inter- 
esting facts will reward our labor. We begin by seeking the 
points P in %& which correspond to a given Q in %. 

To this end let us note how P enters and leaves an n square. 
Let B be a square of D,. In the next division B falls into four 
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squares B, ++» B,and in the n+ 2° division in 16 squares B,;. 
Of these last, four lie at the vertices of B; we call them vertex 
squares. The other 12 are median squares. A simple considera- 
tion shows that the » squares of D,,. are so numbered that we 
always enter a square B belonging to D,, and also leave it by a 
vertex square. 

Since this is true of every division, we see on passing to the 
limit that the point Q@ enters and leaves any » square at the ver- 
tices of 7. We call this the verter law. 

Let us now elassify the points P, Q. 

If P is an end point of some division D, > we call it a terminal 
point, otherwise an inner point, because it lies within a sequence 
of 6 intervals 6’ > 8's... £0. 

The points Q we divide into four classes : 

1° vertex points, when @Q is a vertex of some division. 

2° inner points, when @ lies within a sequence of squares 

al etal! arose ce 0. 

3° lateral points, when Q lies on a side of some 7 square but 
never at a vertex. 

4° points lying on the edge of the original square 8. Points 
of this class also lie in 1°, 3°. 

We now seek the points P corresponding to a Q lying in one of 
these four classes. 

Class 1°. Qa Vertex Point. Let D, be the first division such 
that Q is at a vertex. Then Q lies in four squares 7,, 7;, M5 7; of 
D,. 

There are 5 cases : 

a) tj kl are consecutive. 

B) «7k are consecutive, but not l. 

y) wz are consecutive, but not k 1. 

8) «7, also k J, are consecutive. 

€) no two are consecutive. 

A simple analysis shows that «), @) are not permanent in the 
following divisions; y), 6) may or may not be permanent; e) is 
permanent. 
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Now, whenever a case is permanent, we can enclose QY in a se- 
quence of 7 squares whose sides = 0. ‘To this sequence corre- 
sponds uniquely a sequence of 6 intervals of lengths = 0. Thus 
to two consecutive squares will correspond two consecutive inter- 
vals which converge to a single point P in Y&. If the squares are 
not consecutive, the corresponding intervals converge to two dis- 
tinct points in Y. Thus we-see that when y) is permanent, to Y 
correspond three points P. When 6) is permanent, to Q corre- 
spond two points P. While when @ belongs to e), four points P 
correspond to it. 


Class 2°. Q an Inner Point. Obviously to each QY corresponds 
one point P and only one. 
Class 3°. Qa Lateral Point. To fix the ideas let Q lie on a ver- 


tical side of one of the 7’s. Let it lie between 7,, ; of D,. There 
are two cases: 


a) geet. 
8) jt tds 


We see easily that @) is not permanent, while of course #) is. 
Thus to each Q in class 38°, there correspond two points P. 


Class 4°. Q lies on the edge of 8. If Yis a vertex point, to it 
may correspond one or two points P. If Y is not a vertex point, 
only one point P corresponds to it. 

To sum up we may say: 

To each inner point Q corresponds one inner point P. 

To each lateral point Q correspond two points P. 

To each edye point @ correspond one or two points P. 

To each vertex point Q, correspond two, three, or four points P. 

2. As a result of the preceding investigation we show easily 
that : 


To the points on a line parallel to one of the sides of B correspond 
in Xt an apantactic perfect set. 


3. Let us now consider the tangents to Hilbert’s curve which 
we denote by Z. 
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Let Q be a vertex point. We saw there were three permanent 
cases 7), 5), €). 

In cases y), 5) we saw that to two consecutive 6 intervals cor- 
respond permanently two contiguous ver- 
tical or horizontal squares. i 

Thus as ¢ ranges over = aia 
8,, O41 the point 2, y ranges 
over these squares, and the secant line 
joining Q@ and this variable point 2, y oscillates through 180°. 
There is thus no tangent at Q. In case e) we see similarly that 
the secant line ranges through 90°. Again there is no tangent 
at Q. 

In the same way we may treat the three other classes. We find 
that the secant line never converges to a fixed position, and may 
oscillate through 360°, viz. when @ is an inner point. As a result 
we see that Hilbert’s curve has at no point a tangent, nor even a 
unilateral tangent. 


4. Associated with Hilbert’s curve H are two other curves, 


t— Ol). and y=). 


The functions ¢, ~ being one-valued and continuous in Y, these 
curves are continuous and they do not have a multiple point. A 
very simple consideration shows that they do not have even a 
unilateral tangent at a pantactic set of points in Y. 


575. Property 7°. Equations of a Curve. As already remarked, 
it is commonly thought that the equation of a curve may be 
written in any one of the three forms 


y¥ =f (2), qd 
O(a, y)= 0, (2 
t=$(t) , y=), (3 


and if these functions are continuous, these equations define con- 
tinuous curves. 

Let us look at the Hilbert curve H. We saw its equation 
could be expressed in the form 3). H cuts an ordinate at every 
point of it for which O<y<1. Thus if we tried to define H by 
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an equation of the type 1), f(@) would have to take on every 
value between 0 and 1 for each value of z in %=(0, 1). No such 
functions are considered in analysis. 

Again, we saw that to any value x= a in & corresponds a perfect 
apantactic set of values {t,} having the cardinal number ¢c. Thus 
the inverse function of x= (¢) is a many-valued function of « 
whose different values form a set whose cardinal number is c. 
Such functions have not yet been studied in analysis. 

How is it possible in the light of stich facts to say that we may 
pass from 8) to 1) or 2) by eliminating t from 3). And if we 
cannot, how can we say a curve can be represented equally well 
by any of the above three equations, or if the curve is given by 
one of these three equations, we may suppose it replaced by one 
of the other two whenever convenient. Yet this is often done. 

In this connection we may call attention to the loose way 
elimination is treated. Suppose we have a set of equations 


Fy 18+ Dm by oe Bd 0, 
Pee 10° Dm by oe t,,) = Os 


We often see it stated that one can eliminate ¢, --- ¢, and obtain 
a relation involving the 2’s alone. Any reasoning based on such 
a procedure must be regarded as highly unsatisfactory, in view of 
what we have just seen, until this elimination process has been 
established. 


576. Property 8°. Closed Curves. <A circle, a rectangle, an 
ellipse are examples of closed curves. Our intuition tells us that 
it is impossible to pass from the inside to the outside without 
crossing the curve itself. If we adopt the definition of a closed 
curve without multiple point given in I, 362, we find it no easy 
matter to establish this property which is so obvious for the simple 
closed curves of our daily experience. The first to effect the 
demonstration was Jordan in 1892. We give here* a proof due 
to de la Vallée- Poussin. t 

Let us call for brevity a continuous curve without double point 


* The reader is referred to a second proof due to Brouwer and given in 598 seq. 
t Cours @ Analyse, Paris, 1908, Vol. 1, p. 807. 
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a Jordan curve. A continuous closed curve without double point 
will then be a closed Jordan curve. Cf. I, 362. 


577. Let C be a closed Jordan curve. However small o> 0 is 
taken, there exists a polygonal ring R containing C and such that 


1° Each point of R is at a distance < o from C. 
2° Each point of Cis at a distance < o from the edges of R. 


For let t=$(t) , y=V(t) el 
be continuous one-valued functions of ¢in 7=(a <b) defining C. 
Let D= (a, @,, do --b) be a division of 7 of norm d. Let 
@, 0, & ++ be points of C’ corresponding to a,a,+- If d is suffi- 
ciently small, the distance between two points on the arc 
C. = (a1, &) is <e’, small at pleasure. Let A be a quadrate 
division of the 2, y plane of norm 6. Let us shade all cells con- 
taining a point of C,. These form a connected domain since (, is 
continuous. We can thus go around its outer edge without a 
break.* If this shaded domain contains unshaded cells, let us 
shade these too. We call the result a link A,. It has only one 
edge H,, and the distance between any two points of F, is ob- 
viously < e! + 2V268. We can choose d, & so small that 


¢ +2V%8 <a, arbitrarily small. qd 


Then the distance between any two points of A,is <o. Let e’’ 
be the least distance between non-consecutive ares C(,. We take 


6 so small that we also have 
tT 


ae (2 


Then two non-consecutive links A,, A; have no point in common. 
For then their edges would have a common point P. As P lies 
on £, its distance from ( is < V2 8. Its distance from C;, is also 
< V26. Thus there is a point P,on (.,and a point P; on C, such 
that ; 

n = PP) <2V26. 


* Here and in the following, intuitional properties of polygons are assumed as 
known. 


596 GEOMETRIC NOTIONS 


But by hypothesis e'’ <7. Hence 


Ce 2 
which contradicts 2). 

Thus the union of these links form a ring R whose edges are 
polygons without double point. One of the edges, say G,, lies 
within the other, which we call @,. The curve ( lies within R. 
The inner polygon G, must exist, since non-consecutive links have 
no point in common. : 


578. 1. Interior and KEaterior Points. Let o, >0,>--- =0. 
Let R,, R,--- be the corresponding rings, and let 


/ 
G! A Gu! 900 
G! Gu 
eap is uaa 


be their inner and outer edges. A point P of the plane not on 
C which lies inside some G, we call an interior or inner point of C. 
If P lies outside some G,, we call it an exterior or outer point of C. 

Each point P not on C must belong to one of these two classes. 
For let p= Dist (P, C); then pis > some o,. It therefore lies 
within G@ or without G”, and is thus an inner or an outer point. 
Obviously this definition is independent of the sequence of rings 
{R,} employed. The points of the curve Care interior to each 
G@ and exterior to each G™, 

Inner points must exist, since the inner polygons exist as al- 
ready observed. Let us denote the inner points by & and the 
outer points by D. Then the frontiers of $ and O are the curve C. 


2. We show now that 
1° Two inner points can be joined by a broken line L, lying in &. 
2° Two outer points can be joined by a broken line L, lying in O. 


3° Any continuous curve R joining an inner point i and an outer 
point e has a point in common with CO. 


To prove 38°, let 
) 
Te 


=f) », y=94 
be the equations of §, the variable ¢ ranging over an interval 
T=(a<f),t=a corresponding to i and t= to e. Let t! be 
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such that a<t<t! gives inner points, while ¢=¢ does not give an 
inner point. Thus the point corresponding to ¢= ¢t’ is a frontier 
point of ¥ and hence a point of C. 

To prove 1°. If A, B are inner points, they lie within some G,. 
We may join A, B, G, by broken lines Z,, Z, meeting G, at the 
points A’, B’, say. Let Gy be the part of G, lying between A’, 
B'. Then 

L,+ Gat LD, 


is a broken line joining A to B. 


The proof of 2° is similar. 

579. 1. Let P’, P’' correspond to ¢=?', t=7#'', on the curve 0 
defined by 577,1). If t’<t'', we say P’ precedes P'' and write 
Ug EE oA 

Any set of points on (corresponding to an increasing set of 
values of ¢ is called an tnereasing set. 

As t ranges from a to 6, the point P ranges over C in a direct 
sense. 

We may thus consider a Jordan curve as an ordered set, in the 
sense of 265. 


2. (Dela Vallée-Poussin.) On each are C, of the curve C, there 
exists at least one point P; such that 


(pee aa eee al 


may be regarded as the vertices of a closed polygon without double 
point and whose sides are all <e. 


For in the first place we may take 6>0 so small that no square 
of A contains a point lying on non-consecutive ares C, of C. Let 
us also take A so that the point « corresponding to t=a lies 
within a square, call it S,, of A. As ¢ increases from t = a, there 
is a last point P, on C where the curve leaves S;. The point P, 
lies in another square of A, call it S,, containing other points of 
CO. Let P, be the last point of Cin S,. In this way we may 
continue, getting a sequence 1). 

There exists at least one point of 1) oneachare C,. For other- 
wise a square of A would contain points lying on non-consecutive 
arcs O,. The polygon determined by 1) cannot have a double 
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point, since each side of it lies in one square. The sides are <e, 
provided we take V2 <e, since the diagonal is the longest line 
we can draw in a square of side 6. 


580. Existence of Inner Points. To show that the links form a 
ring with inner points, Schénfliess * has given a proof which may 
be concerned as follows: 

Let us take the number of links to be even, and call them Z,, 
L,, +>: L,,- Then L,, L,, L,--- lie entirely outside each other. 
Since Z,, L, overlap, let P sh an Inner common point. Simi- 
larly let Q be an inner common point of L,, Z,. Then P, Q 
lying within Z, may be joined by a finite broken line 6 lying 
within Z,. Let 0, be that part of it lying between the last point 
of leaving Z, and the following point of meeting Z,. In this 
way the pairs of links 

Lyk, 3 Lbs 3 


define finite broken lines 


No two of these can have a common point, since they lie in 
non-consecutive links. The union of the points in the sets 


Ly ’ by ’ L; ? by ae Lyn ’ ban 


we call a ring, and denote it by ®. The points of the plane not 
in ®t fall into two parts, separated by R. Let © denote the part 
which is limited, together with its frontier. We call T= the inte- 
rior of R. That T has. inner points is regarded as obvious since 
it is defined by the links 


on, ogc a elas 
which pairwise have no point in common, and by the broken lines 
be ; b, : be cat 
each of which latter lies entirely within a link. 
& 
Let . = Dv (L,,. Tt) 5 m= ce Stes: 
* Die Entwickelung der Lehre von den Punktmannigfaltigkeiten. Leipzig, 1908, 


Part 2, p. 170. 


a 
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Then these & have pairwise no point in common since the LZ, 
have not. 


Let THW+Gt+--- +B,4+ RK. 


m 


Then > 0. For let us adjoin LZ, to R, getting a ring R, whose 
interior call T. That T, has inner points follows from the fact 
that it contains %,, & +» Let us continue adjoining the links 
L,, I, +++ Finally we reach Z,,, to which corresponds the 
ring W,,,, whose interior, if it exists, is T. If T,, does not exist, 
Ty, contains only %,,. This is not so, for on the edge of LZ, 
bounding J, is a, point P, such that some D,(P) contains points 
of no LZ except L,. In fact there is a point P on the edge of L, 
not in either LZ, or L,,, as otherwise these would have a point in 
common. Now, if however small p>0 is taken, D,(P) contains 
points of some Z other than Z,, the point P must lie in LZ, which 
is absurd, since Z, has only points in common with Z,. £,,, and 
P is not in either of these. Thus the adjunction of L,, Ly, ++ 
L,,, produces a ring #,, whose interior T,, does not reduce to 0; 
it has inner points. 


581. Property 9°. Area. That a figure defined by a closed 
curve without double point, z.e. the interior of a Jordan curve, 
has an area, has long been an accepted fact in intuitional geometry. 
Thus Lindemann, Vorlesungen tiber Geometrie, vol. 2, p. 557, says 
“ einer allseitig umgrenzten Figur kommt ein bestimmter Fliachen- 
inhalt zu.” The truth of such a statement rests of course on 
the definition of the term area. In I, 487, 702 we have given a 
definition of area for any limited plane point set 2 which reduces 
to the ordinary definition when % becomes an ordinary plane figure. 
In our language % has an area when its frontier points form a 
discrete set. Let 

; aot) , y=) 

define a Jordan curve 6, as ¢ ranges over 7=(a<b). The 
figure %& defined by this curve has the curve as frontier. In I, 
708, 710, we gave various cases in which € is discrete. The 
reasoning of I, 710, gives us also this important case: 


Tf one of the continuous functions >, w defining the Jordan curve 
, has limited vuriation in T, then © ts discrete. 
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It was not known whether © would remain discrete if the con- 
dition of limited variation was removed from both codrdinates, 
until Osgood * exhibited a Jordan curve which is not discrete. 
This we will now discuss. 


582. 1. Osgood’s Curve. We start with a unit segment 
T = (0, 1) on the ¢ axis, and a unit square S' in the zy plane. 
We divide Z’into 17 equal parts 


Tas 45 1617 Ty eels e! 


and the square S into 9 equal 
squares 


Si, S3, S; ae Sirs (2 


by drawing 4 bands B, which 
are shaded in the figure. On 


a these bands we take 8 segments, 


82> 845 8g °°" Si65 (3 


EE marked heavy in the figure. 


Then as ¢ is ranging from left 
to right over the even or black 
intervals 7, 7, --- 7, marked heavy in the figure, the point 2, y 
on Osgood’s curve, call it ©, shall range univariantly over the 
segments 3). 

While ¢ is ranging over the odd or white intervals 7, 73 --- Ti, 
the point zy on © shall range over the squares 2) as determined 
below. 

Kach of the odd intervals 1) we will now divide into 17 equal 
intervals 7, and in each of the squares 2) we will construct 
horizontal and vertical bands B, as we did in the original square 
S. Thus each square 2) gives rise to 8 new segments on O 
corresponding to the new black intervals in 7, and 9 new squares 
S, corresponding to the white intervals. In this way we may 
continue indefinitely. 

The points which finally get in a black pater call B, the 
others are limit points of the 6’s and we call them >A. The point 


* Trans. Am. Math. Soc., vol. 4 (1908), p. 107. 
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on © corresponding to a 8 point has been defined. The point of 
© corresponding to a point A is defined to be the point lying in 
the sequence of squares, one inside the other, corresponding to the 
sequence of white intervals, one inside the other, in which X falls, 
in the successive divisions of 7". 

Thus to each ¢ in J’ corresponds a single point a, y in S. The 
aggregate of these points constitutes Osgood’s curve. Obviously 
the x, y of one of its points are one-yalued functions of t in 7, say 


r=$(t) , y= W(t). C4 


The curve © has no double point. This is obvious for points of 
© lying in black segments. Any other point falls in a sequence 
of squares 

ise = Sy; = pe HOO 


to which correspond intervals 
fi Te T jx ov 


in which the corresponding ¢’s he. But only one point ¢ is thus 
determined. 

The functions 4) are continuous. This is obvious for points 8 
lying within the black intervals of 7. It is true for the points 2. 
For X lies within a sequence of white intervals, and while ¢ ranges 
over one of these, the point on O ranges in a square. But these 
squares shut down to a point as the intervals do. Thus ¢, are 
continuous att=2. In a similar manner we show they are con- 
tinuous at the end points of the black intervals. 

We note that to t= 0 corresponds the upper left-hand corner 
of S, and to t=1, the diagonally opposite point. 


2. Up to the present we have said nothing as to the width of 
the shaded bands Bia whied 


introduced in the successive steps. Let 
A = ay fe Ae + OOO 


be a convergent positive term series whose sum A<1. We 
choose B, so that its area is a,, B, so that its area is a, etc. 


Then ‘Cre 0) ; ier bs A. (6 
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as we now show. For © has obviously only frontier points; 
hence D = 0. Since O is complete, it is measurable and 


Let O= S—O, and B=3B,}. Then O< B. For any point 
which does not lie in some B, lies in a sequence of convergent 
squares S, > S,, >--- which converge to a point of O. Now 


Bowe ere. er 


On the other hand, B contains a null set of points of O, viz. the 
black segments. Thus 


co 


O= =A, and hetcs > = 1-A 
and 5) is established. 


Thus Osgood’s curve is continuous, has no double point, and tts 
upper content is 1 — A. 


3. To get a continuous closed curve C without double point 
we have merely to join the two end points «, 8 of Osgood’s curve 
by a broken line which does not cut itself or have a point in com- 
mon with the square S except of course the end points a, £8. 
Then C@ bounds a figure § whose frontier is not discrete, and § 
does not have an area. Let us call such curves closed Osgood 
curves. 

Thus we see that there exist regions bounded by Jordan curves 
which do not have area in the sense current since the Greek 
geometers down to the present day. 

Suppose, however, we discard this traditional definition, and 
employ as definition of area its measure. Then we can say : 


A figure § formed of a closed Jordan curve J and its interior 
has an area, viz. Meas §. 


For Front § =J. Hence § is complete, and is therefore meas- 
ureable. 
We note that a oa 


We have seen there are Jordan curves such that 


Tor 
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We now have a definition of area which is in accordance with the 
promptings of our geometric intuition. It must be remembered, 
however, that this definition has been only recently discovered, 
and that the definition which for centuries has been accepted leads 
to results which flatly contradict our intuition, which leads us to 
say that a figure bounded by a continuous closed curve has an 
area. 


é 


583. At this point we will break off our discussion of the 
relation between our intuitional notion of a curve, and the con- 
figuration determined by the equations 


email 1) Year) ad 

where ¢, Wy are one-valued continuous functions of ¢ in an interval 
T. Let us look back at the list of properties of an intuitional 
curve drawn up in 563. We have seen that the analytic curve 
1) does not need to have tangents at a pantactic set of points on 
it; no are on it needs have a finite length; it may completely fill 
the interior of a square; its equations cannot always be brought 
in the forms y=f(x) or F(«y)=9, if we restrict ourselves to 
functions f or # employed in analysis up to the present; it does 
not need to have an area as that term is ordinarily understood. 

On the other hand, it is continuous, and when closed and with- 
out double point it forms the complete boundary of a region. 

Enough in any case has been said to justify the thesis that 
geometric reasoning in analysis must be used with the greatest 
circumspection. 


Detached and Connected Sets 


584. In the foregoing sections we have studied in detail some 
of the properties of curves defined by the equations 


z=o(t) » y=, 

Now the notion of a curve, like many other geometric notions, is 
independent of an analytic representation. We wish in the fol- 
lowing sections to consider some of these notions from this point 
of view. 
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585. 1. Let %, B be point sets in m-way space ,,. If 
Dist QL, 3) > 90, 
we say %, B are detached. If % cannot be split up into two parts 
%, € such that they are detached, we say Wf has no detached parts. 
If {=B+C and Dist (B, €)>0, we say B; C are detached parts 
of 2. 
Let the set of points, finite or infinite, 
Came Oe (G! 


be such that the distance between two successive ones is <e. We 
eall 1) an e-sequence between a, 6; or a sequence with segments 
(a, G41) of length <e. We suppose the segments ordered so 
that we can pass continuously from a to d over the segments without 
retracing. If 1) is a finite set, the sequence is finite, otherwise 
infinite. 

2. Let WX have no detached parts. Let a, 6 be two of its points. 
For each ¢>0, there exists a finite e-sequence between a, b, and lying 
in Y. 

For about a describe a sphere of radius e. About each point of 
% in this sphere describe a sphere of radius e. About each point 
of % in each of these spheres describe a sphere of radius e. Let 
this process be repeated indefinitely. Let 8 denote the points of 
Yt made use of in this procedure. If B<Y%, let C= 9% —B. * Then 
Dist (8, €)>e, and YW has detached parts, which is contrary to 
hypothesis. Thus there are sets of e-spheres in % joining a and 6. 

Among these sets there are finite ones. For let § denote the 
set of points in & which may be joined to a by finite sequences ; let 
G@=A—F. Then Dist (J, G)>e. For if <e, there is a point f 
in §, and a point g in © whose distance is <e. Thena and g can 
be joined by a finite e-sequence, which is contrary to hypothesis. 


3. If YX has no detached parts, it is dense. 
For if not dense, it must have at least one isolated point a. 


But then a, and & — a are detached parts of 9% which contradicts 
the hypothesis. 


4. Let A,B, € be complete and A= (B, ©). Tf X has no de- 
tached parts, B, © have at least one common point. : 
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For if %, € have no common point, § = Dist (%, ©) is > 0. 
But 6 cannot > 0, since 8, € would then be detached parts of Y. 
Since 6= 0 and since B, € are complete, they have a point in 
common. 


D. Lf Wis such that any two of its points may be joined by an 
e-sequence lying in X, where e>0 is small at pleasure, X has no 
detached parts. 


For if Yt had B, € as detached ee let Dist (8, €©)=6. Then 
d5>0. Hence there«is no sequence joining a point of 8 with a 
point of © with segments < 6. 


_6. If %is complete and has no detached parts, it is said to be 
connected. We also call & a connex. 
As a special case, a point may be regarded as a connex. 


id 


T. If YX ts connected, it is perfect. 

For by 3 it is dense, and by definition it is complete. 

8. If Wis a rectilinear connex, it has a first point « and a last 
point B, and contains every point in the interval (a, 8). 

For being limited and complete its minimum and maximum 
lhe in 9% and these are respectively a and 8. Let now 
E> & > = 0. 


There exists an e,-sequence C, between a, 8. Each segment has 
an ¢,-sequence C,. Each segment of C, has an e,sequence C3, 
etc. Let C be the union of all these sequences. It is pantactic 
in (a, 8). As % is complete, 


f= (a, 8). 


Images 


586. Let Oe i bn) On =a G2 bw) el 
be one-valued functions of ¢ in the point set ©. As ¢ ranges over 
, the point x= (a, --- z,) will range over a set %&f in an n-way 
space 3, We have called & the image of ©. Cf. I, 238, 3. 
If the functions f are not one-valued, to a point t may correspond 
several images a’, 2!’ --- finite or infinite in number. Conversely 
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to the point « may correspond several values of ¢. If to each 
point ¢ correspond in general r values of x, and to each x in 
general s values of t, we say the correspondence between 7, 2 is 
r to s. If r= s=1 the correspondence is 1 to 1 or unifold ; if 
r>1, it is manifold. If r=1, A isa simple image of TF, other- 
wise it is a multiple image. If the functions 1) are one-valued 
and continuous in S, we say & is a continuous image of T. 


587. Transformations of the Plane. Example 1. Let 
Cars y =, 0 =eicos 7, ° ad 
We have in the first place 
ut + v2 = 2. 


This shows that the image of a hne =a, a#0, parallel to the 
y-axis is a circle whose center is the origin in the uw, v plane, and 
whose radius is a. To the y-axis in the 2, y plane corresponds 
the origin in the «, v plane. 

From 1) we have, secondly, 


U 
— =tan #7 
% ¥ 


This shows that the image of a line y = 4, is a line through the 
origin in the wu, v plane. 

From 1) we have finally that w, v are periodic in y, having the 
period 27. Thus as x, y ranges in the band B, formed by the 
two parallels y= +7, or —7 <y <7, the point wu, v ranges over 
the entire u, v plane once and once only. 

The correspondence between B and the u,v plane is unifold, 
except, as is obvious, to the origin in the u, v plane corresponds 
the points on the y-axis. 

Let us apply the theorem of I, 441, on implicit functions. The 
determinant A is here 


d(u,v)_ | sing, cos y| _ 


= — he 
d(a%,y) |ecosy, —wxsiny : 


_ As this is # 0 when 2, y is not on the y-axis, we see that the 
correspondence between the domain of any such point and its 
image is 1 tol. This accords with what we have found above. 
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It is, however, a much more restricted result than we have found ; 
for we have seen that the correspondence between any limited 
point set 2% in B which does not contain a point of the y-axis and 
its image is unifold. 


588. Hxample 2. Let 


3 ¥ eg 4 4? 
u=——4~—_—7n. v=Va"+ 1 
Vat + y? a‘ ae C 
the radical having the positive sign. Let us find the image of the 
first quadrant @ ih the 2, y plane. 
From 1) we have at once 


Op Lye Fy 0} 


Hence the image of Q is a band B parallel to the v-axis. 
From 1) we get secondly 


y=uv , e=vv1l—v (2 
Hence a+ yt = of, 

Thus the image of a circle in @ whose center is the origin and 
whose radius is a is a segment of a right line v= a. 

When 2 = y= 0, the equations 1) do not define the correspond- 
ing point in the u,v plane. If we use 2) to define the corre- 
spondence, we may say that to the line v = 0 in B corresponds the 
origin in the z, y plane. With this exception the correspondence 
between Q and B is uniform, as 1), 2) show. 

The determinant A of 1) is, setting 


r=Vai + y%, 
—w 2 
du v)_| 7 ee Bae 
9@, y) gf | aby? 
RTL hei 


for any point 2, y different from the origin. 


589. Example 3. Reciprocal Radii. Let O be the origin in the 
z, y plane and © the origin in the uw, v plane. To any point 
P=(@, y) in the z, y plane different from the origin shall cor- 
respond a point Q@=(u, v) in the u, v plane such that O@ has 
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the same direction as OP and such that OP-QQ=1. Analyti. 
cally we have ; 
B= NY es a gt ees 
and 

(u? + (+ y) = 1. 


From these equations we get 


U 8 v 
ae + ve : La SOP. G 
and also 
Sears cg 
— Pp ? a? 4 yy? 


The correspondence between the two planes is obviously unifol¢ 
except that no point in either plane corresponds to the origin ir 
the other plane. We find for any point 2, y different from the 


origin that ee: (a, 0) 1 
d(x, y) Gay) 


Obviously from the definition, to a line through the origin ir 
the 2, y plane corresponds a similar line in the wu, v plane. As x 
moves toward the origin, wu, v moves toward infinity. 

Let xz, y move on the line x=a+0. Then 1) shows that wu, 7 


moves along the circle 
a(w+ v)—u=0 


which passes through the origin. A similar remark holds wher 
x, y moves along the liney=b+0. 


590. Such relations between two point sets 2, 8 as defined iz 
586 may be formulated independently of the functions f. In fae 
with each point a of 2 we may associate one or more points 6,, y+ 
of 8 according to some law. Then $ may be regarded as the 
image of Y. We may now define the terms simple, manifold, ete. 
as in 586. When 6 corresponds to a we may write b ~ a. 

We shall call B a continuous image of X when the following con 
ditions are satisfied. 1° To each a in { shall correspond but on 
bin %, that is, B is a simple image of Y. 2° Let b~ a, let Ay5 Ay ** 
be any sequence of points in &% which=a. Let 6, ~a,. Ther 
6, must = 6 however the sequence {a,} is chosen. : 
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When &% is a simple image of %, the law which determines 
which 6 of % is associated with a point a of Y& determines obviously 
m one-valued functions as in 586, 1), where t, +++ t, are the m co- 
ordinates of a,and a, +++ @, are the n coordinates of 6. We call these 
functions 1) the associated functions. Obviously when % is a 
continuous image, the associated functions are continuous in Qf. 


591. 1. Let B be a simple continuous image of the limited complete 
set MI. Then 1° 8 is limited and complete. If 2° Wis perfect and 
only a finite number of points of X correspond to any point of B then 
B is perfect. LF 3° YX is a connex, so is B. 


To prove 1°. The case that % is finite requires no proof. Let 
b,, by +++ be points et B which = B. We wish to show that @ lies 
in B. To each 6, will correspond one or more points in %; call 
the union of all these points a. Since % is a simple image, a is an 
infinite set. Let a,, a,--- be a set of points in q@ which =a, a 
limiting point of %. As % is complete, « lies in %. Let 6~ «. 
Let 4 ~a,. As a,=«, b= B. But B being continuous, 6,, 
must = 6. Thus Bhlesin&%. That Bis limited follows from the 
fact that the associated functions are continuous in the limited 
complete set %. To prove 2°. Suppose that B had an isolated 
point 6. Let b~a. Since YW is perfect, let a,,a,--- =a. Let 
b,~a,. Then as Sis continuous, 6, = 6, and 6 is not an isolated 
point. To prove 3°. We have only to show that there exists 
an e-sequence between any two points a, 8 of B, e small at pleasure. 
Leta~a, 8~b. Since is connected there exists an n-sequence 
between a, 6. Also the associated functions are uniformly con. 
tinuous in Yf, and hence 7 may be taken so small that each segment 
of the corresponding sequence in % is > e. 


2. Let f(t, +++ tm) be one-valued and continuous in the connex U, 
then the image of XU is an interval including its end points. 
This follows from the above and from 585, 8. 


3. Let the correspondence between X, B be unifold. If B is a 
continuous image of UX, then X is a continuous image of B. 


For let {6,3 be a set of points in @ which = 0. Let a, ~ 4,, 
a~b. We have only to show that a,+a. For suppose that it 
does not, suppose in fact that there is a sequence 4@,,, @,,--- which 
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saxza. Let@~a. Then b,,6,---= 8. But any partial se- 


quence of {d,} must = 6. Thus )=8, hence a=a, hence a, =a. 


4. A Jordan curve J is a unifold continuous image of an interval 
T. Conversely if J is a unifold continuous image of an interval T, 
there exist two one-valued continuous functions 


c=$¢t) » y=¥O® 


such that ast ranges over T, the point x, y ranges over J. In case 
J is closed it may be regarded as the image of a circle I. 


All but the last part of the theorem has been already established. 
To prove the last sentence we have only to remark that if we set 


P=reost , y=rant 


we have a unifold continuous correspondence between the points 
of the interval (0, 2 7*) and the points of a circle. 


5. The first part of 4 may be regarded as a geometrical definition 
of a Jordan curve. The image of a segment of the interval 7’ or 
of the circle [, will be called an are of J. 


592. Side Lights on Jordan Curves. These curves have been 
defined by means of the equations 


r=$(t), y=¥(2). a 


As t ranges over the interval 7’=(a <b), the point P =(a, y) 
ranges over the curve J. This curve is a certain point set in the 
x,y plane. We may now propose this problem: We have given 
a point set © in the 2, y plane; may it be regarded as a Jordan 
curve? That is, do there exist two continuous one-valued func- 
tions 1) such that as ¢ ranges over some interval 7) the point P 
ranges over the given set © without returning on itself, except 
possibly for t= a, t= 6, when the curve would be closed? 

Let us look at a number of point sets from this point of view. 


593. Example 1. A 


1. Let y sin + , win the interval %=(—1, 1), but £0 


a 


=a 9 forz=0. 
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Is this point set € a Jordan curve? The answer is, No. Fora 
Jordan curve is a continuous image of an interval %. By 591, 1, 
it is complete. But € is not complete, as all the points on the 
y axis, —1<y< 1 are limiting points of ©, and only one of them 
belongs to ©, viz. the origin. 


2. Let us modify € by adjoining to it all these missing limiting 
points, and call the resulting point set (. Is (a Jordan curve? 
The answer is again, No. For if it were, we can divide the inter- 
val 7’ into intervals 6 so small that the oscillation of ¢, ~ in any 
one of themis<. To the intervals 8, will correspond arcs Con 
the curve, and two non-consecutive ares C, are distant from each 
other by an amount > some e, small at pleasure. This shows that 
one of these arcs, say C,, must contain the segment on the y-axis 
—1l<y<1l. But then Osc py = 2 ast ranges over the correspond. 
ing 6, interval. Thus the oscillation of w cannot be made < « 
however small 6, is taken. 


3. Let us return to the set € defined in 1. Let A, B be the 
two end points corresponding tozw=—1,2=1. Let as join them 
by an ordinary curve, a polygon if we please, which does not cut 
itself or ©. The resulting point set & divides all the other points 
of the plane into two parts which cannot be joined by a contin- 
uous curve without crossing &. For this point of view & must be 
regarded as a closed configuration. Yet @is obviously not complete. 

On the other hand, let us look at the curve formed by removing 
the points on a circle between two given points a, 6 on it. The 
remaining arc % including the end points a, 6 is a complete set, but 
as it does not divide the other points of the plane into two sepa- 
rated parts, we cannot say & is a closed configuration. 

We mention this circumstance because many English writers 
use the term closed set where we have used the term complete. 
Cantor, who first introduced this notion, called such sets abge-. 
schlossen, which is quite different from geschlossen = closed. 


eh! 
594. Example 2. Let p=e °, for @ in the interval Y= (0, 1) 
except @= 0, where p=0. These polar codrdinates may easily be 
replaced by Cartesian codrdinates 


o| 


sin@ , in QA, 


el = 
cap(@)=¢ *cosd, ye 
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except 9=0, when 2, y both =0. The curve thus defined is a 
Jordan curve. 
Let us take a second Jordan curve 
jee OD) 
with p=0 for 6=0. If we join the two end points on these 
curves corresponding to 0=1 by a straight line, we get a closed 
Jordan curve J, which has an interior 4, and an exterior ©. 

The peculiarity of this curve J is the fact that one point of it, 
viz. the origin «=y=0, cannot be joined to an arbitrary point 
of & by a finite broken line lying entirely in $3; nor can it be 
joined to an arbitrary point in © by such a line lying in ©. 


595. 1. It will be convenient to introduce the following terms. 
Let & be a limited or unlimited point set in the plane. A set 


of distinct points in 
Qa, 5 Gy 45 Agere ct 


determine a broken line. In case 1) is an infinite sequence, let a, 
converge toa fixed point. If this line has no double point, we call 
it a chain, and the segments of the line links. In case not only the 
points 1) but also the links lie in Y, we call the chain a path. If 
the chain or path has but a finite number of links, it is called 
finite. 

Let us call a precinct a region, @.e. a set all of whose points are 
inner points, limited or unlimited, such than any two of its points 
may be joined by a finite path. 


2. Using the results of 578, we may say that, — 


A closed Jordan curve J divides the other points of the plane into 
two precincts, an inner ¥ and an outer D. Moreover, they have a 
common frontier which is J. 


3. The closed Jordan curve considered in 594 shows that not 
every point of such a closed Jordan curve can always be joined to 
an arbitrary point of ¥ or O by a finite path. 

Obviously it can by an infinite path. For about this point, call 
it P, we can describe a sequence of circles of radii 7 = 0. Between 
anv two of these circles there lie points of § and of ©, if r is suf- 
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ficiently small. In this way we may get a sequence of points in $ 
viz. 11, I,--» =P. Any two of these £,, Z,,, may be joined by a 
path which does not cut the path joining J, to Z,. For if a loop 
were formed, it could be omitted. 


4. Any are & of a closed Jordan curve J can be joined by a path 
to an arbitrary point of the interior or exterior, which call %. 

For let J=R+%. Let & be a point of & not an end point. 
Let 6= Dist (kh, 2, let a be a point of W such that Dist (a, &) 
<ié. Th : 

a Be n = Dist (a, 2) > 46. 


Hence the link 7= (a, &) has no point in common with &. Let 
6 be the first point of 7 in common with &. Then the link 
m= (a, 6) les in Y. If now « is any point of Y, it may be joined 
toaby a path p. Then p+m is a path in Y& joining the arbi- 
trary point @ to a point 6 on the are &. 


596. Hzample 3. For @ in Y= (0*, 1) let 


1 
p=a(lte °), 


ead p=a(l+ iata)s, 

These equations in polar codrdinates define two non-intersecting ~ 
spirals 8,, S, which coil about p =a as an asymptotic circle L. 
Let us join the end points of the spirals corresponding to @=1 
by a straight line Z. Let © denote the figure formed by the 
spirals S,, S,, the segment Z and the asymptotic circle [. Is € 
a closed Jordan curve? The answer is, No. This may be seen 
in many ways. For example, € does not divide the other points 
into two precincts, but into three, one of which is formed of points 
within [. 

Another way is to employ the reasoning of 593,2. Here the 
circle I’ takes the place of the segment on the y-axis which figures 
there. 

Still another way is to observe that no point on I can be joined 
to a point within © by a path. 


597. Example 4. Let © be formed of the edge € of a unit 
square, together with the ordinates o erected at the points 
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f= ay of length x nm=1,2- Although € divides the other 


points of the plane into two precincts 3 and ©, we can say that 
€ is not a closed Jordan curve. 

For if it were, ¥ and © would have to have € as a common 
frontier. But the frontier of © is ©, while that of $ is ©. 

That € is not a Jordan curve is seen in other ways. For 
example, let y be an inner segment of one of the ordinates 0. 
Obviously it cannot be reached by a path in ©. 


Brouwer’s Proof of Jordan's Theorem 


598. We have already given one proof of this theorem in 577 
seq., based on the fact that the codrdinates of the closed curve are 
expressed as one-valued continuous functions 


r= $(t) » y= H(t). 


Brouwer’s proof * is entirely geometrical in nature and rests 
on the definition of a closed Jordan curve as the unifold continu- 
ous image of a circle, cf. 591, 5. 

If %, B, --- are point sets in the plane, it will be convenient to 
denote their frontiers by $y, Fy --- so that 


$y= Front A , ete. 


We admit that any closed polygon $8 having a finite number of 
sides, without double point, divides the other points of the plane 
into an inner and an outer precinct $,, $B, respectively. In the 
following sections we shall call such a polygon simple, and usu- 
ally denote it by $. 

We shall denote the whole plane by &. 

Then 

& ca Db SF Sf. + Z.. 
+8 

Let % be complete. The complementary set A is formed, as 

we saw in 828, of an enumerable set of precincts, say A= {A,}. 


* Math. Annalen, vol. 69 (1910), p. 169, a 
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599. 1. If a precinct % and its complement* A each contain a 
point of the connex ©, then Sy contains a point of ©. 

For in the contrary case c= Dv(, ©) is complete. In fact 
B= A+ Fy is complete. As € is complete, Dv(B, ©) is com- 
plete. But if $y does not contain a point of ©, c = Dv(B, ©). 
Thus on this hypothesis, ¢ is complete. Now ¢e= Dv(A, ©) is 
complete in any case. Thus € =c +.¢, which contradicts 5865, 4. 


2. If B., B., the interior and exterior of a simple polygon B each 


contain a point of a connex ©, then $ contains a point of C. 


3. Let & be complete and not connected. There exists a simple 
polygon B such that no point of RK lies on YP, while a part of KR lies in 
$Y. and another part in §,. 


For let &,, &, be two non-connected parts of & whose distance 
from each other is p>0. Let A be a quadrate division of the 
plane of norm 6, so small that no cell contains a point of &, and 
R,. Let A, denote the cells of A containing points of ®,. It is 
complete, and the complementary set A, = € — A, is formed of one 
or more precincts. No point of &, lies in A, or on its frontier. 

Let P,, P, be points in §,, ®, respectively. Let D be that 
precinct containing P,. Then §, embraces a simple polygon $ 
which separates P, and P,. 


4. Let &,, &, be two detached connexes. There exists a simple 
polygon 8 which separates them. One of them is in §., the other in 
$., and no point of either connex lies on . 


For the previous theorem shows that there is a simple polygon | 
$$ which separates a point P, in R, from a point P, in RK, and no 
point of R, or KR, lies on B. Call this fact #. 

Let now P, lie in... Then every point of &, hes in $.. For 
otherwise , and $, each contain a point of the connex ®,. Then 
2 shows that a point of &, lies on %, which contradicts F. 


5. Let B be a precinct determined by the connex ©. Then 
b = Front B zs a connex. 


* Since the initial sets are all limited, their complements may be taken with ref- 
erence to a sufficiently large square 2 ; and when dealing with frontier points, points 
on the edge of 2 may be neglected. 
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For suppose 6 is not a connex. Then by 3, there exists a simple 
polygon $ which contains a part of b in §, and another in §,, 
while no point of 6 lies on ®. Hence a point A’ of 6 lies in §., 
and another point 8” in B,. As % is a precinct, let us join £’, 
8" by a path v in B. Thus $ contains at least one point of », 
that is, a point of 8 lies on ®. As b and $ have no point in 
common, and as one point of $ lies in &, all the points of $ lie 


in 8. Hence Dv(B, ©) = 0. ad 


As 6 is a part of € and hence some of the points of € are in $, 
and some in §,, it follows from 2 that a part of Plies in ©. This 
contradicts 1). 

6. Let &,, %, be two connexes without double point. By 3 
there exists a simple polygon $ which separates them and has 
one connex inside, the other outside §. 

Now & = &, + &, is complete and defines one or more precincts. 
One of these precincts contains 3. 

For say $ lay in two of these precincts as Y% and 8. Then the 
precinct % and its complement (in which § lies) each contain a 
point of the connex $. Thus Fy contains a point of PB. But Fy 
is a part of ®, and no point of & lies on §. 

That precinct in Comp & which contains $ we call the znfer- 
medwate precinct determined by &,, ®,, or more shortly the pre- 
cinct between ®,, K, and denote it by Inter (R,, R,). 


7. Let &,, R, be two detached connexes, and let f = Inter (R,, ®,). 
Then &,, Ky can be joined by a path lying in f, except its end points 
which lie on the frontiers of R,, Ky respectively. 


For by hypothesis p = Dist(®,, ®,)>0. Let P, be a point of 
$s, such that some domain 6 of P, contains only points of &, and 
of fF. Let @, be a point of find. Join P,, Q, by a right line, let 
it cut Fg, first at the point P’. In a similar way we may reason 
on §,, obtaining the points P”, Q,. Then P’Q,Q,P" is the path 
in question. If we denote it by v, we may let v* denote this 


path after removing its two end points. te 


8. Let R,, Ry be two detached connexes. A path v joining &,, 
RK, and lying in E= Inter(R,, Ky), end points excepted, determines 
one and only one precinct in f. ‘ 
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For from an arbitrary point P in f, let us draw all possible 
paths tov. Those paths ending on the same side (left or right) 
of v certainly le in one and the same precinct f, or f, in f. Then 
since one end point of v is inside, the other end point outside SB, 
there must be a part of $ which is not met by v and which joins 
the right and left sides of v., We take this as an evident property 
of finite broken lines and polygons without double points. 

Thus f, and f, are not detached; they are parts of one precinct. 


9. Two paths v1, v2 without common point, lying in € and joining 
RK, Ky, split fatto two precinets. 


Let i=f—v,; this we have just seen is a precinct. From any 
point of it let us draw paths to vg. Those paths ending on the 
same side of v, determine precincts i,, i, which may be identical. 
Suppose they are. Then the two sides of v, can be joined by a 
path lying in f, which does not touch v, (end points excepted), 
has no point in common with v,, and together with a segment of 
v, forms a simple polygon $ which has one end point of 2, in §,, 
the other end point in B,. Thus by 2, $ contains a point of the 
connex v,. This is contrary to hypothesis. 

Similar reasoning shows that 

10. The n paths v1 +++ U, pairwise without common point, lying in 
f, and joining the connexes R,, Ky split f into n precinets. 

Let us finally note that the reasoning of 595, 4, being independ- 
ent of an analytic representation of a Jordan curve, enables us to 
use the geometric definition of 591, 5, and we have therefore the 
theorem 

11. Let U be a precinct whose frontier § is a Jordan curve. Then 
there exists a path in U joining an arbitrary point of U with any are 
of &:- 

Having established these preliminary theorems, we may now 
take up the body of the proof. 


600. 1. Let & be a precinct determined by a closed Jordan curve 
J. Then & = Front A ts identical with J. 


If J determines but one precinct 2% which is pantactic in ©, we 
have obviously § = J. 
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Suppose then that %f is a precinct, not pantactic in ©. Let B 
be a precinct #% determined by F. Let 6 = Front 8. Then 
b<GF<J. Suppose nwh<dJ. As Jisaconnex by 591, 1, § isa 
connex by 599, 5. Similarly since § is a connex, b is a connex. 
Since b < J, let 6~ 6 on the circle I’ whose image is J. We 
divide 6 into three ares 6,, 6,, 6, to which ~ by, bg, bg in b. 

Lev 8 = Inter (b,; 03). 

Then by 599, 11, we can join b,, 6; by a path v, in A, and by a 
path v, in %. By 599, 9, these paths split 8 into two precincts 
B,, B,. We can join v,, v, by a path w, lying in Br» and by a 
path uw, lying in By. 

Now the precinct 8 and its complement each contain a point of 
the connex u,. Hence by 599, 1, 6 contains a point of uw, Simi- 
larly 6 contains a point of w,. Thus u,, u, cut b,and as they 
do not cut b,, 6, by hypothesis, they cut b,. Thus at least one 
point of B, and one point of By lie in by. 

Let p be a point of 8, lving in by, let p~p on the circle. Let 
b’ be an are of 0, containing p. Let b’ ~ 8’. As the connex b’ 
has no point in common with Front §,, 6’ must lie entirely in 2, 
by 599, 1. This is independent of the choice of b’, hence the 
connex b,, except its end points, lies in 8,. Thus §, can contain 
no point of b,, which contradicts the result in italics above. 

Thus the supposition that 6 <dJ is impossible. Hence 6 = J, 
and therefore § = J. 


As a corollary we have : 
2. A Jordan curve ts apantactic in &. 


3. A closed Jordan curve J cannot determine more than two 
precincts. 


For suppose there were more than two precincts 
= es ane A, ace a1 
Let us divide the circle T into four ares whose images call J,, Jy, 
Heil, 
Then by 1, the frontier of each of the precincts 1):is J. Thus 


by 599, 9, there is a path in each of the precincts W,, %, +++ join- 
ing J, and J,. These paths split 
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f= Inter (J, J3) 
into precincts f,, f, «+ 
Now as in 1, we show on the one hand that each f, must contain 
a point of J, or J,, and on the other hand neither J, nor J, can 
lie in more than one f,. 


4. A closed Jordan curve J must determine at least two precincts. 


Suppose that J determines but a single precinct Y%. From a 
point a of & we may draw two non-intersecting paths w,, u, to 
points 6,, 6, of J, 

Since the point a may be regarded as a connex, a and J are two 
detached connexes. . Hence by 599, 9, the paths w,, Ug Split W into 
_ two precincts ,, %. Let 7 = (u,, u, J). The points 6,, 4, 
divide J into two ares J,, J,, and 


Jy = (ys Ug, Fy) Jeg = Cys Ue AQ) 


are closed Jordan curves. Regarding a and J, as two detached 
connexes, we see 7, determines two precincts, @,, @. By 599, 1, a 
path which joins a point a, of «, with a point a, of a, must cut 7, 
and hence 7. It cannot thus lie altogether in Y, or in A. Thus 
both a,, a, do not lie in %,, nor both in %. Let us therefore 
say for example that %, hes in a,, and WY, in «,. Hence by 2, 
%, is pantactic in «,, and Y%, ina. By 1, each point of 7, is com- 
mon to the frontiers of «, and of a, and hence of YM, and of W,, 
as these are pantactic. 

Let P be a point of J,. It lies either in a, or a. Suppose it 
lies in w,. Then it lies neither in @, nor on Front «,, and hence 
neither in %, nor on Front %,. But every point of 7, and also 
every point of 7, lies on Front %,. We are thus brought to a 
contradiction. Hence the supposition that J determines but a 
single precinct is untenable. 


Dimensional Invariance 


601. 1. In 247 we have seen that the points of a unit interval 
T, and of a unit square S may be put in one to one correspondence. 
This fact, due to Cantor, caused great astonishment in the mathe- 
matical world, as it seemed to contradict our intuitional views 
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regarding the number of dimensions necessary to define a figure. 
Thus it was thought that a curve required one variable to define 
it, a surface two, and a solid three. 

The correspondence set up by Cantor is not continuous. On 
the other hand the curves invented by Peano, Hilbert, and others 
(cf. 573) establish a continuous correspondence between J and S, 
but this correspondence is not one to 9pne. Various mathemati- 
cians have attempted to prove that a continuous one to one corre- 
spondence between spaces of m and m dimensions cannot exist. 
We give a very simple proof due to Lebesgue.* 


It rests on the following theorem : 
2. Let Ube a point setink,. Let Q<U bea standard cube 
Q0<2,—a-2¢ , cad, 2---m. 


Let G,, ©, +++ be a finite number of complete sets so small that each 
lies in a standard cube of edge o. If each point of X lies in one of 
the G's, there is a point of X which lies in at least m+ 1 of them. 


Suppose first that each ©, is the union of a finite number of 
standard cubes. Let ©, denote those @’s containing a point of 
the face f, of Q lying in the plane z,=a,. The frontier §, of , 
is formed of a part of the faces of the @’s. Let F, denote that 
part of §, which is parallel to f,. Let Q,=Dv(Q, F,). Any 
point of it lies in at least two C’s. 

Let ©, denote those of the @’s not lying altogether in G, and 
containing a point of the face f, of Q determined by z,=a,. Let 
F, denote that part of Front ©, which is parallel to f,. Let 
OQ, = Dv(Q,, #,). Any point of it lies in at least three of the @’s. 

In this way we may continue, arriving finally at Q,,, any point 
of which lies in at least m+ 1 of the @’s. 

Let us consider now the general case. We effect a cubical 
division of space of normd<coc. Let C denote those cells of D 
which contain a point of ©. Then by the foregoing, there is a 
point of 2% which lies in at least m +1 of the O’s:* As this is true, 
however small d is taken, and as the G@’s are complete, there is at 
least one point of % which lies in m+ 1 of the G’s. 


* Math Annalen, vol. 70 (1911), p. 166, 
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3. We now note that the space ®,, may be divided into congruent 
cells so that no point ts in more than m+ 1 cells. 


For m= 1 it is obvious. For m=2 we may 

use a hexagonal pattern. We may also use 

a quadrate division of norm 6 of the plane. 

These squares may be grouped in horizontal 

bands. Let every other band be slid a distance 

46 to the right. Then no point lies in more 

than 3 squares. For m=38 we may use a 

cubical division df space, etc. 
In each case no point of space is in more than m+ 1 cells. 
Let us call such a division a reticulation of R,, - 


4, Let U be a point set in N, having an inner point a. There is 
no continuous unifold image B of Win Rr, n#m, such that b~a is 
an inner point of B. 

For letn>m. Let us effect a reticulation FR of R,, of norm p. 
If $>0 is taken sufficiently small A= D,3(a) lies in Y. Let 
E=D;(a); if p is taken sufficiently small, the cells 


Ce d 


of & which contain points of #, lie in A. Let the image of # be 
&, and that of the cells 1) be 


C,, G++ G,. (2 


These are complete. Each point of € lies in one of the sets 2). 
Hence by 2, they contain a point 8 which les in n+ 1 of them. 
Then «~A lies inn +1 of the cells 1). But these, being part of 
the reticulation R, are such that no point lies in more than m+ 1 
of them. Hence the contradiction. 


602. 1. Schénfliess’ Theorem. Let 
u=f(%y) » v=9@%Y) Gil 


be one-valued and continuous in a unit square A whose center is 
the origin. These equations define a transformation 7. If T is 
regular, we have seen in I, 742, that the domain D,(P) of a point 
P=(2, y) within A goes over into a set # such that if 9@~ P 
then D,(@Q) lies in F, if ¢ >0 is sufficiently small, 
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These conditions on f, g which make 7 regular are sufficient, 
but they are much more than necessary as the following theorem 
due to Schénfliess * shows. 


2. Let A= B+ ec bea unit square in the.z, y plane, whose center 
ts the origin and whose frontier is ec. 


Let uU == 7 (t, y) ; v= gy, Y) 


be one-valued continuous functions in A. As (2, y) ranges over A, 
let (u, v) range over X= B+cwherec~e. Let the correspondence 
between A and X be uniform. Then c isa closed Jordan curve and 
the interior c, of c ts identical with B. 

That c is a closed Jordan curve follows from 576'seq., or 598 
seq. Obviously if one point of % lies inc,, all do. For if B,, 8, 
are points of 8, one within c and the other without, let 6,~ £., 
b,.~8,. Then 6, 6, lying in B can be joined by a path in B 
which has no point in common with ec. The image of this path is 
a continuous curve which has no point in common with ¢, which 
contradicts 578, 2 


a p=9(8) 


be the equation of ¢ in polar codrdinates. 
If 0<p<1, the equation 
p= uo(A) 
defines a square, call it ¢,, concentric with ¢ and whose sides are 
in the ratio w#: 1 with those of e«. The equations of c, ~e, are 


u=fiup(P)cosO , pwdh(O)sin O}= F(p, 4), 
v= 9}- 5 e ° . . . . . we G (pm, @). 
These c, curves have now the following property : 


If a point Cp, q) ts exterior (interior) to Cy,» tt is exterior (in- 
terior) to c,, for all wu such that 


| # — My|< some e>0. 
For let p, be the distance of (p, q) from a point (u, v) on Cu 
Then 
P, = V (ty — p)? + (v, — 9)? 


* Goettingen Nachrichten, 1899, The demonstration here given is due to. Osgood, 
Goett. Nachr., 1900, 
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is a continuous function of @, « which does not vanish for 4 = uy, 
when 0<@<27. But being continuous, it is uniformly con- 
tinuous. It therefore does not vanish in the rectangle 


—e€tMySecMyte , 0<6<27. 


We can now show that if B<c,, tt is identical with c,. To this 
end we need only to show that any point 8 of ¢, lies on some c,. 
In fact, as w= 0, ¢, contracts to a point. Thus @ is an outer point 
of some c,, and an inner point of others. Let #, be the maximum 
of the values of # such that @ is exterior to all c,, if w< py. 
Then @ lies onc,,. For if not, @ is exterior to cy4., by what we 
have just shown, and w, is not the maximum of p. 

Let us suppose that B lay without c. We show this leads to a 
contradiction. For let us invert with respect to a circle f, lying 
in ¢. Then ¢ goes over into a curve f, and % goes over into 
D=C+f. Then € lies inside f. Let &, 7 be codrdinates of a 
point of D. Obviously they are continuous functions of z, y in 
an aoe Aa) C= 4, uniformly. 

By what we have just proved, € must fill all the interior of f. 
This is impossible unless YY is unlimited. 


3. We may obviously extend the theorem 2 to the case - 


Uy = f,(2; ove wa) “++ Um ity +*+Dm) 
and A is a cube in m-way space %,,, provided we assume that c, the 


image of the boundary of A, divides space into two precincts 
whose frontier is ¢. 


Area of Curved Surfaces 


603. 1. The Inner Definition. It is natural to define the area of a 
curved surface in a manner analogous to that employed to define 
the length of a plane curve, viz. by inscribing and circumscrib- 
ing the surface with a system of polyhedra, the area of whose 
faces converges to 0. It is natural to expect that the limits of 
the area of these two systems will be identical, and this common 
limit would then forthwith serve as the definition of the area of 
the surface. The consideration of the inner and the outer sys- 
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tems of polyhedra afford thus two types of definitions, which 
may be styled the inner and the outer definitions. Let us look 
first at the inner definition. 

Let the equations of the surface S under consideration be 


z=$(m2) , y=Pmr) , 2= x4»), el 


the parameters ranging over a complete metric set Y, and 2, y, 2 
being one-valued and continuous in Y. 

Let us effect a rectangular division D of norm d of the u, v 
plane. The rectangles fall into triangles ¢, on drawing the 
diagonals. Such a division of the plane we call quasi rectangular. 


ict Py= (Uys %) 5 Py= (Uy +87), P2= (qs % +7) 
be the vertices of ¢,. To these points in the uw, v plane corre- 
spond three points PB, = (2, y,, 2), ¢=1, 2, 3, of S which form the 
vertices of one of the triangular faces 7, of the inscribed polyhe- 
dron II, corresponding to the division D. Here, as in the follow- 
ing sections, we consider only triangles lying in UY. We may do 
- this since %& is metric. 

Let X,, Y,, Z be the projections of 7, on the codrdinate planes. 
Then, as is shown in analytic geometry, 


r= Xi+ V24+22 
where 
Yo % 1 Bes et <5 My bs Sas 
2X, = /y, % 1 


‘ , tl ad 
Y2 28h \Ye— Yo 9 &2— % AMY Tg CORE 
and similar expressions for Y,, Z,. 


Thus the area of II, is 


Sp = iV XA+ Y24 22, 
the summation extending over all the triangles t, lying in the 
set 2. 
Let 2, y, 2 have continuous first derivatives in 9. Then 


A't = 2, — = 25 + ad; AN r= 2% —% = a oy + al 
Ov 


5 
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with similar expressions for the other increments. Let 


ay de dx a ae dy 
ou dou Ou dou Ou ou 
a Aas cy i os 
A Nips de) 0 Bleeds) OS) am. ay | sie 
dv dv dv. dv dv dv 


Then i 
A,-=(4,.+60)% 5 Y= CB,t hot. J '2= (+9, ti 


where a, 8. y, are uniformly evanescent with d in %. Thus if 
A, B, C do not simultaneously vanish at any point of %, we have 
as area of the surface § 


lim Sp= a eA HE Otay: GB 


oe. eR ee Boat at once arises to this definition lies in 
the fact that we have taken the faces of our inscribed polyhedra 
in a very restricted manner. We cannot help asking, Would we 
get the same area for S if we had chosen a different system of 
polyhedra ? 

To lessen the force of this objection we observe that by replac- 
ing the parameters u, v by two new parameters w/, v' we may 
replace the above quasi rectangular divisions which correspond to 
the family of right lines w=constant, v=constant by the infinitely 
richer system of divisions corresponding to the family of curves 
u' = constant, v' = constant. In fact, by subjecting wu’, v’ to cer- 
tain very general conditions, we may transform the integral 3) 
to the new variables w’, v' without altering its value. 

But even this does not exhaust all possible ways of dividing 
into a system of triangles with evanescent sides. Let us there- 
fore take at pieasure a system of points in the uw, v plane having 
no limiting points, and join them in such a way as to cover the 
plane without overlapping with a set of triangles ¢,. If each 
triangle lies in a square of side d, we may call this a triangular 
division of norm d. We may now inquire if Sp still converges 
to the limit 3). as d = 0, for this more general system of divisions. 
It was generally believed that such was the case, and standard 
treatises even contained demonstrations to this effect. These 
demonstrations are wrong; for Schwarz* has shown that by 


* Werke, vol. 2, p. 3809. 
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properly choosing the triangular divisions D, it is possible to 
make S, converge to a value large at pleasure, for an extensive 
class of simple surfaces. 


604. 1. Schwarz’s Example. Wet C be a right circular cylin- 
der of radius 1 and height 1. A set of planes parallel to the base 


at a distance . apart cuts out a system of circles I',, P,--- Let 
n a] 


us divide each of these circles into m equal 

arcs, in such a way that the end points of 
far the arcs on T',, 13, T, --- lie on the same 
vertical generators, while the end points of 
T,, [,, [,-+- lie on generators halfway 
between those of the first set. We now 
inscribe a polyhedron so that the base of 
one of the triangular facets les on one 
circle while the vertex lies on the next circle above or below, as 
in the figure. 

The area ¢ of one of these facets is 


1 2 
Lh ee ah = cine gee a +(1- zy" 
4 sin™ Va cos 
Thus 


a 


t= sin ry aL a sint 7 in) 


There are 2m such triangles in each “ er, and there are n 
layers. Hence the area of the polyhedron corresponding to this 
triangular division D is 


S, = =t.= 2 mn sin M/E on aint 


Mme 2m 
Since the integers m,n are independent of each other, let us 
consider various relations which may be placed on them. 


Case 1°. Letn=2rXm. Then 


Sy = 2 mr sin — ee ate 4 sins —— 
2m? 2m 
Sule 4 4 
Sin = uA Paes 
eels m 1 ot 2m 
1 2m? 24 mA 7 
m 2m 


AREA OF CURVED SURFACES 627 


Case 2°. Let n=XAm*. Then 


} ; 4 
sin = | ur sin 
Bei5) St Saas it et Aol 
Spe thm m = cn s 4 otmal m* T 
m | 2m 


Case 3°. Letn=rAm>. Then 


‘ eo Pe [sin ’ 
| 
7 - 7 
[ m } [ 2m 


=+0 , am=oO. 


2. Thus only in the first case does Sp converge to 27, which 
is the area of the cylinder C as universally understood. In the 
2° and 3° cases the ratio h/b +0. As equations of C we may 
take 

a = cos a = sin, | 2a. 

Then to a triangular facet of the inscribed polyhedron will cor- 
respond a triangle in the wu, v plane. In cases 2° and 3° this tri- 
angle has an angle which converges to 7 as m=oo. This is not 
so incase 1°. Triangular divisions of this latter type are of great 
importance. Let us call then a triangular division of the u, v 
plane such that no angle of any of its triangles is greater than 
7 —e, where € > 0 is small at pleasure but fixed, posztive triangu- 
lar divisions. We employ this term since the sine of one of the 
angles is > seme fixed positive number. 


605. The Outer Definition. Having seen one of the serious diffi- 
culties which arise from the inner definition, let us consider briefly 
the outer definition. We begin with the simplest case in which 
the equation of the surface S' is 


z=f(, y), qd 


f being one-valued and having continuous first derivatives. Let 
us effect a metric division A of the z, y plane of norm 6, and on 
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each cell d, as base, we erect a right cylinder C, which cuts out an 
element of surface 6, from S. Let $, be an arbitrary point of 6, 
and &, the tangent plane at this point. The cylinder @ cuts out 
of $, anelement AS. Let », be the angle that the normal to &, 
makes with the z-axis. Then 


1 
COS Vv, = CAC 
ee Gy) 
V Ox au Oy/« 
and IC d, ; 
COS VY, 


The area of Sis now defined to be’ 


lim SAS, e) 


5=0 


when this limit exists. The derivatives being continuous, we have 
at once that this limit is 


Saran GS) ‘ 


which agrees with the result obtained by the inner definition in 
603, 3). 


The advantages of this form of definition are obvious. In the 
first place, the nature of the divisions A is quite arbitrary ; however 
they are chosen, one and the same limit exists. Secondly, the most 
general type of division is as easy to treat as the most narrow, viz. 
when the cells d, are squares. | 

Let us look at its disadvantages. In the first place, the elements 
AS, do not form a circumscribing polyhedron of S. On the con- 
trary, they are little patches attached to S at the points $,, and 
having in general no contact with one another. Secondly, iet us 
suppose that S' has tangent planes parallel to the z-axis. The de- 
rivatives which enter the integral 603, 3) are ng longer continuous, 
and the reasoning employed to establish the existence of the limit 
2) breaks down. ‘Thirdly, we have the case that z is not one- 
valued, or that the tangent planes to S do not turn continuously, 
or do not even exist at certain points. ‘ 
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To get rid of these disadvantages various other forms of outer 
definitions have been proposed. One of these is given by Goursat 
in his Cours d’Analyse. Instead of projecting an arbitrary 
element of surface on a fixed plane, the zy plane, it is projected on 
one of the tangent planes belonging to that element. Hereby the 
more general type of surfaces defined by 603, 1) instead of those 
defined by 1) above is considered. .The restriction is, however, 
made that the normals to the tangent planes cut the elements of 
surface but once, also the first derivatives of the codrdinates are 
assumed to be eontinuous in YY. Under these conditions we get 
the same value for the area as that given in 603, 3). 

When the first derivatives of 2, y, 2 are not continuous or do 
not exist, this definition breaks down. To obviate this difficulty 
de la Vallée-Poussin has proposed a third form of definition in his 
Cours d’ Analyse, vol. 2, p. 80 seq. Instead of projecting the 
element of surface on a tangent plane, let us project it on a plane 
for which the projection is a maximum. In case that S has a con- 
tinuously turning tangent plane nowhere parallel to the z-axis, de 
la Vallée-Poussin shows that this definition leads to the same 
value of the area of Sas before. He does not consider other cases 
in detail. 

Before leaving this section let us note that Jordan in his Cours 
employs the form of outer definition first noted, using the paramet- 
ric form of the equations of 8. In the preface to this treatise the 
author avows that the notion of area is still somewhat obscure, and 
that he has not been able “a définir d’une maniére satisfaisante 
Vaire d’une surface gauche que dans le cas ou la surface a un plan 
tangent variant suivant une loi continue.” 


606. 1. Regular Surfaces. Let us return to the inner definition 
considered in 603. We have seen in 604 that not every system of 
triangular divisions can be employed. Let us see, however, if we 
cannot employ divisions much more general than the quasi rec- 
tangular. We suppose the given surface is defined by 


. r= $(yv) » y=Huyr) 5 2=xX(%H?) a 


the functions ¢, w, y being one-valued, totally differentiable func- 
tions of the parameters w, v which latter range over the complete 
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metric set %. Surfaces characterized by these conditions we 
shall call regular. Let 


Pie (gs %) 2 LH CRF 8s en) Py = (Uy + 8", v9 +7!) 


be the vertices of one of the triangles t,, of a triangular division 
D of norm d of Y. As before let B,, B,, B, be the corresponding 


points on the surface 8S. Then ‘ 
! Oz 9, aN] 
DID SIM ae oe se Wf +48 + B!n', 
Alles ry — 2 = 5 8 + a nl! + alld + Bly", 


and similar expressions hold for the other increments. Also 


oo 3 4 Sha oy 4 al 
er copies sates | eas toc7 
; 9Y gy) oy " 02 dz 'y : 
Ou y dy” au ec? , | 


where .X, denotes the sum of several determinants, involving the 
infinitesimals 


ils Atle CEE mae 
Similar expressions hold for ¥,, Z. We get thus 
X, = A,t,+ BB ’ Y= Bit ve b) Z, = Ct. + ZI 


where A, B, Care the determinants 2) in 603. Then the area of 
the inscribed polyhedron corresponding to this division D is 


I\2 
Soaney(ar BY (RarB) (ocr) 


« 


Let us suppose that 
A+ B+ 02> , g>0 .y (2 
as u, v ranges over Y. Also let us assume that 


x, 1G Z, 
z i b) te a (3 
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remain numerically <e for any division D of norm d< db), € small 
at pleasure, except in the vicinity of a discrete set of points, that 
is, let 3) be tn general uniformly evanescent in U,asd@=0. Then 


Sp = St. VAR + BEF OF + Beth, 
where in general 


| & Le Coane ye 


If now A, B, Care limited and #-integrable in %, we have at 

once L 
lim 8, = [ dudov AP + By 
a=0 yt 

as in 608. 

2. We ask now under what conditions are the expressions 3) 
in general uniformly evanescent in %? The answer is pretty evi- 
dent from the example given by Schwarz. In fact the equation 
of the tangent plane T at Pp is 


A(x — a%)+ Bly — yy) + Ce — 4) =0. 
On the other hand the equation of the plane 7= (§,, B,, B,) 


sf CA a ee ee 
TH Yo % 1 0 
ty Y¥y % 1 ; 
Z Ye % 1 
oo eX, +yV.+2Z,+ U,= 9, 
or finally 
i 
o(4. +22) + of B, +72) +4 6. +2) 4 Teno, 


Thus for 3) to converge in general uniformly to zero, it is nec- 
essary and sufficient that the secant planes 7’ converge in general 
uniformly to tangent planes. Let us call divisions such that the 
faces of the corresponding inscribed polyhedra converge in general 
uniformly to tangent planes uniform triangular divisions. For 
such divisions the expressions 3) are in general uniformly evanes- 
cent,asd+0. We have therefore the following theorem : 


3. Let X be a limited complete metric set. Let the codrdinates 
2, y, 2 be one-valued totally differentiable functions of the parame- 
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ters u,v in U, such that A+ B?+ CQ? is greater than some positive 
constant, and is limited and R-integrable in Xt. Then 


d=() 


Stine ae { VAP+ B+ Cdudn, 
5 


D denoting the class of uniform triangular divisions of norms d. 


This limit we shall call the area of S. * From this definition we 
have at once a number of its properties. We mention only the 
following : 

4. Let U,, ++ Un be unmixed metric sets whose union is A. Let 
S;, ++ S, be the pieces of S corresponding to them. Then each S, 
has an area and their sum is S. 


5. Let %, be a metric part of X, depending on a parameter X= 0, 


such that H, =H. Then 
lim Sx = S. 
A= 


6. The area of S remains unaltered when S is subjected to a dis- 
placement or a transformation of the parameters as in I, 744 seq. 


607. 1. Irregular Surfaces. We consider now surfaces which 
do not have tangent planes at every point, that is, surfaces for 
which one or more of the first derivatives of the coordinates g, y, z 
do not exist, and which may be styled irregular surfaces. We 
prove now the theorem : 


Let the coordinates x, y, z be one-valued functions of u, v having 
limited total difference quotients in the metric set A. Let D be a 
positive triangular division of normd<d,. Then 


Max Sp 


is finite and evanescent with YA. 
For let the difference quotients remain <p. We haye 


Sp<2|X,.|+2/¥./+ 2)|Z,|.%* 
But 


[Xe] =p) Ay Ae — A'ZANy| <3 §[Aly| -|A"2| + | A'z]-| A"y]} 


sey aed ee P,P, = 2 pt, | cosec 0, | 
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where @, is the angle made by the sides PSE pha AS DiS 4 
positive division, one of the angles of ¢ is such that cosec 6, is 
numerically less than some positive number M. Thus 


|X| <2 Mt, 


where p, M are independent of « and d. Similar relations hold 
tor (14. \< Hence 


S)<>6WM.t.=6 W@MA+n) 
where 7 > 0 is snfall at pleasure, for d, sufficiently small. 


2. Let Land x, y, 2 be as in 606, 3, except at certain points form- 


ing a discrete set a, the first partial derivatives do not exist. Let 
their total difference quotients be limited in A. Then 


lim S, = {vs + B2+ C*%dudv, 


a=0 
where D denotes a positive triangular division of norm d. 


Let us first show that the limit on the left exists. We may 
choose a metric part 8 of % such that € = %— B is complete and 
exterior to & and such that % is as small as we please. Let Se 
denote the area of the surface corresponding to ©. The triangles 
t, fall into two groups: G, containing points of 8; G, containing 
only points of ©. Then 

Sp=2VX2+Y27+72=r+2. 


Gy Gh 


But B may be chosen so small that the first sum is < ¢/4 for 
any d<d,. Moreover by taking d, still smaller if necessary, we 
have 


Pee See) o 
G2 
ae Se Se eed a 


Similarly for any other division D! of norm d’, 
|Sp,— Se|<e/2 , d<d, 
decreasing d, still farther if necessary. Thus 


[Sn = Sele 5- d, a’ <a,. 
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Hence lim S,, exists, call it S. Since S' exists we may take d, 
so small that 
|S —Sp|<e/2 , d<d). 


This with 1) gives 


| S— Se|<e, 
that is, : 
S = lim Sg = lim [ VA? + B+ Cdude 
Cc 
= ii VAP + BP + C2dudv 
pe 
by I, 724. 


608. 1. The preceding theorem takes care of a large class of 
irregular surfaces whose total difference quotients are limited. 
In case they are not limited we may treat certain cases as follows: 

Let us effect a quadrate division of the uw, v plane of norm d, 
and take the triangles ¢, so that for any triangular division D 
associated with d, no square contains more than triangles, and 
no triangle les in more than v squares; n, v being arbitrarily 
large constants independent of d. Such a division we call a 
quasi quadrate division of normd. If we replace the quadrate by 
a rectangular division, we get a quasi rectangular division. 

We shall also need to introduce a new classification of functions 
according to their variation in Y, or along lines parallel to the 
u,v axes. Let Dbea quadrate division of the u, v plane of norm 


d<d,. Let 
: o,= Osc f(u,v) , in the cell d,. 


Then Max Lo,d 


is the variation of fin %&. If this is not only finite, but evanes- 
cent with %, we say f has limited fluctuation in Y. Obviously this 
may be extended to any limited point set in m-way space. 

Let us now restrict ourselves to the plane. Let a denote the 
points of {on a line parallel to the w-axis. Let us effect a divi- 
sion D! of norm dd’. Let wo! = Ose f(u, v) in one of the intervals 
of D'. Then 

7, = Max Zo! . 
is the variation of f in q. 
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Let us now consider all the sets a lying on lines parallel to the 
u-axis, and let 
axa , o=0. 


If now there exists a constant G independent of a such that 
nax 7G, 


that is, if 7, is uniformly evanescent with o, we say that f(u, v) 
has limited fluctuation in Y with respect to u. 


With the aid of these notions we may state the theorems : 


2. Let the codrdinates x, y, 2 be one-valued limited functions in 
the limited complete set YU. Let x, y have limited total difference 
quotients, while z has limited vartation in YU. Let D denote a quasi 
quadratic division of normd<d,. Then 


Max S), 
as finite. i 
For, as before, 
2|X.|<|Ay|-|AP| + [Ay] | Atl. 
But w denoting a sufficiently large constant, 
|Ay|, [AZ| are < pd. 
Let ,= Oscz in the square s,. If the triangle ¢, lies in the 
squares 8, +++ 8,5 
[AL|, [AZ| <a, + + +, 
Thus, n denoting a sufficiently large constant, 
3 |X| <wEd(w, + ++ oy) 
aa nro d, 
the summation extending over those squares containing a triangle 
of D. But z having limited variation, 
Yo,d < some M. 
Hence S|X| , S/¥.| are <npM. 


Finally, as in 607, 
= |Z |<some M'. 


The theorem is thus established. 
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3. The codrdinates x, y, 2, being as in 2, except that z has limited 
fluctuation in %, and D denoting a quasi quadrate division of 


normd < dy, 
Max Sp 


ts finite and evanescent with A. 


The reasoning is the same as in 2 except that now M, M' are 
evanescent with 2. 


4. Let the codrdinates x, y, z have limited total difference quo- 
tients in U, while the variation of z along any line parallel to the u 
orvaxisis< M. Let U lie in a square of sides == 0. Then 


Max Sp < 8G, 
D 


where G is some constant independent of s, and D is a quasi rectan- 
gular division of normd < dy. 


For here 
22 | Xt > | Aly) | AZ| eS Ay Ale 
< M'2o,d, + M'Xo,d,, 
where M’ denotes a sufficiently large constant; d,, d, denote the 
length of the sides of one of the triangles t, parallel respectively 
to the wu, v axes, and @,, @, the oscillation of z along these sides. 
Since the variation is < Min both directions, 
2o,d, = 2d,2o, < M2d, < Ms. 
Similarly 
2a,0, = 1. 


The rest of the proof follows as before. 


5. The symbols having the same meaning as before, except that z 
has limited fluctuation with respect to u, 2, 


Max S, < 3G. ¥ 
D 
The demonstration is similar to the foregoing. Following the 


line of proof used in establishing 607, 2 and employing the 
theorems just given, we readily prove the following theorems : 
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6. Let M be a metric set containing the discrete seta. Let b be 
a metric part of YU, containing a such that B = A — b is exterior to a, 
and 6 = 0. Let the coordinates x, y, @ be one-valued totally differ- 
entiable functions in B, such that A? + B2 + CO? never sinks below a 
positive constant in any B, is properly R-integrable in any B, and 
improperly integrable in YU. Let x, y have limited total difference 
quotients, and z limited fluctuation in 6b. Then 


fas = efi JAt a B+ Cdudy 
DDE 


a=) 


where A, B, Care the determinants in 608, 2), and D ts any quasi 
quadrate division of norm d. 

T. Let the symbols have the same meaning as in 6, except that 

1° a reduces to a finite set. 

2° z has limited variation along any line parallel to the u, v axes. 


3° D denotes a uniform quasi rectangular division. Then 


Has 15 VAP + B+ Cdudy. 


d=() 


8. The symbols having the same meaning as in 6, except that 
1° z has limited fluctuation with respect to u, v in b. 
2° D denotes a uniform quasi rectangular division. Then 


lim S, = { VA? + B+ CBdude. 
a=0 3) § 


9. If we call the limits in theorems 6, 7, 8, area, the theorems 
606, 3, 4, 5 stall hold. 
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Abel’s identity, 87 
series, 87 


Absolutely convergentintegrals, 31 


series, 79 
products, 247 
Addition of cardinals, 292 
ordinals, 312 
series, 128 
Adherence, 340 
Adjoint product, 247 
series, 77, 139 
set of intervals, 337 
Aggregates, cardinal number, 278 
definition, 276 
distribution, 295 
enumerable, 280 
equivalence, 276 
eutactic, 304 
exponents, 294 
ordered, 302 
power or potency, 278 
sections, 307 
similar, 303 
transfinite, 278 


uniform or 1-1 correspondence, 276 


Alternate series, 83 

Analytical curve, 582 

Apantactic, 325 

Area of curve, 599, 602 
surface, 623 

Arzela, 365, 555 

Associated simple series, 144 
products, 247 
multiple series, 145 
normal series, 245 
logarithmic series, 243 
mner sets, 365 


Associated, outer sets, 365 
non-negative functions, 41 


Baire, 326, 452, 482, 587 
Bernouillian numbers, 265 
Bertran’s test, 104 

Bessel functions, 238 

Beta functions, 267 
Binomial series, 110 
Bécher, 165 

Bonnet’s test, 121 

Borel, 324, 542 

Brouwer, 614 


Cahen’s test, 340 
Cantor’s 1° and 2° principle, 316 
theorem, 450 
Category of a set, 326 
Cauchy’s function, 214 
integral test, 99 
radical test, 98 
theorem, 90 
Cell of convergence, 144 
standard rectangular, 359 
Chain, 612 
Class of a function, 468, 469 
Conjugate functions, 238 
series, 147 
products, 249 
Connex, 605 
Connected sets, 605 
Contiguous functions, 231 
Continuity, 452 
infra, 487 
semi, 487 
supra, 487 
Continuous image, 608 
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Contraction, 287 Divisor, semi, 390 
Convergence, infra-uniform, 562 Du Bois Reymond, 103 


monotone, 176 


uniform, 156 ©., €.=0 sets, 473 
at a point, 157 Elimination, 594 
in segments, 556 Enclosures, complementary e-, 355 
sub-uniform, 555 deleted, 452 
Co-product, 242 distinct, 344 
Curves, analytical, 582 divisor of, 344 
area, 599, 602 e-, 855 
Faber, 546 measurable, 356 
Jordan, 595, 610 non-overlapping, 344 
Hilbert, 590 null, 366 
length, 579 outer, 343 
non-intuitional, 5387 standard, 359 
Osgood, 600 Enumerable, 280 
Pompeiu, 542 Equivalent, 276 
rectifiable, 583 Essentially positive series, 78 
space-filling, 588 negative series, 78 
Euler's constant, 269 
D' Alembert, 96 Eutactic, 304 
Deleted series, 139 Exponents, 294 
Derivates, 494 Exponential series, 96 


Derivative of a set, 330 
order of, 331 


Extremal sequence, 374 


Detached sets, 604 Faber curves, 546 
Dilation, 287 Fluctuation, 634, 635 
Dini, 176, 185, 438, 5388 Fourier’s coefficient, 416 

series, 86 constants, 416 
Discontinuity, 452 series, 416 

at a point, 454 Function, associated non-negative func 

of 1° kind, 416 tions, 41 

of 2° kind, 455 Bessel’s, 238 

pointwise, 457 Beta, 267 

total, 457 Cauchy’s, 214 
Displacement, 286 class of, 468, 469 
Distribution, 295 conjugate, 233 


Divergence of a series, 440 
Division, complete, 30 
separated, 366, 371 
unmixed, 2 
of series, 196 
of products, 253 
Divisor of a set, 23 
quasi, 390 


contiguous, 231 

continuous, 452 
infra, 487 A 
semi, 487 
supra, 487 

discontinuous, 452 
of 1° kind, 416 
of 2° kind, 455 
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Function, Gamma, 267 Integrals, R- or Riemannian, 372 
Gauss’ II(x), 238 Integrand set, 385 
hyperbolic, 228 Intervals, of convergence, 90 
hypergeometric, 228 adjoint set of, 337 
lineo-oscillating, 528 set of, belonging to, 337 
maximal, 488 Inversion, geometric, 287 
measurable, 338 . of a series, 204 
minimal, 488 _ Iterable sets, 14 
monotone, 137 Iterated products, 251 
null, 385 series, 149 
oscillatory, 488 a 
pointwise discontinuous, 457 Jordan curves, 595, 610 
residual, 561 variation, 430 
Riemann’s, 459 theorem, 436 
totally discontinuous, 457 
truncated, 27 Konig, 527 
uniformly limited, 160, 567 Kummer’s test, 106, 124 
Volterra’s, 501, 583 
Weierstrass’, 498, 523, 581, 588 Lattice points, 137 
system, 137 
Gamma function, 267 Law of Mean, generalized, 505 
Gauss’ function II(x), 238 Layers, 555 
test, 109 deleted, 563 
Geometric series, 81, 139 Lebesque or L- integrals, 372 
theorems, 413, 424, 426, 452, 475. 
Harnack, divergence of series, 440 520, 619 
sets, 354 Leibnitz’s formula, 226 
Hermite, 300 Length of curve, 579 
HTilbert’s curves, 590 Lindermann, 300, 599 
Hobson, 389, 412, 555 Lineo-oscillating functions, 528 
Hyperbolic functions, 228 Link, 612 
Hypercomplete sets, 472 Liouville numbers, 301 
Hypergeometric functions, 229 Lipschitz, 438 
series, 112 Logarithmic series, 97 


Liiroth, 448 
Images, simple, multiple, 606 


unifold, manifold, 606 Maclaurin’s series, 206 
continuous, 606, 608 Mazimal, minimal functions, 488 
Integrals, absolutely convergent, 3). Mazimum, minimum, 521 
L- or Lebesgue, proper, 372 at a point, 485 
improper, 403, 405 Measure, 348 
improper, author’s, 32 lower, 348 
classical, 26 upper, 343 
de la Vallée-Poussin, 27 Mertens, 130 


inner, 20 Metric sets, 1 


642 INDEX 


Monotone convergence, 176 
functions, 137 
Moore-Osgood theorem, 170 
Motion, 579 
Multiplication of series, 129 
cardinals, 293 
ordinals, 314 
infinite products, 253 


Normal form of infinite product, 245 
Null functions, 385 
sets, 348 
Numbers, Bernouillian, 265 
cardinal, 278 
class of ordinal numbers, 318 
limitary, 314. 
Liouville, 801 
ordinal, 310 
rank of limitary numbers, 331 


Ordered sets, 302 
Order of derivative of a set, 331 
Oscillation at a point, 454 
Oscillatory function, 488 
Osgood curves, 600 
-Moore theorem, 170 
theorems, etc., 178, 555, 622 


Pantactic, 325 

Path, 612 

Peaks, 179 
infinite, 566 

Polyant, 153 

Point sets, adherence, 340 
adjoint set of intervals, 337 
apantactic, 825 
associated inner set, 365 

outer set, 365 

Baire sets, 326 
category 1° and 2°, 326 
coherence, 340 
conjugate, 51 
connected, 605 
convex, 605 
detached, 604 


Point sets, divisor, 23 
&€., € =, sets, 473 
Harnack sets, 354 
hypercomplete, 472 
images, 605, 606 
integrand sets, 385 
iterable, 14 
measurable, 348, 348 
metric, 1 
negative component, 37 
null, 348 
pantactic, 325 
positive component, 37 
potency or power, 278 
projection, 10 
quasidivisor, 390° 
reducible, 335 
reticulation, 621 
semidivisor, 390 
separated intervals, 337 
sum, 22 
transfinite derivatives, 330 
union, 27 
well-ordered, 304 
Pointwise discontinuity, 457 
Pompeiu, curves, 542 
Potency or power of a set, 278 
Power series, 89, 144, 187, 191 
Precinct, 612 


Pringsheim, theory of convergence, 113 
theorems, etc., 141, 215, 216, 217, 


220, 273 
Projection, 10 
Products, absolute convergence, 247 
adjoint, 247 
associate simple, 247 
conjugate, 249 
co-product, 242 
iterated, 251 
normal form, 24 


Quasidivisor, 390 


Raabe’s test, 107 
Rank of limitary numbers, 331’ 


INDEX 


Rate of convergence or divergence, 102 
Ratio test, 96 
Reducible sets, 335 
Remainder series, 77 
of Taylor’s series, 209, 210 
Rectifiable curves, 583 
Regular points, 428 
Residual function, 561 
Reticulation, 621 
Richardson, 32 
Riemann’s function, 459 
theorem, 444 
R- or Riemann integrals, 372 
Rotation, 286 


Scheefer, theorem, 516 
Schinfliess, theorems, 598, 621 
Schwarz, theorem, etc., 448, 626 
Section of an aggregate, 307 
Segment, constant, or of invariability, 
521 
Semidivisor, 890 
Separated divisions, 366, 371 
functions, 403 
sets, 366 
of intervals, 337 
Sequence, extremal, 374 
m-tuple, 137 
Series, Abel’s, 87 
absolute convergent, 79 
adjoint, 77, 139 
alternate, 83 
associate logarithmic, 248 
normal, 245 
simple, 144 
multiple, 144 
Bessels, 238 
binomial, 110 
cell of convergence, 144 
conjugate, 147 
deleted, 139 
Dini’s, 86 
divergence of, 440 
essentially positive or negative, 78 
exponential, 96. 
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Series, Fourier’s, 416 
geometric, 81, 139 
harmonic, 82 

general of exponent p, 82 
hypergeometric, 112 
interval of convergence, 90 
inverse, 204 
iterated, 149 
logarithmic, 97 
Maclaurin’s, 206 
power, 89, 144, 187 
rate of convergence or divergence, 
102 
remainder, 77 
simple convergence, 80 
Taylor’s, 206 
tests of convergence, see Tests 
telescopic, 85 
trigonometric, 88 
two-way, 133 

Similar sets, 303 

Similitude, 287 

Simple convergence of series, 80 

Singular points, 26 

Space-filling curves, 588 

Steady convergence, 176 

Submeasurable, 405 

Sum of sets, 22 

Surface, area, 623 
irregular, 632 
regular, 629 


Taylor’s series, 206 

Telescopic series, 85 

Tests of convergence, Bertram, 104 
Bonnet, 121 
Cahen, 108 
Cauchy, 98, 99 
d’Alembert, 96 
Gauss, 109 
Kummer, 106, 124 
Pringsheim, 123 
Raabe, 107 
radical, 98 
ratio, 96 
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Tests of convergence, tests of 1° and 2° 
kind, 120 
Weierstrass, 120 
Theta functions, 135, 184, 256 
Total discontinuity, 457 
Transfinite cardinals, 278 
derivatives, 330 
Translation, 286 
Trigonometric series, 88 
Truncated function, 27 
Two-way series, 133 


Undetermined coefficients, 197 
Unifold image, 606 
Uniform convergence, 156 
at a point, 157 
correspondence, 276 


SYMBOLS EMPLOYED IN 


INDEX 


Uniformly limited function, 160, 567 
Union of sets, 22 


Vallée-Poussin (dela), 27, 594 

Van Vleck sets, 361 

Variation, limited or finite, 429, 530 
positive and negative, 430 

Volterra curves, 501, 587 


Wallis formula, 260 

Weierstrass’ function, 498, 523, 588 
test, 120 

Well-ordered sets, 304 

Wilson, W. A., vii, 395, 401 


Young, W. H., theorems, 360, 363 


Zeros of power series, 191 


VOLUME II 


(Numbers refer to pages) 


Front %, 1. 


(he 20 


Y, 1 
Wan ky 22 
1D, Pe 
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Sdy, Qdy, 390 

Vp, 429; Var f= V,, 429 

Osc f = oscillation in a given set. 
Ose f, 454 

Disc f, 454 
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I (2); f (a), 488. 
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The following symbols are defined in Volume I and are repeated here for 


the convenience of the reader. 


Dist(a, x) is the distance between 
aand x 

Ds(a), called the domain of the point 
a of norm 6 is the set of points 2, 
such that Dist (a, 7) <8 

V (a), called the vicinity of the point 
a of norm 6, refers to some set YX, 
and is the set of points in D;(a) 

* which lie in “ 

Ds*(a), Vs*(a) are the same as the 
above sets, omitting a. They are 
called deleted domains, deleted vi- 
cinities 

a, = &@ means a, converges to « 


J (“) = @ means f(x) converges to a 
A line of symbols as: 
€ <0, m, |\% — a, |< €, 2 =m, 
is of constant occurrence, and is to 
be read: for each e€ > 0, there exists 
an index m, such that | @ — a,|<e, 
for every n > m 
Similarly a line of symbols as: 


e>0, 8>0, | f(x) — a|<e, x in Vs*(a) 
is to be read: for each ¢€>0, there 
exists a 6 > 0, such that 


If(z) —al<e 


for every x in V3*(a) 
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